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1 Ú ó

�Å2�/�9�NõÔn+�¥, ÃX6N
åÆ!và�Ôn!-1!�lfÔn!|Ø!
ÏÕ���¡Ñké­��A^. é��5�§�
¦)´�ÅnØ���é­�Ü©. 8c�)Úu
Ð
NõïÄ�{, ~XV­��¼ê{!Jacobi
ý�¼êÐm{!Riccati ¼ê{!F Ðm{!9
Ï�§{!àg²ï{Ú (G′/G) Ðm{� [1−6].
C5, NõÆö3�íÔn!-Å!Ñ�1Å!þ
fåÆ! ²�ä���¡Ñ�
�þ�Å�ï
Ä. 3Nõ��5¯K�ïÄ¥, k�´|^Cq
ª=z��5¯K5¦). ²LU?�2ÂC©S
��{Ò´ù����#�{. |^��5ìC
�{§�ö���
�a�A*Ñ!�fÅ!-
Å!-1óÀÚ�íÔn��¡�ó� [7−14]. �
©Ò´Ú\U?�2ÂC©S��{ [15] 5ïÄ�
ap� Burgers 6ÄXÚÔn�.��Å).

2 6Ä Burgers XÚ

�Ä (3+1) � Burgers 6ÄXÚÔn�. [5,6]

∂u

∂t
− ∆u − 2(u

∂u

∂y
+ v

∂u

∂x
+ w

∂u

∂z
) = f1(u, v, w),

(t ∈ [0,∞), x, y, z ∈ R), (1)
∂u

∂x
− ∂v

∂y
= f2(u, v, w),

(t ∈ [0,∞), x, y, z ∈ R), (2)
∂u

∂z
− ∂w

∂y
= f3(u, v, w),

(t ∈ [0,∞), x, y, z ∈ R), (3)

Ù¥6Ä� fi (i = 1, 2, 3)´'uÙCþ3éA�
«�S�¿©1w�k.¼ê.

éAu�§ (1)—(3) �;.XÚ�
∂u

∂t
− ∆u − 2(u

∂u

∂y
+ v

∂u

∂x
+ w

∂u

∂z
) = 0, (4)

∂u

∂x
− ∂v

∂y
= 0,

∂u

∂z
− ∂w

∂y
= 0. (5)

·�U
��XÚ (4), (5) �Xe�Å) [6]:

ū(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh

(1
2
σ(ϕ + ψ)

)]
, (6)
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v̄(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh[12σ(ϕ + ψ)]

ψx
, (7)

w̄(t, x, y, z) =
1
2
ψzσ

[
1 + tanh

(1
2
σ(ψ + ϕ)

)]
, (8)

Ú

ũ(t, x, y, z) =
1
2
ϕyσ

[
1 + coth

(1
2
σ(ϕ + ψ)

)]
, (9)

ṽ(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ coth

[
1
2σ(ϕ + ψ)

]
ψx

, (10)

w̃(t, x, y, z) =
1
2
ψzσ

[
1 + coth

(1
2
σ(ψ + ϕ)

)]
, (11)

Ù ¥ σ 6= 0 � ~ê, ϕ(t, x, z), ψ(y) �
?¿~ê.

3 2ÂC©S�

�
¦)6ÄXÚ (1)–(3) �), Ú\�¼ [15]

F [u] = u −
∫ t

0

λ(τ)
[∂u

∂τ
− ∆ū

−2
(
ū

∂ū

∂y
+ v̄

∂ū

∂z
+ w̄

∂ū

∂x

)
−f1(ū, v̄, w̄))

]
dτ, (12)

Ù¥ ū, v̄, w̄ ©O� u, v, w ���Cþ, λ � La-
grange ¦f.

O��¼ (12) �C©

δF = δu − (λδu)
∣∣
τ=t

+
∫ t

0

∂λ

∂τ
δudτ.

- δF = 0 �
∂λ

∂τ
= 0, (τ < t), (13)

λ(t) = 1. (14)

d (13), (14)ª, �±�� Lagrange ¦f λ = 1. ù

�·��EXeC©S�:

un+1 = un −
∫ t

0

[
∂un

∂τ
− ∆un

−2
(
un

∂un

∂ y
+ vn

∂un

∂x
+ wn

∂un

∂z

)
−f1(un, vn, wn)

]
dτ, (15)

vn+1 = vn −
∫ t

0

[∂un

∂x
− ∂vn

∂ y

−f2(un, vn, wn)
]
dτ, (16)

wn+1 = wn −
∫ t

0

[∂un

∂z
− ∂wn

∂ y

−f3(un, vn, wn)
]
dτ. (17)

d (15)—(17) ª, � À J Ð©C q u0(t, x, y, z),
v0(t, x, y, z), w0(t, x, y, z) �, U 
 � g �
� un, vn, wn (n = 1, 2, · · · ).

4 Cq)Ú°()

ÄkÀJ6Ä Burgers XÚ (1)—(3) �"gC
q u0, v0, w0 �;.XÚ (4), (5) ��Å) (6)—
(8), =

u0(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh

1
2
σ(ϕ + ψ)

]
, (18)

v0(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh

[
1
2σ(ϕ + ψ)

]
ψx

, (19)

w0(t, x, y, z) =
1
2
ψzσ

[
1 + tanh

1
2
σ(ψ + ϕ)

]
. (20)

ò (18)—(20)ª�\ (15)—(17)ª, ���6Ä Burgers XÚ (1)—(3) ��gCq

u1(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh(

1
2
σ(ϕ + ψ)

]
+

∫ t

0

f1(u0, v0, w0)dτ , (21)

v1(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh

[
1
2σ(ϕ + ψ)

]
ψx
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+
∫ t

0

f2(u0, v0, w0)dτ , (22)

w1(t, x, y, z) =
1
2
ψzσ

[
1 + tanh

1
2
σ(ψ + ϕ)

]
+

∫ t

0

f3(u0, v0,w0)dτ . (23)

ò (21)—(23)ª�\ (15)—(17)ª, ��6Ä Burgers XÚ (1)—(3) ��gCq

u2(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh

1
2
σ(ϕ + ψ)

]
+

∫ t

0

f1(u0, v0, w0)dτ

+
∫ t

0

[
2(u0 +

∫ τ

0

f1(u0, v0, w0)dτ1)
∂

∂y

∫ τ

0

f1(u0, v0, w0)dτ1

+2
(
v0 +

∫ τ

0

f2(u0, v0, w0)dτ1

) ∂

∂x

∫ τ

0

f1(u0, v0, w0)dτ1

+2
(
w0 +

∂

∂z

∫ τ

0

f3(u0, v0, w0)dτ1

) ∂

∂z

∫ τ

0

f1(u0, v0, w0)dτ1

+2
( ∫ τ

0

f1(u0, v0, w0)dτ1

) ∂

∂y

∫ τ

0

(u0 + f1(u0, v0, w0))dτ1

+2
( ∫ τ

0

f2(u0, v0, w0)dτ1

) ∂

∂x

∫ τ

0

(u0 + f1(u0, v0, w0))dτ1

+2
( ∫ τ

0

f3(u0, v0, w0

)
dτ1

) ∂

∂z

∫ τ

0

(u0 + f1(u0, v0, w0))dτ1

+f1

(
u0 +

∫ τ

0

f1(u0, v0, w0)dτ1, v0

)
+

( ∫ τ

0

f2(u0, v0, w0)dτ1, w0

)
+

∫ τ

0

f3(u0, v0, w0)dτ1)]dτ,

v2(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh

[
1
2σ(ϕ + ψ)

]
ψx

+
∫ t

0

f2(u0, v0, w0)dτ −
∫ t

0

[ ∂

∂x

∫ τ

0

f1(u0, v0, w0)dτ1 −
∂

∂ y

∫ τ

0

f2(u0, v0, w0)dτ1

+f2

(
u0 +

∫ τ

0

f1(u0, v0, w0)dτ1, v0

)
+

( ∫ τ

0

f2(u0, v0, w0)dτ1, w0

)
+

∫ τ

0

f3(u0, v0, w0)dτ1

)]
dτ,

w2(t, x, y, z) =
1
2
ψzσ

[
1 + tanh

(1
2
σ(ψ + ϕ)

]
+

∫ t

0

f3(u0, v0,w0)dτ

−
∫ t

0

[ ∂

∂ z

∫ τ

0

f1(u0, v0, w0)dτ1 −
∂

∂ y

∫ τ

0

f3(u0, v0, w0)dτ1

+f3

(
u0 +

∫ τ

0

f1(u0, v0, w0)dτ1, v0

)
+

( ∫ τ

0

f2(u0, v0, w0)dτ1, w0

)
+

∫ τ

0

f3(u0, v0, w0)dτ1)
]
dτ,

Ù¥ u0, v0, w0 ©Od (18)—(20)ªL«.

UY^S� (15)—(17)ª, ·�U�� (3+1) 6Ä Burgers XÚÔn�. (1)—(3) ��|�pg�Cq
) un(t, x, y), vn(t, x, y), wn(t, x, y) (n = 3, 4, · · · ).

d�E� (3+1) � Burgers XÚ (1)–(3) C©S�ªÚ6Ä�� fi (i = 1, 2, 3) b�, �±��Âñ�S
�S� {un(t, x, y, z)}, {vn(t, x, y, z)}, {wn(t, x, y, z)}. ÏdØJwÑ

u = lim
n→∞

un, v = lim
n→∞

vn, w = lim
n→∞

wn

� (3+1) �6Ä Burgers XÚÔn�. (1)—(3) ��|°(�Å).
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aq/, d (9)—(11)ª, ÀJ2ÂC©S�� (3+1) �p� Burgers XÚÔn�. (1)—(3) ,�|"g
Cq (u0, v0, w0) �

u0(t, x, y, z) =
1
2
ϕyσ

[
1 + coth

(1
2
σ(ϕ + ψ

)]
,

v0(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ coth

[
1
2σ(ϕ + ψ)

]
ψx

,

u0(t, x, y, z) =
1
2
ψzσ

[
1 + coth(

1
2
σ(ψ + ϕ)

]
,

¿|^S� (15)—(17)ª, �U�� (3+1) � Burgers XÚÔn�. (1)—(3) �,�|1 n gCqÚ�A�
°()�L«ª.

5 Þ ~

y�Ä��{ü�~f.� (3+1) � Burgers XÚ (1)—(3) 6Ä�� f1 = exp(−u), f2 = exp(−v), f3 =
exp(−w). ù�6Ä Burgers XÚ�

∂u

∂t
− ∆u − 2

(
u

∂u

∂y
+ v

∂u

∂x
+ w

∂u

∂z

)
= exp(−u), (24)

∂u

∂x
− ∂v

∂y
= exp(−v),

∂u

∂z
− ∂w

∂y
= exp(−w). (25)

|^2ÂC©S��{, d (15)–(17)ªÚÀ�Ð©S�

u0(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh

(1
2
σ(ϕ + ψ

)]
, (26)

v0(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh

[
1
2σ(ϕ + ψ)

]
ψx

, (27)

w0(t, x, y, z) =
1
2
ψzσ

[
1 + tanh(

1
2
σ(ψ + ϕ)

]
. (28)

U�� (3+1) �6Ä Burgers XÚ (24), (25) �1�!1�gCq

u1(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh

1
2
σ(ϕ + ψ)

]
+

∫ t

0

exp(−u0)dτ,

v1(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh

[1
2
σ(ϕ + ψ)

]
ψx

+
∫ t

0

exp(−v0)dτ,

w1(t, x, y, z) =
1
2
ψzσ

[
1 + coth

1
2
σ(ψ + ϕ)

]
+

∫ t

0

exp(−w0)dτ ;

u2(t, x, y, z) =
1
2
ϕyσ

[
1 + tanh

1
2
σ(ϕ + ψ)

]
+

∫ t

0

exp(−u0)dτ

+
∫ t

0

[
2
(
u0 +

∫ τ

0

exp(−u0)dτ1

) ∫ τ

0

u0y exp(−u0)dτ1

+2
(
v0 +

∫ τ

0

exp(−v0)dτ1

) ∫ τ

0

u0x exp(−u0)dτ1

+2
(
w0 +

∫ τ

0

w0z exp(−w0)dτ1

) ∫ τ

0

u0z exp(−u0)dτ1

+2
( ∫ τ

0

exp(−u0)dτ1

) ∫ τ

0

u0y(1 + exp(−u0))dτ1

+2
( ∫ τ

0

exp(−v0)dτ1

) ∫ τ

0

u0x(1 + exp(−u0))dτ1

+2
( ∫ τ

0

exp(−w0)dτ1

) ∫ τ

0

u0x(1 + exp(−u0))dτ1
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+exp
(
u0 +

∫ τ

0

exp(−u0)dτ1

)]
dτ,

v2(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ tanh

[
1
2σ(ϕ + ψ)

]
ψx

+
∫ t

0

exp(−v0)dτ −
∫ t

0

[ ∫ τ

0

u0x exp(−u0)dτ1 −
∫ τ

0

v0y exp(−v0)dτ1

+exp
(
v0 +

∫ τ

0

exp(−v0)dτ1

)]
dτ,

w2(t, x, y, z) =
1
2
ψzσ

[
1 + coth

(1
2
σ(ψ + ϕ)

]
+

∫ t

0

exp(−w0)dτ,

Ù¥ u0, v0, w0 ©Od (26)—(28)ªL«. UY/, |^S� (15)—(17)ª, ·��U��6Ä Burgers X
Ú (24), (25) ��pg (1 n g) �Cq) {wn}, {vn}, {wn}.

aq/, d (9)—(11) ª, À�6Ä Burgers XÚ (24), (25) �2ÂC©S�,�|Ð©Cq (u0, v0,

w0) �

u0(t, x, y, z) =
1
2
ϕyσ

[
1 + coth

1
2
σ(ϕ + ψ)

]
,

v0(t, x, y, z) = −1
2

ϕ2
yσ + ϕyy + ψzz + ψ2

zσ + ψxx − ψt − ψ2
xσ coth

[
1
2σ(ϕ + ψ)

]
ψx

,

u0(t, x, y, z) =
1
2
ψzσ

[
1 + coth

1
2
σ(ψ + ϕ)

]
.

u´, ·��U��6Ä Burgers XÚ (24),
(25) �Å)�,�|1 n gCq).

6 ( Ø

�Å£ã�´��E,�g,y�. Ïd·�
I��{z�A�g,y�5�EÑ�A��..
¿k�^Cq�{�¦)§. U?�2ÂC©S�

�{Ò´��{ü
k���{
2ÂC©S��{´��)Û�{, §ØÓu

���ê��{. |^2ÂC©S��{, Ù)�
L«ª�U
UY?1)Û$�. u´, d��)
�Cqª, �U?�Ú���ÅÙ¦k'�½5!
½þ�¡�5�. d	, 3�©¥À�Ð©Cq�
;.XÚ�) u0, v0, w0, §U
�¯/���p
°Ý�Cq).

[1] Wang Mingliang 1995 Phys. Lett. A 199 169
[2] Ying J P, Lou S Y 2003 Chin. Phys. Lett. 20 1448
[3] Ying J P, Zheng C L, Zhu J M 2005 Commun. Theor. Phys. 44

203
[4] Fang J P, Zheng C L 2005 Chin. Phys. 14 669
[5] Ma Y L, Li B Q, Sun J Z 2009 Acta Phys. Sin. 58 7402 (in

Chinese) [ê�=, o��, ��� 2009 ÔnÆ� 58 7402]
[6] Ma S H, Fang J P, Ren Q B 2010 Acta Phys. Sin. 59 4420 (in

Chinese) [êtu, �ï², ?�� 2010 ÔnÆ� 59 4420]
[7] Mo J Q 2009 Science in China Ser. G 52 1007
[8] Mo J Q, Lin W T 2008 J. Sys. Sci. & Complexity 20 119

[9] Mo J Q 2009 Chin. Phys. Lett. 26 010204
[10] Mo J Q 2009 Chin. Phys. Lett. 26 060202
[11] Mo J Q 2010 Commun. Theor. Phys. 53 440
[12] Mo J Q 2010 Chin. Phys. B 19 010203
[13] Mo J Q, Lin Y H, Lin W T 2010 Chin. Phys. B 19 030202
[14] Mo J Q 2011 Acta. Phys. Sin. 60 030203 (in Chinese) [#Wj

2011 ÔnÆ� 2011 60 030203]
[15] He J H 2002 Approximate Nonlinear Analytical Methods in Engi-

neering and Science (Shengzhou: Henan Science and Technology
Press,) (in Chinese) [Û3� 2002 ó§Ú�ÆO�¥���5
Cq©Û�{ (x²: àH�ÆEâÑ��)]

020202-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 2 (2012) 020202
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Abstract

A class of higher-dimensional disturbed nonlinear Burgers system in physical model is studied. By using the modifying general-

ized variational iteration method, the corresponding iteration expansions are constructed. And the approximate solutions of the solitary

wave by using the iteration method are obtained.
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