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1 Ú ó

é¡5�n´ÔnÆ¥�p�g�{K, ©Û
åÆ¥�C�é¡5Ì�k Noether é¡5, Lie
é¡5Ú Mei é¡5. Cc5, 'u�ååÆX
Ún«é¡59Ù��Åðþ�ïÄ��
�
X��¤J [1−7]. Currie Ú Saletan 3 1966 c
ïÄ
ügdÝ Lagrange ¼ê�d¯K [8]. 1981
c Hojman Ú Harleston òù« Lagrange ¼ê�d
¯K�ïÄé�í2�õgdÝXÚ [9]. 1999 c
ë��ÚrÂ�òù«5�¡� Lagrange é¡
5 [10], ¿ïÄ
����ÅXÚ�ù«é¡5.
2008—2009 crÂ�ÚÇ¨Q�UïÄ
���
åÆXÚ [11]!�é$ÄåÆXÚ [12] ÚO�I
e��XÚ [13] � Lagrange é¡5. Wu �ïÄ

� Chetaev .���XÚ� Lagrange é¡5 [14,15].
Xia �ò Lagrange é¡5nØ?�ÚÿÐ���
���åÆXÚ+� [16]. �©éC�þ���X
Ú� Lagrange é¡5?1ïÄ, �ÑC�þ���
XÚ Lagrange é¡5��â, ��Ù��Åðþ�
^�±9Åðþ��3/ª.

2 XÚ� Lagrange é¡5

�åÆXÚd N �C�þ�:|¤, 1 i ��
:3 t ����þ� mi(i = 1, · · · , N), 3 t + dt

���þ� mi + dmi. Ù¥ mi � t, q Ú q̇ �¼ê,
=

mi = mi(t, q, q̇), (i = 1, · · · , N). (1)

XÚÉk g �����å

fβ(t, q, q̇) = 0, (β = 1, · · · , g), (2)

�å�§ fβ ÚC© δqs ÷v Appell-Chetaev ^�
∂fβ

∂q̇s
δqs = 0, (β = 1, · · · g),

KXÚ��©�§�L«�
d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs+Ps+Λs, (s = 1, · · · , n), (3)

Ù¥ Qs, Λs Ú Ps ©O�2Â�³å, 2Â�å�
å, dCz�þ�)�2Â�íå. Λs Ú Ps �/
ª�

Λs = Λs(t, q, q̇) = Λβ(t, q, q̇)
∂fβ

∂q̇s
, (4)

Ps =
N∑

i=1

[
dmi

dt
(ui + ṙi) ·

∂ri

∂qs

−1
2
ṙi · ṙi

∂mi

∂qs
+

d
dt

(1
2
ṙi · ṙi

∂mi

∂q̇s

)]
, (5)

ui � dmi �éu mi ��Ý.
é u þ ã X Ú � ü | Ä å Æ ¼ ê L, Qr,

Λr, Pr Ú L̄, Q̄r, Λ̄r, P̄r, - ∂2L/∂q̇r∂q̇k = Wrk,
∂2L̄/∂q̇r∂q̇k = W̄rk, (W̄rk)−1 = Ūkr, (Wrk)−1 =
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Ukr, W̄skUkr = Ar
s,

Lr =
∂2L

∂q̇r∂q̇k
q̈k +

∂2L

∂q̇r∂qk
q̇k

+
∂2L

∂q̇r∂t
− ∂L

∂qr
− Qr − Λr − Pr

= Wrkq̈k +
∂2L

∂q̇r∂qk
q̇k +

∂2L

∂q̇r∂t

− ∂L

∂qr
− Qr − Λr − Pr, (6)

L̄r =
∂2L̄

∂q̇r∂q̇k
q̈k +

∂2L̄

∂q̇r∂qk
q̇k

+
∂2L̄

∂q̇r∂t
− ∂L̄

∂qr
− Q̄r − Λ̄r − P̄r

= W̄rkq̈k +
∂2L̄

∂q̇r∂qk
q̇k +

∂2L̄

∂q̇r∂t

− ∂L̄

∂qr
− Q̄r − Λ̄r − P̄r. (7)

�â Lagrange é¡5nØ, XJd

Lr = 0, (8)

��
L̄r = 0. (9)

��½,, KL²XÚäk Lagrange é¡5.
�Ä� (9) ª, (7) ª���

W̄rkq̈k = Q̄r + Λ̄r + P̄r +
∂L̄

∂qr

− ∂2L̄

∂q̇r∂qk
q̇k − ∂2L̄

∂q̇r∂t
, (10)

(10) ª?�Ú�L«�

q̈k = Ūkr(Q̄r + Λ̄r + P̄r +
∂L̄

∂qr

− ∂2L̄

∂q̇r∂qk
q̇k − ∂2L̄

∂q̇r∂t
). (11)

d (6) ª, (8) ªÚ (11) ª, �

WrkŪks
(
Q̄s + Λ̄s + P̄s +

∂L̄

∂qs

− ∂2L̄

∂q̇s∂qk
q̇k − ∂2L̄

∂q̇s∂t

)
= Qr + Λr + Pr +

∂L

∂qr
− ∂2L

∂q̇r∂qk
q̇k

− ∂2L

∂q̇r∂t
. (12)

5¿� W̄rsU
sk = Ak

r , (12) ª���

Q̄s + Λ̄s + P̄s +
∂L̄

∂qs
− ∂2L̄

∂q̇s∂qk
q̇k − ∂2L̄

∂q̇s∂t

= Ar
s(Qr + Λr + Pr +

∂L

∂qr

− ∂2L

∂q̇r∂qk
q̇k − ∂2L

∂q̇r∂t
). (13)

u´��Xe�â.
�â éuC�þ���XÚ (3), XJü|

ÄåÆ¼ê L, Qr, Λr, Pr Ú L̄, Q̄s, Λ̄s, P̄s ÷v�
§ (13), KXÚäk Lagrange é¡5.

3 Lagrange é¡5���Åðþ

e¡ïÄC�þ���XÚ Lagrange é¡5
���Åðþ.

ò (12) ª�\ (6) ª, �

Lr = Wrkq̈k − WrkŪks
(
Q̄s + Λ̄s + P̄s

+
∂L̄

∂qs
− ∂2L̄

∂q̇s∂qk
q̇k − ∂2L̄

∂q̇s∂t

)
= WrkŪksW̄skq̈k − WrkŪks

(
Q̄s + Λ̄s

+P̄s +
∂L̄

∂qs
− ∂2L̄

∂q̇s∂qk
q̇k − ∂2L̄

∂q̇s∂t

)
= WrkŪks

(
W̄skq̈k − Q̄s − Λ̄s − P̄s

− ∂L̄

∂qs
+

∂2L̄

∂q̇s∂qk
q̇k +

∂2L̄

∂q̇s∂t

)
= WrkŪksL̄s. (14)

�Ä� W̄skUkr = Ar
s, (14) ª�z�Xe/ª:

L̄s = Ar
sLr. (15)

du W̄skUkr = Ar
s, � (Ukr)−1 = Wrk, =

W̄sk = Ar
sWrk. (16)

¦ (16) ª'u q̇l � �ê, �
∂W̄sk

∂q̇l
=

∂Ar
s

∂q̇l
Wrk + Ar

s

∂Wrk

∂q̇l
, (17)

(17) ª?�Ú���
∂Ar

s

∂q̇l
Wrk =

∂3L̄

∂q̇s∂q̇k∂q̇l
− Ar

s

∂3L

∂q̇r∂q̇k∂q̇l

=
∂W̄sl

∂q̇k
− Ar

s

∂Wrl

∂q̇k
. (18)

d

Ar
s = W̄skUkrÚU lrWrl = 1,

∂(Ar
sWrl)

∂q̇k
=

∂Ar
s

∂q̇k
Wrl + Ar

s

∂Wrl

∂q̇k
,

��
∂(W̄slU

lrWrl)
∂q̇k

=
∂W̄sl

∂q̇k
=

∂Ar
s

∂q̇k
Wrl

+Ar
s

∂Wrl

∂q̇k
. (19)
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ò (18) ª�\ (19) ª, �
∂Ar

s

∂q̇k
Wrl =

∂W̄sl

∂q̇k
− Ar

s

∂Wrl

∂q̇k
=

∂Ar
s

∂q̇l
Wrk. (20)

ò (13) ªé q̇l ¦ �ê, �
∂3L̄

∂q̇s∂qk∂q̇l
q̇k +

∂2L̄

∂q̇s∂ql
+

∂3L̄

∂q̇s∂t∂q̇l

− ∂2L̄

∂qs∂q̇l
− ∂Q̄s

∂q̇l
− ∂Λ̄s

∂q̇l
− ∂P̄s

∂q̇l

=
∂Ar

s

∂q̇l

( ∂2L

∂q̇r∂qk
q̇k +

∂2L

∂q̇r∂t

− ∂L

∂qr
− Qr − Λr − Pr

)
+Ar

s

( ∂3L

∂q̇r∂qk∂q̇l
q̇k +

∂2L

∂q̇r∂ql

+
∂3L

∂q̇r∂t∂q̇l
− ∂2L

∂qr∂q̇l

−∂Qr

∂q̇l
− ∂Λr

∂q̇l
− ∂Pr

∂q̇l

)
. (21)

|^ (6) ªÚ (8) ª, �

−Wrkq̈k =
∂2L

∂q̇r∂qk
q̇k +

∂2L

∂q̇r∂t

− ∂L

∂qr
− Qr − Λr − Pr, (22)

ò (22) ª�\ (21) ª, �
∂2L̄

∂q̇s∂ql
+

∂W̄sl

∂t
− ∂2L̄

∂qs∂q̇l

−∂Q̄s

∂q̇l
− ∂Λ̄s

∂q̇l
− ∂P̄s

∂q̇l

= −∂W̄sl

∂ql
q̇l + Ar

s

∂Wrl

∂ql
q̇l −

∂Ar
s

∂q̇l
Wrlq̈l

+Ar
s

(∂Wrl

∂t
+

∂2L

∂q̇r∂ql
− ∂2L

∂qr∂q̇l

−∂Qr

∂q̇l
− ∂Λr

∂q̇l
− ∂Pr

∂q̇l

)
. (23)

¦ (16) ª'u ql � �ê, �

Ar
s

∂Wrk

∂ql
q̇l −

∂W̄sk

∂ql
q̇l = −∂Ar

s

∂ql
Wrkq̇l. (24)

ò (24) ª�\ (23) ª, �
∂W̄sl

∂t
+

∂2L̄

∂q̇s∂ql
− ∂2L̄

∂qs∂q̇l

−∂Q̄s

∂q̇l
− ∂Λ̄s

∂q̇l
− ∂P̄s

∂q̇l

= −∂Ar
s

∂q̇l
Wrlq̈l −

∂Ar
s

∂ql
Wrlq̇l

+Ar
s

(∂Wrl

∂t
+

∂2L

∂q̇r∂ql
− ∂2L

∂qr∂q̇l

−∂Qr

∂q̇l
− ∂Λr

∂q̇l
− ∂Pr

∂q̇l

)
,

=
∂W̄sl

∂t
+

∂2L̄

∂q̇s∂ql
− ∂2L̄

∂qs∂q̇l

−∂Q̄s

∂q̇l
− ∂Λ̄s

∂q̇l
− ∂P̄s

∂q̇l

= − dAr
s

dt
Wrl +

∂Ar
s

∂t
Wrl

+Ar
s

(∂Wrl

∂t
+

∂2L

∂q̇r∂ql

− ∂2L

∂qr∂q̇l
− ∂Qr

∂q̇l
− ∂Λr

∂q̇l
− ∂Pr

∂q̇l

)
. (25)

d (20) ª��
∂Ar

s

∂t
Wrl =

∂W̄sl

∂t
− Ar

s

∂Wrl

∂t
. (26)

�Ä� (26) ª, (25) ª���
∂2L̄

∂q̇s∂ql
− ∂2L̄

∂qs∂q̇l
− ∂Q̄s

∂q̇l
− ∂Λ̄s

∂q̇l
− ∂P̄s

∂q̇l

= − dAr
s

dt
Wrl + Ar

s

( ∂2L

∂q̇r∂ql

− ∂2L

∂qr∂q̇l
− ∂Qr

∂q̇l
− ∂Λr

∂q̇l
− ∂Pr

∂q̇l

)
. (27)

XJü|2Â�³å, 2Â�å�å, 2Â�íå
÷v^�

∂

∂q̇l
(Q̄s + Λ̄s + P̄s)

= Ar
s

∂

∂q̇l
(Qr + Λr + Pr), (28)

Ú\ü�Ý
 T Ú T̄ , ��©O�

Trl =
∂2L

∂q̇r∂ql
− ∂2L

∂qr∂q̇l,

T̄rl =
∂2L̄

∂q̇r∂ql
− ∂2L̄

∂qr∂q̇l
. (29)

d (27) ª —(29) ª, �� Ȧ = −T̄U +ATU , Ù¥ A

Ú U ©O� n × n �Ý
, ��©O� A = (Ar
s),

U = (Usk), éu��ê m k

ȦAm−1 =
(
− T̄U + ATU

)
Am−1

= −T̄U
(
W̄U

)m−1

+W̄UTU
(
W̄U

)m−1
. (30)

Ï� W Ú U �é¡Ý
, � T Ú T̄ ��é¡
Ý
, KâÝ
,�5�� tr[T̄U(W̄U)m−1] = 0,
tr[W̄UTU(W̄U)m−1] = 0, ¤± tr(ȦAm−1) = 0,

Ïdk tr[
d
d

t(Am)] = 0, =
d
d

t[tr(Am)] = 0, ��

tr(Am) = const, (31)

�Åðþ.
u´kXe·K:
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·K éuC�þ���XÚ (3), XJ2Â�
³å, 2Â�íå, 2Â�å�å Qr, Λr, Pr Ú Q̄s,
Λ̄s, P̄s ÷v�§ (28), XÚ� Lagrange é¡5��
�Åðþ (31).

dþã·K���e�íØ:
íØ 1 éuC�þ��XÚ, XJ2Â�³

å Q̄s Ú Qr, 2Â�íå P̄s Ú Pr ÷v
∂

∂q̇l
(Q̄s + P̄s) = Ar

s

∂

∂q̇l
(Qr + Pr), (32)

XÚ� Lagrange é¡5���Åðþ (31).
íØ 2 éuC�þ� Lagrange XÚ, 2Â�

íå P̄s Ú Pr ÷v
∂

∂q̇l
P̄s = Ar

s

∂

∂q̇l
Pr, (33)

XÚ� Lagrange é¡5���Åðþ (31).

4 � ~

�XÚ� Lagrange ¼ê�

L =
1
2
m(t)(q̇2

1 + q̇2
2),

(m(t) = m0(1 − αt), α = const). (34)

XÚ¤É����å�

f = q̇1 + btq̇2 − bq2 + t = 0, (b = const), (35)

�â©l��é�Ý� ui = −ri, 2Â�³å�

Q1 = −αm0q̇1, Q2 = −αm0q̇2. (36)

ÁïÄXÚ� Lagrange é¡59Ù���Åðþ.
¦ (35) ª'u t ��ê, �

q̈1 + btq̈2 + 1 = 0. (37)

�â (4) ªÚ (5) ª, ��Ñ

P1 = P2 = 0, (38)

Λ1 = Λ
∂f

∂q̇1
, Λ2 = Λ

∂f

∂q̇2
. (39)

d (6) ªÚ (34) ª, ¿5¿� (38) ªÚ (39) ª, k

L1 =
d
dt

∂

∂q̇1
L − ∂

∂q1
L − Q1 − P1 − Λ1

= −αm0q̇1 + m(t)q̈1 − Q1 − P1 − Λ1

= m(t)q̈1 − Λ
∂f

∂q̇1
, (40)

L2 =
d

dt

∂

∂q̇2
L − ∂

∂q2
L − Q2 − Λ2 − P2

= m(t)q̈2 − Λ
∂f

∂q̇2
. (41)

�â (40) ª, (41) ªÚ (3) ª, �±��

q̈1 = Λ

∂f

∂q̇1

m(t)
, q̈2 = Λ

∂f

∂q̇2

m(t)
. (42)

r (42) ª�\ (37) ª, k

Λ = − m(t)
1 + b2t2

. (43)

d (43) ªÚ (39) ª��Ñ

Λ1 = − 1
1 + b2t2

m(t),

Λ2 = − bt

1 + b2t2
m(t). (44)

�â (36) ª, (38) ªÚ (44) ª, �

Q1 + Λ1 + P1 = −αm0q̇1 −
1

1 + b2t2
m(t),

Q2 + Λ2 + P2 = −αm0q̇2 −
bt

1 + b2t2
m(t).(45)

ò (45) ª�\ (40) ªÚ (41) ª, �

L1 = m(t)(q̈1 +
1

1 + b2t2
),

L2 = m(t)(q̈2 +
bt

1 + b2t2
). (46)

b�k,�| Lagrange ¼ê�

L̄ = m(t)
{

1
6

(
q̇1 +

1
b

arctan bt
)3

+
1
2

[
q̇2 +

1
2b

ln(1 + b2t2)
]2

}
, (47)

Ù2Â�³å, 2Â�å�åÚ2Â�íå�

Q̄1 + Λ̄1 + P̄1

= −αm0

[
1
2

(
q̇1 +

1
b

arctan bt
)2

]
,

Q̄2 + Λ̄2 + P̄2

= −αm0

[
q̇2 +

1
2b

ln(1 + b2t2)
]
. (48)

K L̄1 Ú L̄2 ©O�

L̄1 =
d

dt

∂L̄

∂q̇1
− ∂L̄

∂q1
− Q̄1 − Λ̄1 − P̄1

= −αm0

[1
2
(q̇1 +

1
b

arctan bt)2
]

+m(t)
[(

q̇1 +
1
b

arctan bt
)

×
(
q̈1 +

1
1 + b2t2

)]
− Q̄1 − Λ̄1 − P̄1,(49)

L̄2 =
d

dt

∂L̄

∂q̇2
− ∂L̄

∂q2
− Q̄2 − Λ̄2 − P̄2

= −αm0

[
q̇2 +

1
2b

ln(1 + b2t2)
]

+ m(t)
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×
(
q̈2 +

bt

1 + b2t2

)
− Q̄2 − Λ̄2 − P̄2. (50)

ò (48) ª�\ (49) ªÚ (50) ª, �

L̄1 = m(t)
[(

q̇1 +
1
b

arctan bt
)(

q̈1 +
1

1 + b2t2

)]
=

(
q̇1 +

1
b

arctan bt
)
L1,

L̄2 = m(t)(q̈2 +
bt

1 + b2t2
) = L2. (51)

¿��±��

A1
1 = q̇1 +

1
b

arctan bt, A2
2 = 1. (52)

´� (45) ªÚ (48) ª÷v^� (28), �d·K�Å

ðþ

IL = tr(A) = 1 + q̇1 +
1
b

arctan bt = const. (53)

5 ( Ø

�©ïÄ
C�þ���XÚ� Lagrange é
¡5, ��
C�þ���XÚ Lagrange é¡5�
��Åðþ9Ù�3^�. �©(J�ä��¿Â,
éC�þ���XÚ, ~�þ���XÚ, ~�þ
��XÚÑ·^. ��:��þ�~ê�, �©(
Jò£�©z [11] �(J, �XÚ��å����
å��:�þ�~ê�, �©(Jg,/£�~�
þ���åe�(J.
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Abstract
In this paper are study the symmetry of Lagrangians and the conserved quantities for a nonholonomic variable mass system.

Firstly, the criterion of the symmetry of Lagrangians for a nonholonomic variable mass system is given. Secondly, the conditions under
which there exist a conserved quantity and the form of the conserved quantity, are obtained. Finally, an example is given to illustrate
the application of the results.
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