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Æ�.. �ïÄÙÄåA5, æ^ LS �z�{òp
���5�§|?1ü�©), ¦ÑU
�«XÚ
��5ÄåA5�XÚëê�m5Æ�$��d
�§. $^ÛÉ5nØ, éXÚ�©
A5?1©
Û. (Ü¢~ëê, ?1�ý©Û, ��XÚu)Ä
å��ëê«�¿©Û�«ëêéXÚ½5
�K�.

2 p � � � 5 � é = Ä X Ú Ä å
Æï�

�Ä�aäkmY��5, �{z�ogdÝ
�p��é=Ä��5ÄåXÚ, Xã 1 ¤«.

J J J J

θ θ θ θ

T K

C C C

K K

ã 1 �é=Ä��5XÚÄåÆ�.

ã 1 ¥ J1, J2, J3, J4 ©OL«��é=ÄX
Ú�=Ä.þ, θ1, θ2, θ3, θ4 ©OL«o�8¥.
þ�=�, θ̇1, θ̇2, θ̇3, θ̇4 ©OL«o�8¥.þ�
�ªÇ, C12, K12, C23, K23, C34, K34 ©O�o�
¶��m�{ZXêÚfÝXê, �Ä J1 � J2 �
m�3���5mY, éTogdÝÍÜXÚ?1
ÄåÆ©Û, XÚ�ÄU�

E =
1
2
J1θ̇

2
1 +

1
2
J2θ̇

2
2 +

1
2
J3θ̇

2
3 +

1
2
J4θ̇

2
4. (1)

�ÄmY��5Ï�eXÚ�³U�

U =
1
2
K12(θ1 − θ2)2 +

1
4
K12δ(θ1 − θ2)4

+
1
2
K23(θ2 − θ3)2 +

1
2
K34(θ3 − θ4)2. (2)

2Âå (2ÂåÝ) �

Qr =
4∑

i=1

F
(j)
i

∂θi

∂qr
, (r = 1, 2, 3, 4), (3)

Ù¥, δ �mY��5Ï��Xê.

F i
i = Fi + F c

i , Fi �2Â	å, F c
i �XÚ2Â

{Zå. qj (j = 1, 2, 3, 4) �2Â�I.

�Ä�àäk2Â�{å, -

F c
1 = −f12(θ1 − θ2),

F c
2 = −f12(θ2 − θ1) − f23(θ3 − θ2),

F c
3 = −f23(θ3 − θ2) − f34(θ4 − θ3),

F c
4 = −f34(θ3 − θ4).

(4)

ò�\ÑÑXÚ� Lagrange �§
d
dt

∂E

∂qr
− ∂E

∂qr
+

∂U

∂qr
= Qr, (r = 1, 2) , (5)

��

J1θ̈1 + C12(θ̇1 − θ̇2) + K12f12(θ1 − θ2) = T1,

J2θ̈2 − C12(θ̇1 − θ̇2) − K12f12(θ1 − θ2)

+ C23(θ̇2 − θ̇3) + K23f23(θ2 − θ3) = T2,

J3θ̈3 − C23(θ̇2 − θ̇3) − K23f23(θ2 − θ3)

+ C34(θ̇3 − θ̇4) + K34f34(θ3 − θ4) = T3,

J4θ̈4 − C34(θ̇3 − θ̇4) − K34f34(θ3 − θ4) = T4.

(6)

Ù¥, θ̈1, θ̈2, θ̈3, θ̈4 �XÚ8¥.þ��\�Ý.

- (6) ª¥� 1!2!3 ª©O¦± 1/J1, 1/J2,

1/J3, ~� 2!3!4 ª©O¦± 1/J2, 1/J3, 1/J4,

� F1 =
T1

J1
− T2

J2
, F2 =

T2

J2
− T3

J3
, F3 =

T3

J3
− T4

J4
,

K (6) ª�z�

ẍ1 + a1ẋ1 + b1f12(x1) − c1ẋ2

− d1f23(x2) = F1,

ẍ2 − ĉ1ẋ1 − d̂1f12(x1) + a2ẋ2

+ b2f23(x2) − c2ẋ3 − d2f34(x3) = F2,

ẍ3 − ĉ2ẋ2 − d̂2f23(x2) + a3ẋ3

+ b3f34(x3) = F3,

(7)

Ù¥

ẍ1 =θ̈1 − θ̈2, ẍ2 = θ̈2 − θ̈3, ẍ3 = θ̈3 − θ̈4,

ẋ1 =θ̇1 − θ̇2, ẋ2 = θ̇2 − θ̇3, ẋ3 = θ̇3 − θ̇4,

x1 =θ1 − θ2, x2 = θ2 − θ3, x3 = θ3 − θ4,

a1 =
(J1 + J2)

J1J2
C12, b1 =

(J1 + J2)
J1J2

K12,

c1 =
C23

J2
, d1 =

K23

J2
, ĉ1 =

C12

J2
, d̂1 =

K12

J2
,

a2 =
(J2 + J3)

J2J3
C23, b2 =

(J2 + J3)
J2J3

K23,

c2 =
C34

J3
, d2 =

K34

J3
, ĉ2 =

C23

J3
, d̂2 =

K23

J3
,

a3 =
(J3 + J4)

J3J4
C34, b3 =

(J3 + J4)
J3J4

K34.
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(7) ª¥, f12(x1) = (x1 − ec) + δ(x1 − ec)3, �m
Y���5L�ª, ec �mYþ, f23(x2) = x2,

f34(x3) = x3.

K (7) ª�±z�

ẍ1 + a1ẋ1 + b1[(x1 − ec) + δ(x1 − ec)3]

− c1ẋ2 − d1x2 = F1,

ẍ2 − ĉ1ẋ1 − d̂1[(x1 − ec) + δ(x1 − ec)3]

+ a2ẋ2 + b2x2 − c2ẋ3 − d2x3 = F2,

ẍ3 − ĉ2ẋ2 − d̂2x2 + a3ẋ3

+ b3x3 = F3,

(8)

��Ä�àäk	6��/, - F2 = F3 = 0,

K (8) ª�z�8�ÍÜ�����5~�©�§

ẋ1 =y1,

ẏ1 = − a1y1 − b1((x1 − ec) + δ(x1 − ec)3)

+ c1y2 + d1x2 + F1,

ẋ2 =y2,

ẏ2 =ĉ1y1 + d̂1((x1 − ec) + δ(x1 − ec)3)

− a2y2 − b2x2 + c2y3 + d2x3,

ẋ3 =y3,

ẏ3 =ĉ2y2 + d̂2x2 − a3y3 − b3x3,

(9)

Ù¥ x1, y1, x2, y2, x3, y3 �ÄåXÚ�G�Cþ,

ª¥ x1, x2, x3 L«�é=�.y1, y2, y3 L«�é�
ªÇ.

ò (9) ª{��

Ẋ = f(X), (10)

Ù¥, X = (x1, y1, x2, y2, x3, y3)T, �p�XÚÝ

���þ, f(X) = (f1, f2, f3, f4, f5, f6)T, ´éA
���5��þ¼ê.

3 p��é=Ä��5ÄåXÚ� LS

�z

p�XÚ (10) 3Ù²ï: X̄ ?÷v

f(X̄) = 0, (11)

3²ï �?G��þ X0 ��I�

x1 =

−d1d̂1b3F1

b1d2d̂2 + d1d̂1b3 − b1b2b3

+ F1

b1
+ ec + δe3

c

(1 + 3δe2
c)

,

y1 =0,

x2 =
−d̂1b3F12

b1d2d̂2 + d1d̂1b3 − b1b2b3

,

y2 =0,

x3 =
−d̂1d̂2F1

b1d2d̂2 + d1d̂1b3 − b1b2b3

,

y3 =0.

dd�±¦ÑXÚ�$1G� X̄ . � Df(X̄)

� f(X) 3 X̄ ?� Jacobi Ý
, =

Df(X̄) =



∂f1

∂x1

∂f1

∂y1

∂f1

∂x2

∂f1

∂y2

∂f1

∂x3

∂f1

∂y3

∂f2

∂x1

∂f2

∂y1

∂f2

∂x2

∂f2

∂y2

∂f2

∂x3

∂f2

∂y3

∂f3

∂x1

∂f3

∂y1

∂f3

∂x2

∂f3

∂y2

∂f3

∂x3

∂f3

∂y3

∂f4

∂x1

∂f4

∂y1

∂f4

∂x2

∂f4

∂y2

∂f4

∂x3

∂f4

∂y3

∂f5

∂x1

∂f5

∂y1

∂f5

∂x2

∂f5

∂y2

∂f5

∂x3

∂f5

∂y3

∂f6

∂x1

∂f6

∂y1

∂f6

∂x2

∂f6

∂y2

∂f6

∂x3

∂f6

∂y3



.

K²ï: X̄ � Lyapunov ½5d Df(X̄) �A�
�¤û½.

�
O� Df(X̄) �A��, ïÄÄåXÚ�
·�©
A5. K X̄ ?XÚ� Jacobi Ý
 Df(X̄0)
�L«�eª:

−λ 1 0 0 0 0

−b1 − 3b1δ(x1 − ec)2 −a1 − λ d1 c1 0 0

0 0 −λ 1 0 0

d̂1 + 3d̂1δ(x1 − ec)2 ĉ1 −b2 −a2 − λ d2 c2

0 0 0 0 −λ 1

0 0 d̂2 ĉ2 −b3 −a3 − λ


,

§´�� 6 × 6 �
, Ù1�ª���

det(L)

=λ6 + (a1 + a2 + a3)λ5 + {b1[1 + 3δ(x1 − ec)2]

+ a1(a2 + a3) + (b2 + b3 + a2a3) − ĉ2c2 − c1ĉ1}λ4

+ a1(b2 + b3 + a2a3) + (a3b2 + a2b3) − a1ĉ2c2

− (d̂2c2 + d2ĉ2) − c1d̂1[1 + 3δ(x1 − ec)2]

− ĉ1(d1 + a3c1)}λ3 −
{

[1 + 3δ(x1 − ec)2](−b1b2

− b1b3 − b1a2a3 + b1c2ĉ2 + d1d̂1 + a3c1d̂1)

− a1(a3b2 + a2b3) − b2b3 + a1(d̂2c2 + d2ĉ2)

+ d2d̂2 + ĉ1(d1a3 + c1b3)
}

λ2
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−
{

[1 + 3δ(x1 − ec)2](−b1a3b2 − b1a2b3

+ b1d̂2c2 + b1d2ĉ2 + a3d1d̂1 + c1b3d̂1) − a1b2b3

+ a1d2d̂2 + ĉ1d1b3

}
λ − (−b1b2b3 + b1d2d̂2

+ d1d̂1b3)[1 + 3δ(x1 − ec)2] = 0.

dþª��, � ec = x1 −
√
− 1

3δ
(δ < 0) �, Ý


k 1 � 0 A��, L �ÛÉÝ
.

�� dimN(L) = 1, � v0 �"�m N(L) �
��Ä�þ, Kk

v0 =

(
− d1

−b1[1 + 3δ(x1 − ec)2]
, 0, 1, 0,

d̂2

b3
, 0

)T

.

L ���fL«�Ý
�§��Ý=�
 L∗. Ï
� L ´��¢Ý
, �Ù�Ý=�Ý
�´��¢
Ý
, �k L∗ = LT, w, L ´äk"�I� Fred-

holm .�f, ¤±k dimN(L∗) = 1. ²Lí��
� N(L∗) ���Ä�þ�

v1 =

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1,

d̂1

b1
, a2 −

c1d̂1

b1
− ĉ2d2

b3
,

1,
a3d2

b3
− c2,

d2

b3

)T

,

u´, 8� Euclid �m R6 �±�Xe©):

R6 = N(L) ⊕ M = R(L) ⊕ N(L∗).

½ÂÝK�f

P : R6 → R(L),

�ÖÝK�f

I − P : R6 → N(L∗) = span{v1}

u´�§

f(x, ec) = 0, (12)

�d�±eüª:

Pf(v + w, ec) = 0,

(I − P )f(v + w, ec) = 0,
(13)

Ù¥, v ∈ N(L) = span{v0}, w ∈ M . �â Euclid

�m¥SÈ 〈·〉 �½Â, ª (I −P )f(v +w, ec) = 0

�dueª:

〈f(v + w, ec),v1〉 = 0, (14)

��

(d̂1 − b1)
[
δe3

c + 3δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)
e2
c

−
(

3δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)2

+ 1
)

ec

]
+ (d̂1 − b1)

[
δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)3

+
(

a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)]
+ (d1 − b2 + d̂2)

(
a2 −

c1d̂1

b1
− ĉ2d2

b3

)
+

c2d2

b3

+ (d2 − b3)
(

a3d2

b3
− c2

)
+

d̂1

b1
− a1d̂1

b1
+ c1

+ F1 + 1 +
ĉ1d̂1

b1
− a2 +

d2

b3
+ ĉ2 −

a3d2

b3
= 0,

q ec = x1 −
√
− 1

3δ
, K�±òþª��

a3 − λa + m + na2 = 0, (15)

Ù¥

λ =
1
δ

[
1 + 6δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)√
− 1

3δ

+
(

3δ(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1)2 + 1

)]
,

n =

[
− 3δ

√
− 1

3δ
+ 3δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)]
δ

,

x1 =a,

m =
1
δ

{
δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)3

+
(

a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)
+

1
3

√
− 1

3δ

−
(

a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)
+

[
3δ

(
a1b2b3 − a1d̂2d2

d1b3
− ĉ1

)2

+ 1
]√

− 1
3δ

}

+
1

(d̂1 − b1)δ

{
(d1 − b2 + d̂2)

(
a2 −

c1d̂1

b1

− ĉ2d2

b3

)
+

c2d2

b3
+ (d2 − b3)

(
a3d2

b3
− c2

)
+

d̂1

b1
− a1d̂1

b1
+ c1 + F1 + 1 +

ĉ1d̂1

b1
− a2

194501-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 19 (2012) 194501

+
d2

b3
+ ĉ2 −

a3d2

b3

}
.

4 ÛÉ5©Û

|^ÛÉ5nØïÄ�§ (15) �ÿÀ(�. �
§ (15) �Ò�>� GS �ª f = x3 − λx �Ê·m
ò, �{�ê� 2, �â=[8�½Â, ��=[8
Xe:

�â�§ (15), k

G(a, λ,m, n) = a3 − λa + m + na2, (16)

Ga = 3a2 − λ + 2na, (17)

Gaa = 6a + 2n, (18)

Gλ = a. (19)

�â=[8�½Â, �±��:

1) ©
:8: B = {(m,n)|G = Ga + Gλ =

0} = {m = 0};

2) ¢�:8: H = {(m,n)|G = Ga = Gaa =

0} = {27m − n3 = 0};

3) V4�:8: D = φ;

4) =[8:
∑

= B ∪ H ∪ D.

dã 2 ��, XÚäk 9 «ØÓ�©
/ªX
ã 3— ã 9. Ù¥, H+, H−, O, B+, B− �XÚ=[
8þ�©
�, «� (1), (2), (3), (4) �=[8y
©Ñ� 4 �ØÓ©
«�. 3ù 4 �©
«�¥þ
�3Ì�a�y�, ùéu=ÄXÚ�½5´Ø
|�. ÿÀ(�ã¥�J�Ü©´Ø½Ü©. 3
¢S)�¥, A¦þ;�ëêÑy3ù
«�.

± , ¢ S � é = Ä X Ú � é �, ë ê � �
X e: J1 = 9895.6 kg·m2, J2 = 1013.8 kg·m2,

J3 = 2330.5 kg·m2, J4 = 3916.3 kg·m2, C12 =

1593 N/m·s, C23 = 1602 N/m·s, C34 = 1593 N/m·s,

K12 = 3.14 × 107 N·m/rad, K12 = 7 × 107 N·m/rad,

K12 = 6.03 × 106 N·m/rad.

²O�, m < 0, n < 0 � u«� (2) ¥, Ïd
T=ÄXÚ�½5±ã 6 ?1©Û. du�ÄÌ
� a > 0, �lã 6 ¥�±wÑ, �ëêu)Cz�,

XÚ¬u)Q(©
, ùé=ÄXÚ�½5´�
~Ø|�, A\±³�.

-2 -1 0

(1)

(2)

(3)

H-

B- O

B+

H+

(4)

n

m

1 2
-0.4

-0.3

-0.2

-0.1

0

ã 2 =[8ã

a

-2 -1 0 1 2

-1.0

-0.5

0

0.5

1.0

λ

ã 3 O :?©
��ÿÀ(�

a

-1.0

-0.5

0

0.5

1.0

-2 -1 0 1 2

λ

ã 4 «� (1) ©
��ÿÀ(�

a

-1.0

-0.5

0

0.5

1.0

-2 -1 0 1 2

λ

ã 5 B− ?©
��ÿÀ(�
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a

-1.0
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Abstract

The dimensionality reduction and bifurcation of some high-dimensional relative-rotation nonlinear dynamical system are stud-

ied. Considering the nonlinear influence factor of a relative-rotation nonlinear dynamic system, the high-dimensional relative-rotation

torsional vibration global dynamical equation is established based on Lagrange equation. The equivalent low-dimensional bifurcation

equation, which can reveal the low-dimensional equivalent bifurcation equation between the nonlinear dynamics and parameters, can

be obtained by reducing the dimensionality system using the method of Lyapunov-Schmidt reduction. On this basis, the bifurcation

characteristic is analyzed by taking universal unfolding on the bifurcation equation through using the singularity theory. The simulation

is carried out with actual parameters. The parameter region of torsional vibration and the effect of the parameters on the vibration are

discussed.
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