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�&?©/Ä.(�é)�L¡IÝ1��K�, �©æ^ Kinetic Monte Carlo(KMC)�{�[
�¡�

. (etching model)3��UdÄ�ÞÚ�G©/Ä.þ�¡L¡�ÄåÆ1�. ïÄL², 3ü«©/Ä.þ��

¡�.ÑLyÑéÐ�ÄåÆIÝ1�, ¿�÷v Family-VicsekIÝ5Æ. �,��UdÄ�ÞÚ�G©/Ä.�

©/�ê�Ó, ��[���IÝ�ê%ØÓ, ¿�o÷Ý�ê α �ÄåÆ�ê z �Ø÷v3îAp�Ä.þ¤á

�IÝ'X α + z = 2. dd�±wÑ, IÝ�êØ=�Ä.�©/�êk', �Ú©/Ä.�äN(�k'.

'�c: �¡�., ©/Ä., ÄåÆIÝ1�
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1 Ú ó

L¡.¡oz3�ÆEâ+�9g,y�¥

2��3, éÙ?1�\ïÄäk��nØd�

�¢S¿Â, U
´L�²ïÚOnØ¿\�<�

éá�¢S)�L§�n). ÄuëY)��§Ú

�*lÑ�., Cc5<�é�²ïG�eL¡.

¡o÷zÄåÆy�?1
2��nØïÄ [1−6].

ïÄuy, 3Nõoz)�L§¥, ozL¡

Ú.¡ÑU
/¤g���©/(�, ÷v Family-

Vicsek ÄåÆIÝ5Æ [7], ¿äkIÝC�ØC

5 [1,2,8]. 3ÄåÆIÝnØ¥, ozL¡.¡�/

�9ÄåÆ5�Ï~�±^o�L¡°Ý (=L¡

o÷Ý) 5£ã, L¡°Ý½Â�

W (L, t) =

√

√

√

√

1

Ld

Ld

∑

i=1

[h(i, t) − 〈h(t)〉]2, (1)

Ù¥, L L«Ä.�î�º� (½)�XÚ�î

�º�),d �Ä.��ê, h(i, t) L« t ��3Ä

. i :?�L¡pÝ,〈h(t)〉 L« t ��L¡pÝ

�²þ�. 3Ä.°Ý� L �k�XÚ¥, Fam-

ily Ú Vicsek[7] �Ñ, äkg��©/(��o÷

L¡, Ù�NL¡°Ý W (L, t) ÷vXe�Äå

ÆIÝ5Æ:

W (L, t) = Lαf(t/Lz), (2)

Ù¥, IÝ¼ê f(u) äkìC1�: � u ≪ 1

�,f(u) ∝ uβ ; � u ≫ 1 �,f(u) ªu~ê. ª

¥ β = α/z �XÚ�)��ê, L«L¡Ð©)

��ã�ÄåÆ5�; α Ú z ©O´L¡�o÷

Ý�ê�ÄåÆ�ê, §�U
�Ð/L«Ño÷

L¡3�)��m9�XÚº�4�e�ìC1

�, ¿~^5û½o÷L¡¤á�Ê·a. ~��

ÄåÆ�§k Edwards-Wilkinson(EW)[9]!Kardar-

Parisi-Zhang (KPZ)[10] �, ù
�§U
éÐ/£

ã�A�Ê·a [7]. ïÄuy, ���È (ballistic

deposition, BD)�. [11]
!Eden�. [12]

!É�� -

� (restricted solid-on-solid, RSOS)�. [13] �lÑ

)��.3îAp�Ä.þáud KPZ �§£ã

�Ê·a. �A� KPZ �§�±L«�Xe��

�5ÄåÆ�§:

∂h

∂t
= ν∇2h +

λ

2
(∇h)2 + η(r, t), (3)

ª¥ ν L«L¡�ÜåXê, �§m>���5

�L«L¡÷ý��)�, Xê λ �'uL¡�

)��Ý,η(r, t) �pdD(�, ^5L«)�L§
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��Å5. ïÄuy, 3�ê��¹e KPZ �§÷

v GalilenaØC5, ¦�o÷Ý�ê α ÚÄåÆ�

ê z ÷vIÝ'X α + z = 2, �T'X�XÚ��

êÃ' [1,14].

3îAp��mÄ. (�ê�Ä.) ¥L¡.

¡oz1��ïÄÄ:þ, �C<�m©'5©/

Ä.þL¡.¡)��ÄåÆIÝ1�. ïÄL²,

Ä.�©/A5¬K�L¡.¡ÄåÆL§��

Æ1� [15−17]. Ïd, ©/Ä.þozL¡�g�

�IÝ5�!IO� Family-VicsekÄåÆIÝ5

Æ, ±9�'�ëY5ÄåÆ�§£ã�¤�<�

2�'5�ïÄ+� [18−20].

Lee� Kim[18] ïÄ
��UdÄ=¡ÚÚ�

©/�õ«©/Ä.þ²ïÉ�� - � (equilib-

rium restricted solid-on-solid, ERSOS)�.�ozL

¡, uy3îAp��mS¤á��5 EW �§¿

ØU��^5£ã©/Ä.þ�)�L§. ¦�J

Ñ^©/Ä.þ�Åir�ÛÉ*Ñ� ∇zRWh O

��5 EW �§¥�.Ê.d� ∇2h, l��


©ê�� EW �§ [18]:

∂h

∂t
= ν∇zRWh + η(r, t), (4)

�§� zRW L«©/Ä.þ�Åir�ÄåÆ

�ê. Lee� Kim ��[(JL², ©/Ä.þ�

²ïÉ�� - ��.E÷v Family-VicsekIÝ5

Æ, ���IÝ�ê�A^IÝ©Û�{é©ê

� EW �§?1©Û¤���(JÎÜ�éÐ, ¿

�÷vIÝ'X 2α + df = z. d	, ��UdÄ

=¡ÚÚ�©/Ä.þL¡µþ�Å�È (random

deposition with relaxation)�. [19] �IÝ�ê�©

ê� EW �§�nØ(J��ÎÜ, ù`²©ê

� EW �§�äk�½�Ê·5.

Horowitz � < [20] 3 Á ã ^ I O � Family-

Vicsek IÝ5Æ5©Û(½©/Ä.þ���È

�.�IÝ5Æ�uy, ¤�êâ� Family-Vicsek

IÝ5Æ�3²w� �, Tang�< [21] @�ù«

 �´du���È�.�k�º��AE¤�.

Lee�< [22] 3ïÄäk�Ó©/�êÄ.þ�É

�� - ��.�uy, ©/Ä.þ�)�L¡'�

A�êîAp�Ä.þ��\o÷, �3ØÓ©/

Ä.þ�IÝ�ê�Ø�Ó. 3©z [22] ¥¤æ^

�Ä.�,´©/(�, �Ù©/�ê df = 2 %´

�ê. Huynh�< [23] 3ïÄ Abelian Manna�.

�Ú\
��UdÄ�ÞÚ�G©/Ä., ùü�

©/Ä.äk�Ó�©/�ê df ≈ 1.585, �%k

ØÓ�©/(�. ���\�
)©/Ä.(�é

o÷L¡ÄåÆIÝ1��K�, �©òïÄ�¡

�.3ùü�äk�Ó��ê�ê���UdÄ

�ÞÚ�G©/Ä.þ�ÄåÆIÝ1�.

�¡�. [24] ´ KPZ Ê·a¥���~�

�lÑ�., Ù£ã
3@¡L§½)áNL§¥

.¡�ÄåÆ1�. �©æ^ Kinetic Monte Carlo

�[��{, ïÄ
��UdÄ�ÞÚ�G©/

ùü«äN(�ØÓ�©/Ä.þ�¡�.o÷

L¡�ÄåÆIÝ1�. ÏLé�NL¡°ÝIÝ

1��O�©Û, uy©/Ä.þ��¡�.Ly

ÑéÐ�IÝ1�, Family-VicsekÄåÆIÝ5Æ

E,U
^5£ã©/Ä.þ�¡�.�)�L

§. �duÄ.þ�Óâ�:�� ê©ÙØþ

!, ¦+Ä.�©/�ê�Ó, ùü«©/(�þ

�IÝ�êE,�3�É, L²IÝ�êØ=ÚÄ

.��êk', �ÚÄ.�äN(�k'. ©Û

�uy, ü�©/Ä.þo÷L¡�o÷Ý�ê�

ÄåÆ�êþØ÷v3îAp��m¤á�IÝ

'X α+ z = 2, ©/Ä.þ��¡�.�Ø2÷v

�5� KPZ �§.

2 ©/Ä.9�¡�.

2.1 ������UUUdddÄÄÄ���ÞÞÞÚÚÚ���GGG©©©///ÄÄÄ...

ã 1 �ã 2 �Ñ�´²ogS�)¤��

�UdÄ�ÞÚ�G©/Ä., ùü«;.�©/

(�Ñ´ll©/XÚ¥üz5 [25]. �:½Â

��8>/�º:, )�3©/Ä.��:þ?1.

�A/, pÝCþ�3Ä.��:þ½Â. �©�

Ä�C�:�m��p�^, ùp��C���´

AÛål. ùü�©/Ä.vkg,>., §��

kü�à:, ÏLùü�à:�±òn�1 i gS

��)�©/¬�Uì)¤��(�ë3�å/

¤1 i + 1 gS��¬�.

��UdÄ�Þ��G©/Ä.äk�Ó�

©/�ê df = ln 3/ ln 2 ≈ 1.585[23], �²L i gS

��Ä.o��:êþ� Ni = 3i + 1. du)¤�

ØÓ, ùü«©/Ä.�äN(��3����É.

z��:��C�:ê�ûuT:� �, Ø>.

:	Ä.þz�:Ñkü�½n��C�: (½�

 ê), Ù¥� ê� 3 �:��Ó
 1/3. �îA

p��m�¬��', 3©/¬�þduü:�m

�ë�É�
��, ¦�ùü�©/(��ë�´

»wå5����5ó. ùpæ^zÆål�V

g [26], =©/Ä.þü:�m÷ë�´»��á
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ål, Ï~�uAÛål. éu� ê�n�:

ó, �,Ùn��C�:�T:�AÛål�Ó,

�ÙzÆål%Ø��.

L

ã 1 ²ogS�)¤���UdÄ�Þ©/Ä., Ä.º

� L = 17

L

ã 2 ²ogS�)¤��G©/Ä., Ä.º� L = 24

ã 1 Úã 2 ¥���¿Øáu©/Ä., ´

�(½Ä.º� (½XÚº�) ���ë�:. d

u3 L ��þzü�:�m�ål´���, Ä

.º�½Â� L ��þç:Ú���oÚ. �â

½Â, éu��UdÄ�Þ, ² i gS��XÚº

� Li = 2i + 1, �G©/Ä.² i gS���º

�� Li = 3 × 2i−1.

2.2 ���¡¡¡���...

�¡�.�Ð´d Mello �< [24] ��[�N

é¬N�M¡JÑ�. ���¹e�ê��[(

Jw«, ù��.äk�~Ð�IÝ5�, ¿�á

u^ KPZ �§£ã�Ê·a. �¡�.JÑ±5,

¯õÆöéÙ?1
2��\�ïÄ [21,27,28]. �

¡�.~�^5£ãL¡�@¡L§½)áNL

§, �Ù)�5K´ÏL�����)�L§5½

Â�, Xã 3 ¤«. îAp��mÄ.þ�¡�.

�)�5K�±£ã�

1) 3lÑ��m t �Å/À���: i = 1,

2, · · · , Ni;

2 hi(t + 1) = hi(t) + 1;

3) XJ hi−1(t) < hi(t), @o�1 hi−1(t+1) =

hi(t);

4) XJ hi+1(t) < hi(t), @o�1 hi+1(t+1) =

hi(t).

�©�[�L¡)�L§´3©/Ä.þ?

1�, Ïd, �k÷vþ¡?Ø�îAp��m

Ä.þ�)�5K, âfâ�Å/�È�©/Ä

.�A��: �þ. �©æ^�±Ï>.^�,

3�[��UdÄ�Þ��G©/Ä.þ�¡�

.)�L¡�ÄåÆIÝ1��, À�
S�g

ê i = 5,6,7,8,9�Ä., =éu��UdÄ�ÞÄ

.XÚº� L = 33, 65, 129, 257, 513,éu�G©

/Ä.XÚº� L = 48, 96, 192, 384, 768.3ê�

�[¥, ��º�Ä.þ��È�m�u 4 × 103,

ÚO²þ�gê� 5× 104; ��º�Ä.þ��È

�m�u 5 × 105, ÚO²þ�gê� 2 × 103.

(a)

(b)

ã 3 1 + 1 ��¹e�¡�.)�5K�«¿ã

3 ê��[(J

3.1 ������UUUdddÄÄÄ���ÞÞÞÄÄÄ...þþþ���¡¡¡���...���ÄÄÄ

åååÆÆÆIIIÝÝÝ111���

ã 4 � Ñ 
 S � g ê i = 5—9(= Ä . º

� L = 33, 65, 129, 257, 513)���UdÄ�Þ

Ä.þ�¡�.L¡°Ý W (L, t) �)��m t

�VéêCz'X. dTã�±wÑ, )�L§

�Nþ�±©� 3 ��ã: Ð©�ã, = t < 3

«�, âf�È�)�L¡�î��m´�p

Õá�, �vk/¤'é, L¡°Ý����)

��mk'�XÚ�º�Ã'. ù��ã�Ì

�Å�È�5K, )��ê β � 1/2. ¥m�ã,

= 3 < t < tx, 3ù�«��¡5K3�ÈL§

¥å'�5�^, )�L¡�î�'éwyÑ5

¿�Åì/Or, L¡°Ý�)��m÷v�Æ

'X W (L, t) ∝ tβ . 1n�ã��Ú½�ã. 3
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�Ú«�, = t > tx, L¡�'é�Ý��XÚº

� L, ù�duXÚº����î�'éØ2ü

z, L¡°Ý���Ú, �Ú°Ý Wsat(L) �XÚ

º� L ÷v�Æ'X Wsat(L) ∝ Lα. þã tx ¡

�XÚ�A��m, =L¡°Ýl)�«���

Ú«��Þ��m, �XÚº� L �m÷vIÝ

'X tx ∝ Lz. �¼�©/Ä.þ�¡�.)�L

¡�ÄåÆIÝ�ê, ·�æ^©z¥�~^�

IO?n�{ [7]. 3 3 < t < tx «�é��º�

Ä. (Ä.º� L = 513) þ��?1�5[Ü,

[Ü����Ç=�)��ê, dd��)��

ê β = 0.268 ± 0.003.
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 i/
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α/⊲

lo
g


W
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sa
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logt
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ã 4 ��UdÄ�ÞÄ.þ�¡�.�L¡°Ý W (L, t),

i = 5—9 �Ä.�S�gê, t �)��m, �ã��Ú°

Ý Wsat �XÚº� L Cz�Véê�

֓ ֓ ֓  

֓

֓

֓

֓



⊲

 i/

 i/

 i/

 i/

 i/

lo
g


(W

⊳
L
α
)

log(t⊳Lz)

ã 5 ��UdÄ�ÞÄ.þ W/Lα � t/Lz Cz�Véê

'X, i = 5—9 �Ä.�S�gê, t �)��m,α = 0.48,

z = 1.79 �þã��UdÄ�ÞÄ.þ�O�(J

ã 4 ��ã�Ñ
�Ú°Ý Wsat(L) �XÚ

º� L �Véê'X, �ã¥�J�´�Ú°

Ý Wsat(L) �º� L Véê'X��5[Ü�,

Ù�Ç�Ñ
o÷Ý�ê α = 0.48 ± 0.01. l�ã

¥o÷Ý�ê�O��±wÑ, �ÚL¡°Ý�Ä

.º�Cz�Véê�¥yÑûÐ��5'X,

`²��UdÄ�ÞÄ.þ��¡�.äkéÐ

�IÝ1�. �â)��ê β Úo÷Ý�ê α, �

±��ÄåÆ� z = α/β ≈ 1.79. ÄåÆ�ê£ã


L¡pÝ�î�'é, ÷vIÝ'X ξ(t) ∝ t1/z,

Ù¥ ξ(t) L«'é�Ý.

ã 5 �Ñ
��UdÄ�ÞÄ.º� L =

33, 65, 129, 257, 513� W/Lα Ú t/Lz �Véê'

X, Ù¥ α = 0.48, z = 1.79, ©O�þã��Ud

Ä�ÞÄ.þo÷Ý�ê�ÄåÆ�ê�O�(

J. ��, Ø
Ð©�ã, Ù{Ü©3#IÝ�

êâ¥ �éÐ, ù��y
L¡°Ý�IÝ1

�. �â·���[(J, 3��UdÄ�ÞÄ.

þo÷Ý�ê�ÄåÆ�ê�Ú α + z ≈ 2.27,

�îAp�Ä.þ��¹ØÓ, Ø÷vIÝ'

X α + z = 2[1,14].

    














     

⊲

⊲

⊲

β/⊲  i/

 i/

 i/

 i/

 i/

α/⊲

 

lo
g


W

lo
g


W

sa
t

logt
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ã 6 �GÄ.þ�¡�.�L¡°Ý W (L, t), i = 5—9 �Ä

.�S�gê,t �)��m, �ã��Ú°Ý Wsat �XÚº

� L Cz�Véê�.

3.2 ��� GGG ÄÄÄ ... þþþ ��� ¡¡¡ ��� ... ��� ÄÄÄ ååå ÆÆÆ III

ÝÝÝ111���

ã 6 � Ñ 
 S � g ê i = 5—9(= Ä . º

� L = 48, 96, 192, 384, 768)��G©/Ä.þ

�¡�.L¡°Ý W (L, t) ��m t �Véêã,

�ÚL¡°Ý Wsat(L) �Ä.º� L �'XX

ã 6 ¥��ã¤«. æ^���UdÄ�ÞÄ.

þ�Ó�?n�{, 3�G©/Ä.þ��)��

ê β = 0.328 ± 0.002, o÷Ý�ê α = 0.64 ± 0.02,

ÄåÆ�ê z = α/β ≈ 1.96, þ�u��Ud�Þ

Ä.þ�(J. 3�G©/Ä.þ α + z ≈ 2.60, �

þã��UdÄ�ÞÄ.þ�(Jk¤ØÓ, ¿�

�Ó�Ø÷vIÝ'X α + z = 2[1,14].
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ã 7 � Ñ � ´ Ä . º � L = 48, 96, 192,

384, 768� W/Lα � t/Lz �VéêCz'X, Ù

¥ α = 0.64, z = 1.96, ©O��G©/Ä.þo

÷Ý�ê�ÄåÆ�ê�O�(J. ��, Ø
Ð

©�ã, Ù{Ü©3#IÝ�êâ¥ ��éÐ,

ù`²�G©/Ä.þ�¡�.�L¡°Ý�L

yÑéÐ�IÝ1�, IO� Family-VicsekIÝ5

Æ3©/Ä.þE,¤á.

֓ ֓ ֓ ֓ 

֓

֓

֓

֓

֓

֓

lo
g


(W

⊳
L
α
)

log(t⊳Lz)

 i/

 i/

 i/

 i/

 i/

⊲

ã 7 �GÄ.þ�¡�. W/Lα � t/Lz Cz�Véê

'X,i = 5—9 �Ä.�S�gê,t �)��m,α = 0.64,

z = 1.96 �þã�GÄ.þ�O�(J

4 ©Û�?Ø

�âþã��UdÄ�ÞÚ�G©/Ä.þ

�¡�.L¡°ÝIÝ1��ê��[O�, �±

uy: �Ä.�©/(��, �¡�.E,w«Ñ

éÐ�IÝ1�, ¿�E÷vIO� Family-Vicsek

ÄåÆIÝ5Æ.

�¡�.IÝ�ê�O�(JL², ¦+��

UdÄ�Þ��G©/Ä��ê�Ó, �3ùü«

©/Ä.þ���)��ê!o÷Ý�êÚÄå

Æ�ê%�3²w�É, ù`²Ä.�©/(�U


K�)��.�IÝ1�, IÝ�êØ==�û

uÄ.��ê, ��Ä.�äN(�k'. lã 1

�ã 2 �©/Ä.�±wÑ, éu� ê�n�:

ó, Ùn��C�:¥k��:�T:�zÆå

l��, �éuØÓ �þ�:, ùü«Ä.þ�

�zÆål��Ý�Ø�Ó. dd�±wÑ, Ä.

þz��:�� ê�ûu�:� �, �:� 

ê©Ù´�þ!�. Ïdknd@�, Ä.�:�

 ê�ù«�þ!©Ù��
�¡�.3ü«©

/Ä.�IÝ5�k¤ØÓ, �A�IÝ�êÑy


�É.

d	, 3�G©/Ä.þ���)��ê!o

÷Ý�ê�ÄåÆ�êþ�u��UdÄ�ÞÄ

.þ�(J, `²�G©/Ä.þ��¡)�L¡

�\o÷. ��:��C�:ê8¬K�T:þ�

)��¹, l©/Ä.�/m�±wÑ, �G©/

Ä.þ� ê�n�:©Ù'��UdÄ�ÞÄ

.�é8¥, �Ùn��C�:¥kü�:g�

�� ê��n. Ïdknd@�, �G©/Ä.

�:�ù«©Ù�ª��
�¡�.3TÄ.þ

�)�L¡�\o÷, ���UdÄ�ÞÄ.þ�

IÝ�ê�3�½��É.

3îAp�Ä.þ�¡�.LyÑ�~Ð

�IÝ5�, ¿�áu^ KPZ �§£ã�Ê·

a [24,27]. Ïd<�g,¬JÑù��¯K: KPZ �

§�UÄ£ã©/Ä.þ�¡�.�ÄåÆIÝ

1�? KPZ�§=3���¹ek°(), �nØ

©ÛL², 3�ê��¹e KPZ �§�ü�IÝ�

ê α Ú z ÷vIÝ'X α+ z = 2[1,14]. �©��[

(Jw«, 3��UdÄ�ÞÚ�G©/Ä.þo
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[20] Horowitz C M , Romá F, Albano E V 2008Phys. Rev. E 78
061118

[21] Tang G, Xun Z P, Wen R J, Han K, Xia H, Hao D P, Zhou W, Yang

X Q, Chen Y L 2010Physica A 389 4552

[22] Lee S B, Jeong H C, Kim J M 2008J. Stat. Mech. p12013

[23] Huynh H N, Chew L Y, Pruessner G 2010Phys. Rev. E 82
042103

[24] Mello B A 2001Phys. Rev. E 63 041113

[25] Huynh H N, Chew L Y (unpublished), available at http://www.

worldscinet. com/fractals /editorial /paper/910421. pdf.

[26] Lee C, Lee S B 2010Physica A 389 5053

[27] Aarão R F D A 2004Phys. Rev. E 69 021610

[28] Paiva T, Aarão R F D A 2007Surface Science 601 419

020511-6



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 2 (2012) 020511

Numerical simulations of dynamic scaling behavior of
the etching model on fractal substrates∗

Zhang Yong-Wei Tang Gang† Han Kui Xun Zhi-Peng Xie Yu-Ying Li Yan

( Department of Physics, China University of Mining and Technology, Xuzhou 221116, China )

( Received 8 July 2011; revised manuscript received 26 August 2011 )

Abstract

In order to investigate the effect of the structure of fractal substrates on dynamic scaling behavior of the surfaces, the etching model

growing on the Sierpinski arrowhead and crab fractal substrates is simulated by means of Kinetic Monte Carlo (KMC). It isfound that

the etching model evolving on two kinds of fractal substrates can exhibit dynamic scaling behavior, and can still be described by the

Family-Vicsek scaling relation. Although the Sierpinski arrowhead and crab fractal substrates have the same fractal dimension, the

obvious different values of roughness exponentα and dynamic exponentz, however, are obtained on these two substrates, and they

neither of them satisfy the scaling relationα+z = 2, which is satisfied in the usual Euclid space. It can be seen from the results obtained

here that the scaling exponents of the etching model growingon fractal substrate are determined by not only the fractal dimension but

also the fractal structure.
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