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1 Ú ó

Ahauonov-Bohm(AB) �AÚ Berry AÛ� 
�uy [1,2], r¦<�éþfåÆAÛ� ¯KÐ
m�\�2��ïÄ [3−8], þfåÆÅ¼ê¥��
 ��59Ù�*¿Â�<�#@£. duA
Û� �XÚG�3 Hilbert �m¥�üz´»Ã
', �Úëê�mÚu�´»¤�¤�¡È¤�',

Ïd�±^5¢yN�{�AÛþf�ÚAÛþ
fO� [9−11], �äk|Z6Uå.

3ý¢�Ôn.¥, þfXÚØ�;�Ó±
��¸��p�^. ù«ò�Z�A¦�þf� 
�PC¤ÚO·Ü, ò��XÚ&E���. Ïd
ò�Z��´5Ã�¯K, ´�����þfO
��Ï���. �õ�´ò�Zr�K�þf��
�ÝÚþf��Ø�Ç. ù�, �¸pu�ò�Z
´K�þfO�Å¢SA^�Ì�æN. ÏdïÄ

m�NX¥AÛ� �1�¤�ÔnÆ��'%
�9:¯K��.

µ4NX�ÔnG�¡�X�, m�NX�G
�¡�·Ü�. 8c, m�XÚ�þfAÛ� E
,´���Ø��K, <��
�«}Á [12−22]:1)

Ú\��9ÏXÚ��{, ò·Ü�?1Xz¿½
Â·Ü��AÛ� , =·Ü��Xz);2) ·Ü
�AÛ�½Â��ÝÝ
����AÛ��\�
¦Ú, �Ó�����, =ÄU);3) ÏLþf�
[�{, r·Ü�¯K=z�X�¯K, =þf�
[){. ·Ü��Xz), þf�[){ [12] ÚÄU
){ [17] �±�Ñm�XÚ�þfAÛ� . ·Ü
�Xz){, þf�[){ÚÄU){�±�Ñm
�XÚ�þfAÛ� . �ØÓ�){, �ÑØÓ
�(J, Øäk��5, AO´3úª¥Ø�¹²
w�AÛ(�. �´<��ÊH&�´AÛ� ä
kAÛ(� [20,21], =�ëê�m�«��¡È¤
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'~, 3EN�F�ËA�m¥�±^AÛ(�/
ª�{Lã.

¯ ¢ þ, X � Ú · Ü � � � þ 5 
u Poincaré¥L«�A^. X�, �éAu Poincaré

¥¡þ�:; ·Ü��éAu Poincaré¥SÜ
�:. X��AÛ� ^ Poincaré ¥L«AO{
ü,Pancharatnam � éAu Poincaré ¥¡þ��
ãl�,  Berry � éAu Poincaré¥¡þ�µ
4l�, ÄåÆ� g,��
 [20−22]. Äué¡
5Ú�©AÛ, X�XÚ�þfAÛ� �êÆL
ã�~`{. Ïd, �rm�þfXÚAÛ� �
�UìAÛ(��½Â. ÏL Poincaré ¥SÜ:Ú
E Hilbert N�m��8�z¥þ�N�, ïá·Ü
�Å¼êÚT�ü ¥þ���éA'X, ¦½Â

·Ü��AÛ� ���5��²(y², ¿�±
��^�ÝÝ
5L« [20−22]. �©rT�{ÿÐ
�nU?m�XÚ.

2 nU?·Ü��þfAÛ� 

dup�E Hilbert �m�±3þfÏ&¥J
ø�õ�&E, ~X, þf�èÆÚþfO�. Ïd
-å
<�ïÄnU?m�XÚþfAÛ� �
,�. aqu�U?·Ü�, ü Ý
Úl� Gell-

mann Ý
�¤
��?¿ 3 × 3 Ý
���Ä¥.

Ï?Û�� 3 × 3 �ÝÝ
 ρ �±deª¼�:

ρ = c + d · λ, (1)

ùp Gellmann Ý
�

λ1 =


0 1 0

1 0 0

0 0 0

 , λ2 =


0 −i 0

i 0 0

0 0 0

 , λ3 =


1 0 0

0 −1 0

0 0 0

 ,

λ4 =


0 0 1

0 0 0

1 0 0

 , λ5 =


0 0 −i

0 0 0

i 0 0

 , λ6 =


0 0 0

0 0 1

0 1 0

 ,

λ7 =


0 0 0

0 0 −i

0 i 0

 , λ8 =
1√
3


1 0 0

0 1 0

0 0 −2

 . (2)

ÏL¦^ Gellman Ý
é´'X [λi, λj ] =

ifijk (λk) Ú�é´'X {λi, λj} =
1
3
δij + dijkλk,

Ù¥ fijk ´ SU (3) +�é¡(�~ê,dijk ´+é
¡(�~ê, �§ (1) ¥�ÐmXê�

c = trρ, (3a)

di =
1
2
tr(ρλi), i = 1, 2, · · · , 8. (3b)

ù¿�XÐmXê´���. ù�nU?XÚ
·Ü���ÝÝ
�±�¤

ρ =
1
3

(
1 +

√
3n · λ

)
, (4)

ùp n äk²(�Ôn¿Â, = Bloch ¥þ. §Ú
ÐmXê d äke�'X:

ni =
√

3di =
√

3
2

tr (ρλi) , (5)

¿��¤��l�¥(�, ÷v n · n = r2 6 1, Ù¥

r2 =
3
4
[(ρ12 + ρ21)

2 − (ρ12 − ρ21)
2 + (ρ11 − ρ22)

2

+(ρ13 + ρ31)
2 − (ρ13 − ρ31)

2 + (ρ23 + ρ32)
2

− (ρ23 − ρ32)
2] +

1
4

(ρ11 + ρ22 − 2ρ33)
2
, (6)

éuX� r = 1, éu·Ü� r < 1. Ïd

S =
{n

r
∈ R8

∣∣∣n
r
· n

r
= 1,

(n

r

)∗
=

n

r

}
(7)

´ n U ? X Ú ¥ l � Poincaré¥ é � U
? Poincaré¥�í2.

ØÓu�U?XÚ, nU?XÚ¥� Bloch ¥
þ n äkl�©þ, ùl�©þÑ´¢ê. ¤±, �
Ú\�� Bloch �»ÚÔ�� � θ, φ, α, β, γ, χ, ζ

5ëêzTl� Bloch ¥, =

cosθ =
1√
3

[
1 − 2r√

3
(ρ11 + ρ22 − 2ρ33)

]1/2

, (8a)
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cosφ =
1√
2

[
1 +

ρ11 − ρ22

rsin2θ

]1/2

, (8b)

tan (β − χ − α + γ) =
n2

n1
= i

ρ12 − ρ21

ρ12 + ρ21
, (8c)

tan (α − γ − ζ) =
n5

n4
= i

ρ13 − ρ31

ρ13 + ρ31
, (8d)

tan (β − χ + ζ) =
n7

n6
= i

ρ23 − ρ32

ρ23 + ρ32
. (8e)

ò (8a)—(8e) ª�\ (5) ª,n ¥þ���

n = r
√

3
(
sin2θsinφcosφcos (β − χ − α + γ) ,

sin2θsinφcosφsin (β − χ − α + γ) ,

1
2
sin2θ

(
cos2φ − sin2φ

)
,

sinθcosθcosφcos (α − γ − ζ) ,

−sinθcosθcosφsin (α − γ − ζ) ,

sinθcosθsinφcos (β − χ + ζ) ,

−sinθcosθsinφsin (β − χ + ζ) ,

1
2
√

3

(
1 − 3cos2θ

))
. (9)

�X�U?XÚ,
n

r
∈ S2 3ü  Poincaré¥¡

þ�:�±N��n�E Hilbert �m¥�ü ¥
þ. éunU?XÚ, X�éAl� Poincaré¥¡þ
�:. Uì�§ (4), �3±eN�'X:

ni

r
=

√
3

2
〈ψ|λi |ψ〉 , i = 1, 2, · · · , 8. (10)

3 SU (3) Ú SO (8) �©OC�e, Å¼êÚü
  Poincaré¥¥þ��©þC�

|ψ′〉 = u |ψ〉 , (u ∈ SU (3)) , (11)
n′

i

r
= Rik (u)

nk

r
, (R (u) ∈ SO (8)) . (12)

ò (11),(12) ª�\ (10) ª, k

Rik (u) =
1
2
tr

(
λiuλku+

)
. (13)

d (13) ª, ·��� S2 ´�� SU (3) /U (1) ×
U (1) ��8�m.

�§ (10) �)�

|ψ〉 =


ei(α−γ)sinθcosφ

ei(β−χ)sinθsinφ

eiζcosθ

 , (14)

ù L « · � ï á 
 Poincaré¥ ¡ þ � : � n
� Hilbert ÝK�m�ü ¥þN�.

nU?XÚ·Ü�� Bloch ¥þ n < n/r

3ü  Poincaré¥�SÜ. ¤±, nU?XÚ·Ü�
�±^ü  Poincaré¥�SÜ�:5½Â.

du (7) ª, 3E Hilbert ÝK�m¥, nU
? X Ú ü   Poincaré¥ S Ü � Bloch ¥ þ n <

n/r (r < 1) AT��ü ¥þ��, =

|Ψ〉 =
√

r |ψ〉 . (15)

Ïd, nU?XÚ·Ü��AÛ� �±�
� [20−22]

γg (C) =arg 〈Ψ (t0) | Ψ (t)〉−Im

∫ t

t0

dt

〈
Ψ

∣∣∣ Ψ̇
〉

〈Ψ | Ψ〉


=arg 〈Ψ (t0) | Ψ (t)〉

−
∫ t

t0

dtsin2θ
(
cos2φd (α − γ)

+sin2φd (β − χ) + cos2θdξ
)
. (16)

ù�, 3nU?m�XÚ¥, ·�ÏL�ü 
¥þ�ü  Poincaré ¥SÜ�:éA, ïá
��
^E Hilbert �m¥��ü ¥þ5£ãm�XÚ
�üz, ¿ÏLTm�XÚ�A��ü ¥þ, l
��m�XÚ�þfAÛ� .

3 �'?Ø

3.1 AAAÛÛÛ(((���

XJXÚ?1±Ïüz, m�XÚ�þfAÛ
� ==�6uE Hilbert �m¥�µ4�, §
�±dAÛ(��/ªL«Ñ5. 3O±Ï�¹
e,(16) ªm>1����~ê 2π, 3þfO�¥
ù�~êÏ~�Ñ. ù�·Ü�� Pancharatnam �
 Ò¤
·Ü�� Berry � .

·���X�� Berry � �d�©AÛ�{
{'!î�/£ãÑ, ?uyX��AÛ�==
�6uüz�ëê�m�¡È�üz�äN´
»Ã'. Ïd, ��^�©AÛ�ó5£ã3O±
Ïüze·Ü�� Berry � .

3X��½�5�C�e,

|ψ (η)〉 → |ψ′ (η)〉 = e−iα(η) |ψ (η)〉 . (17)

� A £ ã m � X Ú � � ¥ þ |Ψ(η)〉 �
±C��

|Ψ (η)〉√
〈Ψ (η) | Ψ (η)〉

→ |Ψ ′ (η)〉√
〈Ψ ′ (η) | Ψ ′ (η)〉

= e−iα(η) |Ψ (η)〉√
〈Ψ (η) | Ψ (η)〉

= e−iα(η) |Ψ (η)〉
‖Ψ (η)‖

. (18)
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Ïd, �©�/ªC��

β = −Im

〈
Ψ (η)

∣∣∣∣ ∂Ψ(η)
∂ηi

〉
〈Ψ (η) | Ψ (η)〉

dηi

→ β′ = −Im

〈
Ψ ′ (η)

∣∣∣ ∂Ψ ′(η)
∂ηi

〉
〈Ψ ′ (η) | Ψ ′ (η)〉

dηi

= −Im
〈

Ψ ′ (η)
‖Ψ ′ (η)‖

∣∣∣∣ ∂

∂ηi

Ψ ′ (η)
‖Ψ ′ (η)‖

〉
dηi + Im ‖Ψ ′ (η)‖ ∂

∂ηi
ln ‖Ψ ′ (η)‖

= −Im
〈

e−iα(η) Ψ (η)
‖Ψ (η)‖

∣∣∣∣−i
∂α (η)
∂ηi

e−iα(η) Ψ (η)
‖Ψ (η)‖

+ e−iα(η) ∂Ψ (η)
∂ηi

Ψ (η)
‖Ψ (η)‖

〉
dηi

= −Im

〈
Ψ (η)√

〈Ψ (η) | Ψ (η)〉

∣∣∣∣∣ ∂

∂ηi

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

〉
dηi +

∂α (η)
∂ηi

dηi

= β + dα, (19)

Ù ¥ β ¡ � � © � / ª. 3 þ ª ¥, · � ^
� 〈Ψ (η) | Ψ (η)〉 ´¢ê�. ÏL2�g¦�©,

�©�/ª���

σ = dβ =
∂βj (η)

∂ηi
dηi ∧ dηj

= −Im

〈
∂

∂ηi

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

,
∂

∂ηj

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

〉
dηi ∧ dηj

−Im

〈
Ψ (η)√

〈Ψ (η) | Ψ (η)〉
,

∂2

∂ηi∂ηj

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

〉
dηi ∧ dηj

= −Im

〈
∂

∂ηi

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

,
∂

∂ηj

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

〉
dηi ∧ dηj

= σijdηi ∧ dηj , (20)

Ù¥

σij=−Im

(
∂

∂ηi

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

,
∂

∂ηj

Ψ (η)√
〈Ψ (η) | Ψ (η)〉

)
.

35�C�Ú (20) ª�¦e, �©�/ª´ØC
�, =

σ → σ′ = dβ + d2α = dβ = σ. (21)

¤±,

γg (C = ∂S) =
∮

C=∂S

β =
∫

S

σ. (22)

ù´��ü ¥þ�éX�¿÷X4Ü�
üz�m�XÚAÛ� . lù��§·�w�,

·Ü�� Berry AÛ� ==�ëê�m�¡È¤
�', �§�üzL§¥�´»Ã'.

3.2 ÄÄÄåååÆÆÆLLL§§§

�Ä��¸�p�^�þfm�nU?XÚ,

dum�nU?XÚ�'�ÄåÆ�m��¸¿
�þf&E��m'��, XÚ�üz¢Sþ´�
mþÛ�� (ê��ÅCq). ù�Tm�XÚ�±
d Lindblad �§£ã [23,24],

ρ̇ = −i
[
Ĥ, ρ

]
+

∑
µ

(
ΓµρΓ+

µ − 1
2

{
Γ+

µ Γµ, ρ
})

.

(23)

�§ (23) m>1��´�� Schrödinger �,

� L N � ü z �. Ù ¦ � £ ã þ f m � n U ?
XÚ��¸¥�p�^e¤k�U��[. �
f Γi (i = 1, 2, · · ·, 8) � � Lindblad � Î ½ ö þ
f � [ � Î. d � § (23), N ´ u y ρ̇ ´ � �
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� � trρ̇ = 0, ù ` ² m � X Ú � � Ý � Î ρ

´�½�.

5 ¿ � Lindblad � Î Γi =
√

ηi (t)λi L «

��¸�'é. ��Z�md
1

Γi (t)
Cq�Ñ.

D(�d=�Xê ηi (t) 5��. �Ä3M�î
þ� H = 1

2~Ωλ3 �nU?XÚ¥A^ÑÑD
( Γ =

√
ηλ3, Lindblad �§�)�

ρ11 (t) = ρ11 (0) , (24a)

ρ12 (t) = ρ12 (0) exp {(−2iΩ − 2η) t} , (24b)

ρ13 (t) = ρ13 (0) exp {(−iΩ − η/2) t} , (24c)

ρ21 (t) = ρ21 (0) exp {(2iΩ − 2η) t} , (24d)

ρ22 (t) = ρ22 (0) , (24e)

ρ23 (t) = ρ23 (0) exp {(iΩ − η/2) t} , (24f)

ρ31 (t) = ρ31 (0) exp {(iΩ − η/2) t} , (24g)

ρ32 (t) = ρ32 (0) exp {(−iΩ − η/2) t} , (24h)

ρ33 (t) = ρ33 (0) . (24i)

e Ð © X � � |ψ (0)〉 = δ1 |1〉 + δ2 |2〉 + δ3 |3〉,
K ρ11 (0) = |δ1|2, ρ12 (0) = δ1δ

∗
2 , ρ13 (0) =

δ1δ
∗
3 ,ρ21 (0) = δ2δ

∗
1 , ρ22 (0) = |δ2|2, ρ23 (0) = δ2δ

∗
3 ,

ρ31 (0) = δ3δ
∗
1 , ρ32 (0) = δ3δ

∗
2 , ρ33 (0) = |δ3|2,

Ù¥ δi (i = 1, 2, 3) �üz�mÃ'�d	Ü^
���.

ã 1 Bloch �» r �PCXê η[1/s] �üz� (üz±
Ï� T = 2π

Ω
.(a1) δ1 =

√
5

3
, δ2 =

√
2

3
, δ3 =

√
2

3
;(b1) δ1 =

3
4
, δ2 = 2

4
, δ3 =

√
2

4
;(c1) δ1 = 4

5
, δ2 =

√
5

5
, δ3 = 2

5
; (d1) δ1 =

5
6
, δ2 = 3

6
, δ3 =

√
2

6
)

ò (24a)—(24i) ª�\ (6),(8a) � (8e) ª, �
� 8 � Bloch ëþ. ·Ü�� Berry �  (16) ª�
^ Bloch ëþO�. Bloch �»�PCXê�üz
w«3ã 1 Úã 2 ¥.

3ã 1 Úã 2 ¥, ·�uy3ØÓ�Ð©^�
e,Bloch �»�XPCXê�O\¥�ê/ª

P~. X��, Bloch �»� 1, ùL²nU?m�
XÚ�Ôn�lÐ©X�C�·Ü��L§, ·Ü
Ýé²w�PCXêk'. Ïd Bloch �»´��
éÐ�£ãm�XÚ·ÜÝ�Ônþ.

ã 2 Bloch �» r �PCXê η[1/s] �üz� (üz±Ï
� T = 2π

Ω
. (a2) δ1 = 2

3
, δ2 = 2

3
, δ3 = 1

3
; (b2) δ1 = 2

4
, δ2 =

3
4
, δ3 =

√
3

4
; (c2) δ1 =

√
5

5
, δ2 = 4

5
, δ3 = 2

5
; (d2) δ1 = 3

6
, δ2 =

5
6
, δ3 =

√
2

6
)

ã 3 n U ? · Ü � � Berry �   � P C X ê η[1/s] �
ü z  � (Ð © ^ � � ã 1 � Ó, � A � X Ú � = â f ê
� w1 (t) > 0,w2 (t) > 0)

?�ÚïÄ, uy·Ü��A� Berry � 
�±UìÐ©^���� (ë�ã 3) ÚK� (ë�
ã 4) ©¤üÜ©. é²w·Ü��AÛ� �K�
�=âfêk',w1 = ρ11 (t)−ρ22 (t)−ρ33 (t),w2 =

ρ11 (t)− ρ22 (t). ã 3 ¥·Ü�� Berry � éA�
�=âfê w1 (t) > 0,w2 (t) > 0, AÛ� ���
¿�PCXê�O\~�; ã 4 ¥éA�=âf
ê w1 (t) 6 0,w2 (t) 6 0, AÛ� �K���PC
Xê�O\~�. �´ã 4 ¥� �ýé�O\,

ÙÔn�Ï�±ÏL Bloch �»Ú Berry � �é
X5n). dã 5 Úã 6, ·�w� Bloch �»�
X Berry � �ê/O\. ã 5 ¥�� Berry � 
����éA r = 1 �X�; ã 6 ¥K� Berry �
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 ����éAX�.

ã 4 nU?·Ü�� Berry � �PCXê η[1/s] �üz
� (Ð©^��ã 2 �Ó, éA�=âfê w1 (t) 6 0,w2 (t) 6
0)

ã 5 Bloch � » r � Berry �   � C z  � (ü z ± Ï
� T = 2π

Ω
, Ð©^�� δ1 = 5

6
, δ2 = 3

6
, δ3 =

√
2

6
)

ã 6 Bloch � » r � Berry �   � C z  � (ü z ± Ï
� T = 2π

Ω
, Ð©^�� δ1 = 2

3
, δ2 = 2

3
, δ3 = 1

3
)

k � � ´, � � = â f ê k Ø Ó � Î
Ò w1 (t) < 0 Ú w2 (t) > 0 �,Berry � ´PC
Xê�O¼ê (�ã 7), ù��kc�¹ØÓ, Ù¦

�âfê�=�¹, �¬ÚåAÛ� �Au)C
z. ù�`²
nU?·Ü��AÛ� ½ÂÛõ
X´L�Ôn¿Â, cÙ´y¢
m�XÚ�(U
ìAÛ� �±§�üzPÁ.

ã 7 nU?·Ü�� Berry � �PCXê η[1/s] �üz
� (w1 (t) < 0 Ú w2 (t) > 0. (a3) δ1 = 2

3
, δ2 = 1

3
, δ3 =

2
3

;(b3) δ1 = 2
4
, δ2 =

√
3

4
, δ3 = 3

4
;(c3) δ1 =

√
5

5
, δ2 = 2

5
, δ3 =

4
5

;(d3) δ1 = 3
6
, δ2 =

√
2

6
, δ3 = 5

6
)

4 ( Ø

a q u � U ? m � X Ú, r n U ? m � X
Ú � � Ý Ý 
 U ì Gell-mann Ý 
 Ð m, , �
^ �   � ò Ð m X ê ë ê z ¿ � u y � Ý Ý

 � ü   Poincaré¥ S � : � � é A. Ï d, ü
  Poincaré¥¡þ�:ÚÅ¼ê�'XÒ�í2
�¥S�:� Hilbert �m¥��ü ¥þ�éX,

T�ü ¥þÓm�þfXÚüzïá
�A�
éX. ?, )nU?m�XÚ�Ì�§���Ý
Ý
¼�T�ü ¥þ, ^§5½Â·Ü��þf
AÛ� . �±y²ù«½Âäk²w�AÛ(
� [25].

?�ÚïÄuym�nU?XÚAÛ� =
=�En� Hilbert �m�AÛ(�k', �m�X
ÚäN�üz´»Ã'; TAÛ� �6u£ãm
�nU?XÚüz��=âfê, �´£ãm�X
Ú·ÜÝ�ü�1w�, ù�(J¿�X·Ü�
�(UìAÛ� �±§�$ÄPÁ. d	, 3X
����e,Berry � ´·�½Âþ�AÛ� 4
��¹ [26].
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Abstract

By expanding the density matrix of the open system in terms of Gell-mann matrix in a three-level system, we parameterize

coefficients of expansion by some azimuthal angles and find an identity mapping of the density matrices onto interior points of the unit

Poincaré sphere. Thus, the relations between the points on the unit Poincaré sphere and wave functions are extended to connect the

interior points in the sphere with the nonunit vector rays corresponding to an open system in complex Hilbert space. Thus,the geometric

phases for the open system are proposed to be observed by the nonunit vector rays,where the geometric phase of the pure state is the

limiting case of our definition. The results show that this geometric phase merely with duplicate three-dimensional Hilbert projection

space geometry structure related, has nothing to do with the open system concrete evolution way; and it depends on population inversion

and is a slippy and single-value curve of Bloch radius. Therefore, the mixed state of open system retains indeed a memory of its motion

in the form of a geometric phase factor.
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