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1 Ú ó

ÀÚ - MÇ�. (Bose-Hubbard model, BHM)

�2�^5ïÄ$§eÀÚXÚ��C. X$§e
ÀÚXÚu)��� — ý��C [1,2] Ú�6 —

Mott ý�f�C [3,4], BHM 3�½^�e�±z
� Heisenberg g^ó�., dd��
Nõ­�

kd��(J. Cc5, ïÄö|^1Æ�:³r
�e�f�å3³²¥, ?
éÙ?1
õ�¡
ïÄ. ¯¤±�, �Z1åU�)�*³², �±
^5ÓPe�f, ù�¡k�þ�©zïÄL [5,6].

e�f�þfA5�±ÏL²S�ÄÚ�C²�
m��B5£ã. �31Æ³²¥�ÀÚf�±
^ Bose-Hubbard �.5£ã. 1�¥³²ëêpÝ
�N, �^-1�rÝÚ(�5��. 1�¥ BHM

Ó�Uýÿ$§el�6�� Mott ý���m�
�C, §L²ù«�C3�:SÀÚf�p�^ü
½U��C�:m�BU�m���½���u
). ù��.3�½^�e (�:S�p�^é�
½=z��:�k"½��ÀÚf) �±^g^°
Ü��.5�O. XÚ?uÄ��vk�p�^,

��X§Ý�,p, duz��:��fê�ÝO
�, �:m�^ó4�p�^ØU�Ñ. �Ä�:
m�p�^�, î�g^-uÒ¬=£ ($Ä), �

�Ä�g^(�Û­, l
÷g^ó�)g^ÅÚ
^�f.

©z [7—9] ^�Z�VÇÌÏLëY4�C
qéÀÚ - OÏd"và?1
ïÄ, ¦Ñ
g^
ó�.�g^ÅÚ�f), �¦Ñ
�f�Uþ.

©z [10,11] ^�Ó��{¦Ñ
þf�í�.Ú
ëY��54z�.��f)9ÙUþ. �©[^
©z [7—11] ��{éÀÚ - MÇ�.?1ïÄ.

2 Bose-Hubbard �.9Ù$Ä�§

��Ä��C�:��p�^, �� BHM �
M�îþ�±�¤ [5,6]

H = −J

2

∑
i,δ

(b+
i bi+δ + b+

i+δbi)

+
U0

2

∑
i

nini +
U1

2

∑
iσ

nini+σ

−µ
∑

i

ni, (1)
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bi Ú b+
i ©O´ÀÚ�vÚ�)�Î, ÷ve�é

´'X: [bi, b
+
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+
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ni = b+
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�) U1 £ã��C�:m�p�^ (3�©¥�
�Ä��C�:)[3,4]. �C� b+

i = S+
i , bi = S−

i ,

ni = b+
i bi = 1/2 + Sz

i , M�îþ (1) �±U�
� [1−4]
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Ù¥ h = µ− 1
2

∑
i U0i, S±

i = Sx
i ± iSy

i Ú Sz
i ´1 i

��:�g^�Î, ÷ve�é´'X:

[S±
i , Sz

j ] = ∓S±
i δij ,

[S+
i , S−

j ] = 2Sz
i δij . (3)

� § (2) ´ � � Heisenberg g ^ ó � .. Ú
\ Holstain-Primakoff C�µ

Ŝ+
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√
2S − a+

i ai)ai,

Ŝ−
i = (a+

i

√
2S − a+

i ai),

Ŝz
i = S − a+

i ai, (4)

al Ú a+
l ©O´ÀÚ�vÚ�)�Î, ÷ve�é

´'Xµ
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+
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$§e, a+
l al ¿ 2S, �§ (4) ¥ Ŝ+

i Ú Ŝ−
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Ñn�±þÚÃ';��~ê�, M�îþ (2) �
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u´, °Ü�L�¥ ai �$Ä�§�

i~
∂ai

∂t
= h1ai − 2JS(ai+1 + ai−1) + U0aia

+
i ai
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+
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Ù¥~ê h1 = (h − U0/2 − U0S − 2U1S). �g^
�Z� |ψ〉 , ^¹�C©{, �§ (7) U=z¤1 i

��:�Zg^-u�VÇÌ αl = 〈ψ|al|ψ〉 �$
Ä�§

i~
∂αi
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+
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A^ëY4�

al(t) = α(z, t), al±1(t) = α(z, t)

±∂α

∂z
a +

1
2

∂2α

∂z2
a2 + · · · , (9)

a ´�:~ê, þ?��3AzB�. |α(z, t)| ¿ 1.

(9) ª�\ (8) ª�e��§:

i~
∂α

∂t
= (h1 − 4JS)α − 2JSa2 ∂2α

∂z2

+U1a
2α

∂2|α|2

∂z2

+(U0 + 2U1 + 4J)α|α|2. (10)

é�§Ïée�/ª�):

α(z, t) = φ(η) e i(kz−E
~ t), (11)

φ(η) ´ η(η = z − vt) �¢¼ê, v L«DÂ�Ý.

�\�§ (10) ��e�ü��§:

k =
~v

4JSa2
, (12)

(1 − γφ2)φηη − γφφ2
η − 2µφ3 − λφ = 0, (13)

Ù¥

γ =
U1

JS
> 0,

µ =
U0 + 2U1 + 4J

4JSa2
> 0,

λ =
E − h1 + 4JS − 2JSa2k2

2JSa2
. (14)

3 Ã.�m¥�1Å)

�§ (13) 3Ã.�m¥k1Å), Ù)÷v>
.^� φ → 0 � η → ±∞. e¡é�§ (13) 3Ø
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Óëê«m¦).

3.1 ��� λ > 0, 6µγλ > µ2 + γ2λ2 ���, ���
§§§ (13) kkk)))√

µ

λ
ar cosh

2λφ−2 − (µ − λγ)√
6µγλ − µ2 − λ2γ2

−√
γarc sin

2µγφ2 − (µ − λγ)
µ + λγ

= ±2
√

µ(η − η0), (15)

Ù¥ η0 = z0 − vt0 ´È©~ê, L« t0 �� z0 ?
��. -

Φ1(φ) =
√

µ

λ
arcosh

2λφ−2 − (µ − λγ)√
6µγλ − µ2 − λ2γ2

,

Φ′
1(φ) =

√
γarcsin

2µγφ2 − (µ − λγ)
µ + λγ

. (16)

l ã 1(a) ¥ w �, Φ1(φ) ' Φ′
1(φ) � é õ,

� Φ′
1(φ) A�´~ê, �±8(� η0 ¥, ���

f). lã 1(b) w�, �§ (17) L«¨/�f).

ã 1 (a) Φ1(φ) Ú Φ′
1(φ) � φ �Cz; (b) φ �

√
λ(η − η0) �Cz

ã 2 � µ = 3, γ = 0.1, ÷v�§ (18) � λ ´ã¥�":

φ =
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µ − λγ −

√
6µγλ − µ2 − λ2γ2

2λ

+

√
6µγλ − µ2 − λ2γ2
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× cosh2
√

λ(η − η0)
]−1/2

, (17)

d8�z^�� λ ½=Uþ E ÷v��§
µ − λγ −

√
6µγλ − µ2 − λ2γ2

µ − λγ +
√

6µγλ − µ2 − λ2γ2

= tan2

√
6µγλ − µ2 − λ2γ2

2
√

2λ
. (18)

l¥�±)ÑU?Ú�f°Ý. ã 2 L² (18) ª�
3k¿Â�¢ê).

3.2 ��� λ > 0, 6µγλ < µ2 + γ2λ2 ���, ���
§§§ (13) kkk)))
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−√
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Φ′
2(φ) = −√

γarc sin
2µγφ2 − (µ − λγ)

µ + λγ
. (20)

lã 3(a) w�, Φ2(φ) ' Φ′
2(φ) �éõ, � Φ′

2(φ) A
�´~ê, �±8(� η0 ¥, ���f)
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√
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√
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. (21)

ã 3(b) L« (21) ª, = φ �
√

λ(η − η0) �Cz.

3.3 ��� λ = 0 ���, ���§§§ (13) kkk)))

−2
√

φ−2 − γ −√
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= ±2
√

µ(η − η0), (22)

Ù¥ η0 �¿ÂXcã. -

Φ3(φ) = 2
√

φ−2 − γ,

Φ′
3(φ) =

√
γarc sin(2γφ2 − 1).

lã 4(a) ¥w�, �� l�:�, Φ3(φ) �ý
é�' Φ′

3(φ) �ýé��éõ, � Φ′
3(φ) A�´~

ê, �±8(� η0 ¥, ���f)

φ = [µ(η − η0)2 + γ]−1/2. (23)

ã 4(b) L« φ � √
µ(η − η0) �Cz. d8�

z^��Xê÷v µγ = π, l
XÚUþ�L«�

E = h1 − 4JS + 2JSa2k2. (24)

ã 3 (a) Φ2(φ) Ú Φ′
2(φ) � φ �Cz; (b) φ �

√
λ(η − η0) �Cz

3.4 ��� λ < 0 ���, ���§§§ (13) kkk)))

−
√

µ

−λ
arc sin

−2λφ−2 − (µ − λγ)
µ + λγ

−√
γarc sin

2µγφ2 − (µ − λγ)
µ + λγ

= ±2
√

µ(η − η0), (25)

5¿m>k”±” Ò. Ù¥ η0 �¿ÂXcã. -

Φ4(φ) = −
√

µ

−λ
arc sin
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µ + λγ

,

Φ′
4(φ) = −√

γarc sin
2µγφ2 − (µ − λγ)

µ + λγ
. (26)

lã 5 (a) wÑ, 3ØÓëê«m, ü���Ø
Ó, �éJr§�Ü���. � φ2 ¿ 1 �, ��1

��

φ =

√
µ − λγ

2µλ
± µ + λγ

2µλ
sin

[
2
√

µ

γ
(η − η0)

]
.

(27)

4 ±Ï5>.^�e�)

ÀÚ - MÇ�.´�±Ï5(�, éN´÷v
±Ï5>.^�. 3±Ï5>.^�e, �§ (13)

k±Ï). �o�� L, K±Ï5>.^��L«�

φ(η) = φ(η + L), (28)

�§ (13) �z�
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ã 4 (a)Φ3(φ) Ú Φ′
3(φ) � φ �Cz; (b)φ � √

µ(η − η0) �Cz

ã 5 (a)Φ4(φ) Ú Φ′
4(φ) � φ �Cz; (b) φ � ±2

√
µ(η − η0) �Cz

Ù¥ 0 6 φ2 6 φ2
1 6 φ2

2, φ2
1 + φ2

2 = λ
µ , φ2

1φ
2
2 = D >

0, D ´��È©~ê.

é�§2È©�g� [9−12]

Π(δ, b, q) =
√

µφ2
2(1 − γφ2

1)(η − η0), (30)

Ù¥

q2 =
φ2

1(1 − γφ2
2)

φ2
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1)
< 1,

δ = arcsin

√
φ2(1 − γφ2

1)
φ2

1(1 − γφ2)
,

b =
−γφ2

1

1 − γφ2
1

. (31)

é u W ¿ Ï f é � � À Ú í N, γφ2
1 ¿ 1, ¤

± b → 0, ��)

φ(η) =
{( 1

φ2
2

− γ
)[

sn
√

µφ2
2(1 − γφ2
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}−1/2
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sn(η, q) �1�aä�'ý�¼ê, §�²��±
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Ï´ 2K(q).

d±Ï5^��Ñ√
µφ2

2(1 − γφ2
1)L = 2nK(q),

n = 1, 2, 3, · · · , (33)

Ù¥ n ´ý�¼êÅ�±Ïê, Å�� L/n. ý�
¼êÅ�Ì�

φ2
a = φ2

max − φ2
min = φ2

1. (34)

d8�z^���

γa
√

µφ2
2(1 − γφ2

1) = 2n
[
Π(b′, q) − K(q)

]
, (35)

Ù¥

b′ = −b =
γφ2

1

1 − γφ2
1

. (36)

ý�¼êÅ�6�Ý

j(η) = 2evφ2(η) = 2ev

{( 1
φ2

2

− γ)

×
[
sn

√
µφ2

2(1 − γφ2
1)

×(η − η0), q
]−2

+ γ

}−1

, (37)

Ù¥ 2e ´1�¥ü�ÀÚf¤��>Ö, e ´Ä�
>Ö. φ2

1 Ú φ2
2 �±�L«�

φ2
1,2 =

1
2γ

[
− 1 ± γA(1 − q2)

+
√

[1 − γA(1 − q2]2 + 4γAq2

]
, (38)

Ù¥ A =
8n2K2(q)

µL2
. ý�¼êÅ�Uþ

E = h1 − 4JS +
JS(U0 + 2U1 + 4J)

2U1

×
[
− 1 +

√
[1 − γA(1 − q2]2 + 4γAq2

]
+

1
2
mev

2, (39)

Ù¥·�Uþ

E0 = h1 − 4JS +
JS(U0 + 2U1 + 4J)

2U1

[
− 1

+
√

[1 − γA(1 − q2]2 + 4γAq2
]
. (40)

k��þ

me =
~2

4JSa2
. (41)

5 ( Ø

©O3Ã.�mÚ±Ï5>.^�e?Ø

ÀÚ - MË�.�), (JL², 3Ã.�m, ��
¹Uþ�ëê λ > 0 �k�f); λ < 0 �vk�
f). 3±Ï5>.^�e¬��ý�¼êÅ),

4��¹eòz��f), �¦Ñ
�f�U?Ú
k��þ. ·��(JéïÄÀÚ - MË�.¬k
^, AO´Uþ (?), éïÄ$§XÚ��Ck^.
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Abstract

One-dimensional Bose-Hubbard model is studied in detail. Soliton solutions in infinite space is presented, The elliptic function

wave solutions and its nenergy and effective mass are also found under the periodic boundary condition.
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