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JÑ�«E£��5N�XÚ¥��ëê�lÑC©�{, é± bmxk+1 = F (xk, θ) �G����§�¤k
N�·bXÚäkÏ^5. é;.� Logistic N�Ú Henón N�¥���ëê?1
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1 Ú ó

g Lorenz u 1963 cuy1��·báÚf
�, ·b��ÚÓÚ®¤���5�Æ¥­��
ïÄ����, ®²JÑéõk�����ÓÚ
�{ [1−5]. du·bXÚ�E,5, ,
ëê²~
Ã{ÿþ½(½; ½öÑu,
AÏ�Ï, XÚ�
,
ëêØ��, ~X��Ï&��¦. Ïd�

¢y·bXÚ���½ÓÚ, CAcïÄ<
Øä
JÑE£·bXÚëê�#�{: ©z [6] ÏLë
êg·A�{é8IXÚ�ëê?1�O, ��

2ÂÓÚ�8�; ©z [7] JÑ
��ëêE£*
ÿì�Vg, ¿é Lorenz XÚ�ëê?1
E£;

©z [8] Äu¢D�{é·bXÚ?1ëê�O,

¿±;.� Lorenz XÚ�~?1
ïÄ; ©z [9]

Äuäk+8�U�U?âf+`z�{¤õ�
O
·bXÚ�ëê; ©z [10] Ú [11] ©OÄu
·bé¬+�{Ú·Ü�©?z�{��Û`z
|¢�Uå, é·bXÚ?1
ëê�O. 3·b
��ÚÓÚ+�, ��5N�´�a­��·b
XÚ, �O§����ëê´���7L)û�
'�¯K.

��5N��ëêE£¯KáulÑÄåX
ÚïÄ¥;.��¯K, Ú�¯KØÓ, §´ÏL

Á�½$1¥�*ÿêâ5�¦�.¥���ë
ê. duÿþ&E¹kD(ÚXÚ�r��5, �
��¯K�¦)²~´Ø·½�. =)Ø�½�
3!=¦)�3�Ø��!3)�3��^�e
�Ø­½ (=)ØëY�6u*ÿêâ)[12]. Ïd�
�5N�XÚëêE£¯K�¦)7Læ^AÏ
�{ [6−11]. �©ÄulÑC©�n5�O��5
N�¥���ëê, T�{é± xk+1 = F (xk,θ)

�G����§�¤kN�äkÏ^5. ÄkÚ
\.�KF¦f�þS�, ò±��5lÑXÚ
��å��`z¯K=��Ã�å�`z¯K;

�X|^lÑC©�n�Ñ���§Ú8I�¼
'u�E£ëê�FÝ; ,��Ñ
lÑC©�
{E£��5N�¥��ëê��{6§. ��
é Logistic N�Ú Henón N�¥���ëê?1

�O, �ý(JL²T�{äkép��O°Ý,

Ó�äk�Ð�|D(5U. I�`²�´, �©
Ú\ Lagrange ¦f5)û¯K, ��X He[14−18]

¤�Ñ�, éE,XÚ Lagrange ¦f�U¬��
Ú�)�.C© [16]. �
�Ñ�.C©y�, He

JÑ
�«#nØ —— ��í�{ (semi-inverse

method)[14−18]. Ïd, é,
��5N�, æ^ He

JÑ���í�{����Ð��J, ù´±�I
�?�ÚmÐ�ó�.
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2 ¯K£ã

�ÄXe n �N�·bXÚ�ëêE£¯K:

xk+1 = F (xk,θ),

x|k=0 = x0,

(k = 0, 1, 2, · · · , N − 1), (1)

Ù¥ x0 Ú xk ∈ Rn ©OL«��5N�� n �G
��þS�ÚÐ�, θ = (θ1, θ2, · · · , θm)T ∈ Rm

L « � � 5 N � ¥ I � E £ � Ô n ë ê � þ.

8 I ´ | ^ l Ñ · b X Ú G � � ÿ þ ê â �
O Ø � ÿ � � � ë ê � þ θ. b � � � 5 N
� X Ú � ( � ® �, = ¥ þ ¼ ê F (xk,θ) =

(f1(xk,θ), f2(xk,θ), · · · , fn(xk,θ))T �L�ª´
®��, �é��5N�XÚ��E£ëê?
1�O, K�±ÏLée¡�8I�¼?1��
z
¼�

J(θ) =
1
2

N∑
k=1

‖xk − xobs
k ‖2, (2)

Ù¥ xobs
k Ú xk(k = 1, 2, 3, · · · , N) ©OL«��

5N�XÚ�*ÿS�ÚG��þS�. w,, �
�5N�XÚ�ëêE£¯KC¤3lÑG��
§ (1) ª�åe�8I�¼��`z¯K, ûüC
þ� θ, `z8I� min

θ∈Rm
J(θ). �´, du��5

N�XÚ�r��5ÚØ­½5, XÚëêéJ�
O; ,	, 8I�¼ J(θ) ¥�U�3NõÛÜ4�
:, ±þ�Ï¦O(O�8I�¼'uûüCþ θ

�FÝ ∇θJ = (∇θ1J,∇θ2J, · · · ,∇θm
J)T C��

~­�. e¡|^lÑC©�{O(¼� ∇θJ �
L�ª9O�FÝI�����§.

3 ��5N�ëêE£�lÑC©�{

Ä k Ú \ . � K F ¦ f � þ S � λk ∈
Rn(k = 0, 1, 2, · · · , N), ò±��5N��§�
�å^���`z¯K=z�Xe/ª�Ã�å
�`z¯K:

J(θ) =
1
2

N∑
k=1

‖xk − xobs
k ‖2

+
N−1∑
k=1

λT
k+1 · [xk+1 − F (xk,θ)], (3)

(3) ª���C©�

δJ(θ) =
N∑

k=1

(xk − xobs
k )T · δxk

+
N−1∑
k=0

{
δλT

k+1 · [xk+1 − F (xk,θ)]

+λT
k+1 · [δxk+1 − δF (xk,θ)]

}
, (4)

ª¥ δxk Ú δλk ©OL«��5N�XÚG��
þS�Ú.�KF¦f�þS����C©. 
8
I�¼ J(θ) Ú¥þ¼ê F (xk,θ) ���C©U½
Â�±?�Ú��

δJ(θ) = (∇θJ)T · δθ

δF (xk,θ) =
(∂F (xk,θ)

∂xk

)T

· δxk

+
(∂F (xk,θ)

∂θ

)T

· δθ. (5)

ò (5) ª¥1�ª�\ (4) ªmà1n�, k
N−1∑
k=0

λT
k+1 · [δxk+1 − δF (xk,θ)] =

N∑
k=1

λT
k · δxk

−
N−1∑
k=0

λT
k+1 ·

[(∂F (xk,θ)
∂xk

)T

· δxk

+
(∂F (xk,θ)

∂θ

)T

· δθ
]

= (λT
k · δxk)

∣∣k=N

k=0
+

N−1∑
k=0

{[
λk

−
(∂F (xk,θ)

∂xk

)
· λk+1

]T

· δxk

−λT
k+1 ·

(∂F (xk,θ)
∂θ

)T

· δθ
}

. (6)

ò (5) ª¥1�ªÚ (6) ª©O�\ (4) ª��mü
à, ÏLÜ¿Óa�, 
�du��C© δxk, δλk

Ú δθ �±�?¿�, Ó� δx0 = 0 Ú δxN 6= 0, Ï
d��Ñe¡��ª�§|:

xk+1 − F (xk,θ) = 0,

−λk +
[∂F (xk,θ)

∂xk

]
· λk+1 = (xk − xobs

k ),

∇θJ = −
N−1∑
k=0

∂F (xk,θ)
∂θ

· λk+1,

λN = 0,

(k = 0, 1, 2, · · · , N − 1), (7)

ª¥�1��L�ªÒ´���5N��G��
��§|. 1��L�ª´��5N�¤éA��
��§, �ÐÚ\�.�KF¦f�þS�¤�
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��G��þS�; lL�ª¥ØJwÑ, ���
§�¦)I�ýkO��N�XÚ�üz;,S
� xk, 
� λk c¡�KÒL«I�é���§U
ì k = N − 1, N − 2, · · · , 2, 1, 0 �^S?1_�S
�O�. 
 (7) ª¥1oªL²���§�Ð�^
�´ λN = 0. (7) ª¥�1n�L�ª´8I�
¼'u��ëê�þFÝ�L�ª, ´�FÝ�O
�I�ýk¦)��5N��G����§Ú�
��§, ¼�N�XÚ�G�þÚ��þ�üzS
� xk Ú λk. (7) ª¥�1��Ú1n�L�ªé
¤k± xk+1 = F (xk,θ) �G����§���5
N�XÚäkÊ·5, ´¼����§Ú8I�¼
FÝ�Ï^úª. 3��ëê��¼FÝ¦Ñ��,

�±ÀJÜ·�eü�{ (X[Úî�{Ú�ÝF
Ý�{), Uìeªéz���ëê?1S�:

θi+1
j = θi

j −∇θjJ |θi · ρi+1
j , j = 1, 2, · · · ,m. (8)

�ª�±E£Ñ��5N����ëê�. � i = 0

� θi � L � � ë ê � þ � Ð © ß ÿ �; ρi+1
j ,

(j = 1, 2, · · · ,m) L«1 i gS�Ú�, ÙäN
��deü�{û½. lÑC©�{�O��5N
�¥��ëê�äN6§Xã 1 ¤«, �{�[`
²Xe.

1�Ú �½��5N�XÚ¥����Ôn
ëê�Ð©ßÿ�;

1�Ú |^#�ßÿ�, é��5N��
§ (1) ª?1��S�O�, ¼�XÚG��þ�
üzS� xk(k = 1, 2, 3, · · · , N) ¿\±�Ñ;

1nÚ |^ xk Ú xobs
k , �â (2) ªO�8I

�¼ J(θ) ��;

1oÚ |^ xk, xobs
k Ú��þ�Ð�^�,

é���ªl k = N � k = 0 ?1��S�O�,

¦����þ�üzS� λk ¿\±�Ñ;

1ÊÚ |^ xk Ú λk Uì (7) ª¥1n�L
�ª¦���ëê��¼FÝ�;

18Ú |^IOeü�{, ¦ÑÚ� ρi+1
j , �

â (8) ªé���ëê?1S�, ¦Ñ#�O�. e
Ø÷v§Sª�^� (XFÝ�Cz�u�½�K
�½��ýk�½���S�gê), K|^#�Ô
nëê�þ θ �l1�Úm©?1#�Ó�S�
Ì�; e÷v, Kª�§S, Ó�¼���5N��

ëê�O�.

ã 1 lÑC©�{E£��5N�ëê�6§ã

4 ê��ý(J9©Û

4.1 Logistic ···bbbNNN���XXXÚÚÚëëëêêê���EEE£££

Äk±;.� Logistic N��~, `²|^l
ÑC©�{E£��5N�XÚ��ëê�k�
5. Logistic N��^lÑ�§L«Xe:

xk+1 = µxk(1 − xk), (9)

� 3.57 < µ 6 4 �, Logistic N � ? u · b G
�. 8I´3¼�G��þ�*ÿS� xobs

k (k =

1, 2, · · · , N) ��¹e, �O��ëê�þ θ = µ.

d (9) ª� (1) ªé'��, F (xk,θ) = µxk(1−xk),

Ù��C©L�ª�

δF (xk,θ) = µ(1 − 2xk) · δxk

+xk(1 − xk) · δµ, (10)

Ù¥ δxk Ú δµ ©O´ xk Ú µ ���C©. Ú\
��þS� [λ1, λ2, λ3, · · · , λN ], ¿ò xk, xobs

k , λk,

θ = µ,
∂F (xk,θ)

∂xk
= µ(1 − 2xk) Ú

∂F (xk,θ)
∂θ

=
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xk(1 − xk) �\ (7) ¥�1�ªÚ1nª, ©O�
� Logistic N�����§Ú8I�¼'u��ë
ê µ �FÝL�ªXe:

−λk + µ(1 − 2xk)λk+1 = (xk − xobs
k ),

λk |k=N = 0,

(k = 0, 1, 2, · · · , N − 1), (11)

∇µJ = −
N−1∑
k=0

xk(1 − xk)λk+1. (12)

3�ýÁ�¥, *ÿêâ�æ8L§Xe: �
½ëê�ý�� µ = 3.6, 4 Logistic N�gdü
z, 3²{6�L§��?�·bG��,�:�
�Ð�, ¿±d����Ð©��; ,�?ÙS�
üz�1 N Ú, ��� Logistic N�3IOlÑG
�S� x(k), k = 0, 1, 2, · · · , N , 
�ù
G�þÑ
?uXÚ�·bG�. 3Á�¥, XÚÐ©G�þ
��� x0 = 0.01892, Ù´ Logistic N�·bG�
¥��:. Á�¥�Ä�c¡ N = 4 �G�þ��
*ÿþ, �±L«� xobs

k , k = 1, 2, · · · , N ; ,��
3¤ÀG�þþU\pd�Åê��*ÿD(, *
ÿD(�þ��� 0!IO ��� σo. lÑ/ª
�8I�¼L«Xe:

J(µ) =
1
2

N∑
i=1

(xk − xobs
k )2. (13)

3¼� Logistic N�XÚ����§!8I�¼9
ÙFÝL�ª�, |^IOeü�{�±é µ ?1
�`�O, ��ëê�S�Ð��½� µ = 5.2. 3
é Logistic N�XÚ���ëê?1C©S�E£
L§¥, ��ëê µ �zg�#, Ñ�é Logistic N
�XÚ����§?1�g�� (k = 0 → N) S
�O�, ±BO�8I�¼���, Ó�é�A�
���§?1�g_� (k = N → 0) S�O�, l

O�8I�¼'u���þ�FÝ��.

ã 2 ¥�Ñ
Ø�3*ÿD(���ëê µ

�S��OS��; ã 3 L«�´8I�¼F
Ý� ‖∇θjJ‖ �eüã. nØþ�8I�¼'u
��ëê�FÝ� ‖∇θjJ‖ = 0 �, ��ëê�
þ��`�O�, ��©¥�
~�O�þ, æ
^ � ´ Ï ~ �S � Â ñ I O: c � ü g S � �
8 I � ¼ F Ý � � C z � u ý k � ½ � K �:

‖∇θjJ‖ − ‖∇θj+1J‖ < 10−8, d��O�Ø��u
ÅìØ�, �±�Ñ. lã¥�±w�, ��ëê µ

ã 2 ëê µ �E£(J­�ã

ã 3 �¼FÝ��Czã

L 1 ØÓ*ÿD(Y²�¹e Logistic N��ëê�O(J

σo 0.0 0.1 0.2

ý� 3.600000 3.600000 3.600000

�O� 3.599999 3.599989 3.599782

S�gê 14 23 42

8I�¼ 1.8936 × 10−15 0.006565 0.023118

�²{ 17 gS�ÒÂñ�ý¢�, Ó�8I�¼
ÚFÝ�Ñ�~�C 0. ©Ûã¥¤«�Á�(J
��Xe(Ø: duØ�3lÑØ�, æ^lÑC
©�{E£ Logistic N�·bXÚ���ëêäk
�p�O(5. ,	lÑC©�{�`³´ÏL�
��§U
O(O�Ñ8I�¼FÝ, Ïd¦8I
�¼¯�eü, Ó���Âñ. L 1 ¥�Ñ
3Ø
Ó*ÿD(Y²�¹elÑC©�{é Logistic N
�XÚ¥��ëê?1�O�(J. lL¥�±w
Ñ, 3Ø�3*ÿØ��, ��ëê��O°Ý�
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p, �O(J�±°(��ê:�18 , Ä�þ
�±À�ý�; �X*ÿØ�O\, ëê��O°
Ýeü, �S��O�E,Âñ�ý�NC, ?�
Ú�y
lÑC©�{E£��5N�¥��ë
ê�k�5, Ó�`²lÑC©�{äk�Ð�|
D(5U. ,	, lL 1 ¥��8BÑ��A:: �
Ø�3*ÿØ��, S�Âñ��8I�¼�Ä�
þ� 0; �X*ÿØ��O\, ��Âñ��S�g
ê!O�m�Ú8I�¼�Ñk¤O�.

4.2 Henón NNN���XXXÚÚÚëëëêêê���EEE£££

�Ü©¥± Henón N�XÚ�~, ?�Ú`²
|^lÑC©�{é��5N����ëê?1
E£�k�5. Henón N��dXe���5lÑ
�§L«:

xk+1 = yk − ax2
k + 1,

yk+1 = bxk,

(k = 0, 1, 2, · · · , N − 1). (14)

� a = 1.4, b = 0.3 �, Henón N�XÚ¥y·b
G�. �½G��þ x = (x, y)T ÚÔnëê�
þ θ = (a, b)T, � θ ´���. 8I´3¼�G�
�þ x �*ÿþ xobs

k = (xobs
k , yobs

k )T ��¹e, E
£��ëê�þ θ. ÏL'� (14) ª� (1) ª, ´
� F (xk,θ) = [yk − ax2

k + 1, bxk]T, Ù��C©L
�ª�

δF (xk,θ) =

−2axk b

1 0

T

· δxk

+

−x2
k 0

0 xk

T

· δθ, (15)

Ù ¥ δxk = (δxk, δyk)T, δθ = (δa, δb)T. Ú \
� xk éA����þS� λk = (λk, pk)T, ¿

ò xk, xobs
k , λk, θ,

∂F (xk,θ)
∂xk

=

−2axk b

1 0


Ú

∂F (xk,θ)
∂θ

=

−x2
k 0

0 xk

 ��\ (7) ª¥�

1�ªÚ1nª, Ó�|^��Ð©^� (7) ª¥
1oª, ©O�� Henón N�·bXÚ����§
Ú8I�¼'u��ëê�FÝúªXe:

−λk − 2axkλk+1 + bpk+1 = (xk − xobs
k ),

−pk + λk+1 = (yk − yobs
k ), (16)

(λk, pk)|k=N = 0;

∇aJ =
N−1∑
k=0

x2
kλk+1,

∇bJ = −
N−1∑
k=0

xkpk+1; (17)

(k = 0, 1, 2, · · · , N − 1).

3�ýÁ�¥, *ÿêâ�æ8L§æ^� (a)

¥E£ Logistic N�XÚ��ëê�Ó��{.

�ªÐ©G�þ (x0, y0) �� (0.5423, 0.1871), Ù
´ Henón N�·bXÚG�¥�:. lÑ/ª�8
I�¼L«Xe:

J(θ) =
1
2

N∑
k=1

[
(xk − xobs

k )2

+(yk − yobs
k )2

]
. (18)

3 ¼ � Henón N � X Ú � � � � § ! 8 I �
¼9ÙFÝL�ª�, |^IOeü�{�±
é θ ?1�`�O, ��ëê�S�Ð��½
� θ0 = (2.0,−0.8). 3é Henón N�XÚ��ëê
?1C©S��OL§¥, ëê�þ θ �zg�#,

Ñ�é Henón N��G����§ (14) ª?1�
g�� (k = 0 → N) S�, ±BO�8I�¼ J(θ)

���, Ó�é Henón N�����§ (16) ª?1
�g_� (k = N → 0) S�, ±BO�8I�¼F
Ý ∇θJ ��.

ã 4 ëê a �E£(J­�ã

|^ã 1 ¥��{6§�±�� θ = (a, b)T

�S��OS��, ã 4 �ã 7 w«
3Ø�3*
ÿD( (= σo = 0) ���ý(J. ã 4 Úã 5 w
«�´ü���ëê3S��OL§¥��Cz;
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ã 5 ëê b �E£(J­�ã

ã 6 8I�¼Cz­�ã

ã 6 L«�´8I�¼��eüã. lã¥�±w
�, ��ëê�þ θ 3²{ 31 gS��®²�~
�Cý¢�, Ó�8I�¼Ä�þØ2eü, ��
Âñ. ©Ûã¥¤«�Á�(J��Xe(Ø: æ
^lÑC©�{�O Henón N�·bXÚ���
ëêäk�p�O(5, ¤këê��O°Ý��

 O(10−6). ,	lÑC©�{�`³´ÏL��
�§U
O(�O�Ñ8I�¼FÝ, Ïd¦8I
�¼U¯�eü, ëêE£��²LAÚÒ�~�
Cý¢�. L 2 �Ñ
3ØÓ*ÿD(Y²�¹e
lÑC©�{é Henón ��5N�XÚ¥��ë
êE£�(J, lL¥�±wÑ, 3Ø�3*ÿØ
��, ��ëê��O°Ý�p. du�ªØ�3
lÑØ�, ��ëê��O(J�±°(��ê:
�18 , L²
lÑC©�{�O��5N�X

Ú��ëê�k�5. �X*ÿØ�O\, ëê�
�O°Ýeü, �E£�E,Âñ�ý�NC, `
²lÑC©�{äk�Ð�|D(5U.

ã 7 �¼FÝ�Âñ­�ã

L 2 ØÓ*ÿD(Y²�¹e Henón N�XÚ�ëê�O(J

σo 0.0 0.1 0.2

ëê a 1.399999 1.3995125 1.3976859

ëê b 0.299999 0.2993769 0.2988312

S�gê 28 39 57

8I�¼ 3.0173×10−16 0.0046178 0.0325870

5 ( Ø

�©|^lÑC©�{5)û��5N�X
Ú¥��ëêE£¯K. ÄkÚ\.�KF¦f�
þS�ò��5N�XÚ�G����§Ú\�
8I�¼¥, ò�5±��5lÑXÚ��å��
`z¯K=��Ã�å�`z¯K; �X|^lÑ
C©�n�Ñ
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Parameter identification of map chaotic system with
discrete variational method∗
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Abstract

In this paper a method is proposed to estimate the unknown parameters of nonlinear map based on the discrete variational principle,

which can be applied to all map chaotic systems governed by the following equation: xk+1 = F (xk, θ). Numerical simulations on the

well-known Logistic map and Henón map are conducted and all unknown parameters of the two discrete chaotic systems are identified

respectively. Simulation results show that the discrete variational method is effective for parameter identification of the map chaotic

system.
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