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1 Ú ó

�CA�c5, ·b3 ²�ä!êiY<!
��Ï&Ú6NåÆ��¡��
2�A^, ,
,)¤äkE,ÄåÆA5ÚÿÀ(��·bX
Ú´ïÄÚA^·b��cJ [1], 8c, ïÄE
,ÿÀ(��·bXÚÌ�÷Xü���uÐ, �
���´|^�1w¼ê5�ïõµò·báÚ
f. ÏL¦^�
�1w¼ê (��5¼ê) X©
ã�5¼ê [2]!�Ú¼ê [3]!�F¼ê [4]!¢£
¼ê [5,6]!n�Å¼ê [7] Úç¸Å¼ê [8] �5¢
y2Â� Chua >´Ú jerk >´. ù
>´äk�

�ÓA:, =µò�êþ�uXÚ�²ï:�ê,

�áÚf�/G��/½¡��.

æ^1wg£XÚ5�ïõÊáÚf´,�
�ïÄ��. duK��A���, ¦�DÚ�2
Â Lorenz XÚx�ÄåÆÛ�3R�¶���¶
�m, Ã{�K�¶�muÐ, l�U�)üÊ
�R/áÚf [9]. Cc5, ïÄXÛ�»TK��
A���, ¤��ïoÊ1wg£XÚ�'�, 8
cÌ�k±eA«�{: �´æ^V45z¶��
{, "R�< [10] Ú�§��< [11] æ^V45z z

¶��{©O¢y
Äu LüXÚÚ�Ý LüXÚ�
oÊ/ª. �´ÍÜ�{, Grassi �< [12,13] ÏLÍ
Ü��½n�Ú�� Lorenz ·bXÚ, ©O�)

oÊ½lÊ·báÚf. n´æ^2Â�{, Wang

�< [14] ÏLé�an�oÊg£·bXÚ?1©
Û, uy
�«ÊHy�, =e��n�g£·b
XÚU
�)oÊáÚf, KTXÚ÷v±en�
^�: 1) XÚ�z����Ñ�¹���g���
�5�. 2) XÚ�z��Ñ�¹k�5�. 3) XÚ
�²ï:kÊ�. 5¿�L5`%�7¤á, �C
z¡u�< [15] Ú_ùý�< [16] JÑ�n�oÊ
g£·bXÚÑ©O�y
T2Â�{��15.

�
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��oÊ
o��·b, T·b(�{ü, �´3,
��þ
oÊ/ª¿Ø²w. Qi �< [18] JÑ
oÊo�·
bXÚ, T·báÚfU3¤k��þÑLyÑo
Ê/ª, �´duz��Ñ�¹ØÓ�ng���
�5�, >´¢y��I�8��[¦{ì, �
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ã 1 oÊ·b�ã (a) x-y-z n�ã; (b) x-y-u n�ã; (c) x-u-z n�ã; (d) u-y-z n�ã; (e) x-y ²¡; (f) x-z ²¡; (g) y-z

²¡; (h) x-u ²¡; (i) z-u ²¡

ã 2 PoincaréN� (a) x = 0; (b) y = 0; (c) z = 0; (d) u = −20
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�©JÑ
��{ü�oÊo�·b, T·b
áÚfU3¤k��þÑLyÑoÊ/ª, ¿�>
´¢y{ü, �I�n��[¦{ì, XÚ�kÊ
�²ï:. �©éXÚ��
Ä�ÄåÆA5?1

ê��[ÚnØ©Û, Ó��?�Ú�[©Û

'u·b1��XÚëê¯a5. ��, ¢y
T
oÊ·bXÚ���>´.

2 ��#�oÊo�·bXÚ

ÄuoÊáÚf�2Â�{, ÏL3n�g£
·bXÚ¥Ú?����5G��"��ì, �ï

��#�{ü�oÊo�·bXÚ, £ã�

ẋ = −ax + yz + bu,

ẏ = cy − xz,

ż = xy − dz,

u̇ = xz − eu,

(1)

Ù¥ a, c, d, e ∈ R+, b ∈ R, x, y, z ´G�Cþ, u

´G��"��ì. � a = 8, b = 5, c = 12, d =

60, e = 4, Ð©^�� [2, 1, 1, 2]T�, ã 1(a)—(i) �
XÚ;,��ã. lã¥�±wÑ, T·báÚ
fU3¤k��þÑLyÑoÊ/ª. To�·
bXÚ�o� Lyapunov �ê©O� λ1 = 1.4040,

λ2 = 0.0030, λ3 = −6.3454, λ4 = −53.2679. du
�3����oäÊìÅ�ê, ·bXÚäk�

�~k�ÚE,�ÄåÆ1�.

3 Ä��ÄåÆA5

� ! Ï Lê� � [ Ú n Ø © Û, � [ ? Ø

ToÊo�·bXÚ��
Ä��ÄåÆA

5. é²w, T·bXÚäk z ¶�é¡5, =÷
v (x, y, x, u) → (−x,−y, z,−u). XÚ (1) �²ï
:�±)e¡�ê�§¦�:

−ax + yz + bu = 0,

cy − xz = 0,

xy − dz = 0,

xz − eu = 0,

(2)

éN´wÑ�:´XÚ���²ï:. �
�
�Ù¦�o�²ï:, -

k1,2 =
− bc

e ±
√

b2c2

e2 + 4ac

2
√

c
d

,

KÙ¦�o�²ï:�

S1,2 =
[√

cd, k1,2, k1,2

√
c

d
, k1,2

c

e

]
,

S3,4 =
[
−
√

cd,−k1,2,−k1,2

√
c

d
,−k1,2

c

e

]
.

� a = 8, b = 5, c = 12, d = 60, e = 4 �, X
Ú (1) �Ê�²ï:©O�

S0 = [0, 0, 0, 0] ,

S1,3 = [±26.8328,±10.8206, 4.8391,±32.4618] ,

S2,4 = [±26.8328,∓44.3626,−19.8396,∓133.0878] .

�
�	XÚ�½5, �Äz��²ï:¤
éA�ä�'Ý
¿O�ÙA��, �'�(J3
L 1 ¥�Ñ. lL 1 ¥�±wÑ, XÚ (1) ¤k²ï
:Ñ´Q�:L²TÊ�²ï:Ñ´Ø½�. o
��"²ï: uáÚf�o�Ê�¥%?, "
:K u��áÚf�¥%?. lã 1 �±wÑ,

;���7Xo��"²ï:uÐ, 3/¤oÊá
Úf¥u�
��^.

L 1 ²ï:¤éA�A��

S0 S1 S2 S3 S4

–8 –51.6581 –88.5368 –51.6581 –88.5368

12 –11.5418 15.3947 + 65.6104 i –11.5418 15.3947 + 65.6104 i

–60 1.5999 + 9.6738 i 15.3947 – 65.6104 i 1.5999 + 9.6738 i 15.3947 – 65.6104 i

–4 1.5999 – 9.6738 i –2.2526 1.5999 – 9.6738 i –2.2526

du

∆V =
∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
+

∂u̇

∂u
= −a + c− d− e, (3)

� a + d + e > c�, KXÚ´ÑÑ�, �±�ê/
ªÂñ

dV

dt
= e−(a−c+d+e)t. (4)
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ã 3 ªÌ (a) x; (b) y; (c) z; (d) u

ã 4 �� (a) t-x Å; (b) t-y Å; (c) t-z Å; (d) t-u Å
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ã 5 � a Cz�©
ã

�±wÑNÈ� V0 3�� t �Â �NÈ
� V0e−(a−c+d+e)t. =¿�X� t → ∞�, �¹X
Ú;��z�NÈ�±�êÇ −a + c − d − eÂ 
�". Ïd, ¤kXÚ;��ª¬���3��N
È��"�8Üþ, �§ì?$Ä�½3��áÚ
fþ [19].

PoincaréN��N
·b©
Ú�òUA5,

ã 2´XÚ (1) ÝK3ØÓ²¡� PoincaréN�, �
±�ß�wÑ�3NõòU�{!, L²XÚäk
�~´L�ÄåÆ. ã 3´XÚ (1) �ªÌ, �±w
Ñ�3ëY�°ª�A5. ã 4´��Ì, ã¥L
²z�Cþ;�Ñ�±�t/B������, �
�½,.

ã 6 � a Cz� Lyapunov �êÌã

ã 7 x-y ²¡��ã (a) a = 0.6; (b) a = 11.5; (c) a = 18; (d) a = 20.8; (e) a = 21.5; (f) a = 23.5; (g) a = 28; (h) a = 35; (i)

a = 38
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4 XÚëê¯a5©Û

�!ÏLé Lyapunov �êÌÚ©
ã?1�
[©Û, ?Ø
XÚëêé·b1��¯a5.

4.1 ��� b = 5, c = 12, d = 60, e = 4 ÚÚÚ a

UUUCCC���

�½Ù¦ëê, 4 a 3 (0, 40] ��SCz. ã 5

Úã 6´�X a Cz�©
ãÚ Lyapunov �êÌ,

�±wÑ©
ãÚ Lyapunov �êÌkéÐ���
5. � a ∈ (0, 11.1), XÚ (1) ?u·bG�, Ó�
3·b�S�3ê�±ÏI�, Xã 1 Úã 7(a) ¤
«. � a ∈ [11.1, 12.6], XÚ (1) Ñy±ÏG�, X
ã 7(b) ¤«. � a ∈ (12.6, 19], XÚ (1) qÑy·b
G�, Xã 7(c) ¤«. � a ∈ (19, 20.9), XÚ (1) Ñ
y��±Ï©
, Xã 7(d) ¤«. � a ∈ [20.9, 23)

�, X Ú (1) q Ñ y ± Ï G �, X ã 7(e) ¤«.

� a ∈ [23, 23.8) �, XÚ (1) qÑy�±Ï©
,

Xã 7(f) ¤«. � a ∈ [23.8, 31.5)�, XÚ (1) Ñy
#�·bG�, Xã 7(g) ¤«. � a ∈ [31.5, 40]�,

XÚ (1) Ñy½G�, 5¿3½G�ÐÏ�3
ê�±ÏÚ·bI�, Xã 7(h),(i) ¤«.

ã 8 � b Cz�©
ã

4.2 ��� a = 8, c = 12, d = 60, e = 4 ÚÚÚ b

UUUCCC���

l��!m©, Ø2�ÑØÓëêéA��
ã, �éXÚG��Ñ{�©Û, �[�{�þ�
�!. ã 8 Úã 9 ´�X b Cz�©
ãÚ Lya-

punov �êÌ, �±wÑ©
ãÚ Lyapunov �ê

ÌkéÐ���5, ¿�©
ãÚ Lyapunov �ê
ÌÑ'u b = 0 é¡. duäké¡5, ùp�©
Û b ∈ [0, 20] ��. � b ∈ [0, 2.3)�, XÚ (1) Ñy
ê��±Ï©
. � b ∈ [2.3, 20]�, XÚ (1) ?u
·bG�, Ó�3��·b�S�3ê�±ÏI�.

ã 9 � b Cz� Lyapunov �êÌã

4.3 ��� a = 8, b = 5, d = 60, e = 4 ÚÚÚ c

UUUCCC���

ã 10 Úã 11 ´�X c Cz�©
ãÚ Lya-

punov �êÌ, �±wÑ, � c ∈ [0, 10.4) �, XÚ
²{
�±Ï©
. � c ∈ [10.4, 14.9) �, XÚ?
u·bG�. � c ∈ [14.9, 15.2) �, XÚ?u±Ï
G�. � c ∈ [15.2, 31.5) �, XÚ?u·bG�.

� c ∈ [31.5, 32.1) �, XÚqÑy
�±Ï©
.

� c ∈ [32.1, 50]�, XÚq?u·bG�.

4.4 ��� a = 8, b = 5, c = 12, e = 4 ÚÚÚ d

UUUCCC���

ã 12 Úã 13´�X d Cz�©
ãÚ Lya-
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punov �êÌ, �±wÑ, 3 d ∈ [16, 100] ��S, X
Ú²{
·b — ��±Ï — ±Ï — ·b�Ì�
{§.

4.5 ��� a = 8, b = 5, c = 12, d = 60 ÚÚÚ e

UUUCCC���

ã 14 Úã 15 ´�X e Cz�©
ãÚ Lya-

punov �êÌ. � e ∈ (0, 2.5]�, XÚ (1) ²{
�
±Ï©
. � e ∈ (2.5, 11.6)�, XÚ (1) ?uoÊ
·b. � e ∈ [11.6, 12.3]�, XÚ (1) ?u�Ê·b.

� e ∈ (12.3, 15.3)�, XÚ²{
±Ï 1 �±Ï 2

�±Ï 4 ©
. � e ∈ [15.3, 42.3]�, XÚq?u�
Ê·b. � e ∈ (42.3, 60]�, XÚ?u±ÏG�.

ã 10 � c Cz�©
ã

ã 11 � c Cz� Lyapunov �êÌã

ÏLþ¡éXÚ� a, b, c, d, e Cz�©
ã
Ú Lyapunov �êÌã�[©Û�±wÑ, XÚë
êéXÚG��Czk�~��¯a5, �Ø

Óëê�K���Ø�Ó, X: � a Cz�XÚ²

ã 12 � d Cz�©
ã

ã 13 � d Cz� Lyapunov �êÌã

ã 14 � e Cz�©
ã
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ã 15 � e Cz� Lyapunov �êÌã

{
��±Ï — ±Ï — �±Ï�{§. � b C
z��©
ãÚ Lyapunov �êÌ'u b = 0 é¡.

� c ∈ [0, 50]�, XÚ���Ñ?3oÊ·bG�.

� d ∈ [16, 100] ��S�, XÚ%²{
·b —

��±Ï — ±Ï — ·b�Ì�{§. � e Cz�,

XÚ�Ñy
�Ê·bG�.

5 >´�O� EWB �ý(J

�
�yXÚ (1) �oÊ·b1�,�O
�
�Xã 16 ¤«��[>´. T>´d8¤$�

�¤�È©ì!��\{ì!��ìÚ¦{ì�
¤, ©O¢yXÚ (1) ¥�¦�!\~!KÒÚ
¦È$�. �±wÑ, �'©z [16] ¤JÑ�oÊ
o�·b, �©�O�oÊo�·b�I�n�

ã 16 oÊo�·b�>´ã

ã 17 oÊ·báÚf3�²¡þ�ÝK (a) x-y ²¡; (b) x-z ²¡; (c) y-z ²¡; (d) x-u ²¡
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¦{ì, >´(�{ü, N´¢y. 3 EWB«Åì
þ*	�
ToÊ·báÚf3���²¡þ�
ÝK, Xã 17 ¤«. lã 1 Úã 17 wÑ, EWB *
	(J�ê��[(J����.

6 ( Ø

�©ïÄ
��{ü�oÊo�·bXÚ, T

·báÚf3¤k��þÑULyÑoÊ/ª. é
�
Ä��ÄåÆA5?1
ê��[ÚnØ©
Û, Ó�ÏLé Lyapunov �êÌÚ©
ã?1

©Û, l�[?Ø
XÚëêé·b1��¯a
5. ��, �O¿¢y
ToÊ·bXÚ��[>
´. ÄuõÊ·bXÚ3ó§¢�¥k�Ð�A^
cµ [12], �©JÑ�oÊáÚf3��Ï&Ú&
ES��+�kd3�A^d�.
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A 4-D chaos with fully qualified four-wing type

Yu Fei Wang Chun-Hua† Yin Jin-Wen Xu Hao

( College of Information Science and Engineering, Hunan University, Changsha 410082, China )

( Received 9 May 2011; revised manuscript received 24 May 2011 )

Abstract

In this paper we propose a new simple four-dimensional (4D) chaotic system by introducing a nonlinear state feedback controller.

There is a fully qualified four-wing type in all directions of the chaotic attractor. With a larger positive Lyapunov exponent, some

interesting and complex dynamic behaviors are obtained. Basic dynamical properties of the four-wing attractor are studied by numerical

and theoretical analyses, such as dissipativity equilibria, Poincaré map, spectrum map, continuous spectrum and chaotic behaviors. The

sensitivities of system parameters to the chaotic behaviors are further explored by calculating, in detail, its Lyapunov exponent spectrum

and bifurcation diagrams. Finally, an oscillator circuit is designed for implementation. The EWB observation results are in reasonable

agreement with the numerical simulation results.

Keywords: 4-D chaos, four-wing chaotic system, Poincaré map, Lyapunov exponents
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