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1 Ú ó

3Ê�ÊU(�¥, R5ù´A^�2�Ü�,
ÏdéuR5õNXÚ½f - RÍÜõNXÚ�
ÄåÆ¯K®¤�õNXÚÄåÆ+��9��
K [1−4]. DÚ�"gCq�.´Äu(�ÄåÆ�
ï�nØuÐå5��«ï��{, §Ú�gÍ
Ü�.�«O3u, �gÍÜ�.òî�C/�Í
Ü�Ú\
p�C/, Ï�Ä
l%å�p��
A [5−7]. 3ïÄR5õNXÚ�, ~~�¦é�.
5Xe�R5N(�ÄåÆA5?1©Û, ù�Ä
k�ïáR5õNXÚ�ÄåÆ�.. 3± �ï
Ä¥, IS	Æö�õæ^"gCq�.!�gÍ
Ü�.½ö�ÄN\fÝ�½C/�å�ÍÜ�
., ù
�.3?nR5C/��ª�Ñ?1
�
A�{z?n. Ï3�.5�IXe, |^ù


²{zC/�ª?n��.é$ÄR5(�?1
O�!�ý�©Û�, ¬�)�½�Ø�. Ï�
©ò�^�ö¤ïá�°(ÍÜ�.5ïÄäk
���$ÄÚ��5C/��mR5ù3�.5
�IXe�ÄåÆA5.

2 �.5�IXe�mR5ù�Äå
Æ�§

�âk��nØÚ.�KF�§, ���mR
5ù�ÄåÆ�§�

Mq̈f + Gq̇f + Kqf = Q, (1)

ª¥ M ��þÝ
, G�úÚÝ
, K �fÝÝ

, Q�2Âå
. �k

M = M33 = W11 + W22 + W33 + W 22 + W 33+W44 + W 34 + W 24,

G = 2ω1(W32 − W23) + 2ω2(W13 − W31) + 2ω3(W21 − W12)

+(−Ŵ T
2,42 + Ŵ T

2,24 + Ŵ2,42 − Ŵ2,24)ω2+(−Ŵ T
3,43 + Ŵ T

3,34 + Ŵ3,43 − Ŵ3,34)ω3,

K = Kf + Kd, Kd = K0 + K1,

K0 = −
(
− ω2

1

(
W22 + W33 − W 22 − W 33

)
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+
1
2
ω2

2

(
2 (W11 + W33) + 2

(
W 22 + W 33

)
−bW 34 + bW 24 − 2W 33

)
+

1
2
ω2

3

(
2 (W11 + W22) + 2

(
W 22 + W 33

)
−bW 24 + bW 34 − 2W 22

)
+ω1ω2

(
− bW21−bW 02,12 + bŴ2,34 + bŴ3,34

)
+ ω1ω3

(
−bW31−bW 03,13 + bŴ2,24 − bŴ3,24

)
+ω2ω3

(
− bW32 +

1
2
(bW̄03,23 + bW̄02,23)

))
+ ω̇1

(
W32 − W23 + W

T

3,23 − W
T

2,23

)
−ω̇2

(
W31 − W13−W

T

3,13 − W
T

t3,24 + Ŵ T
2,42 − Ŵ T

2,24

)
−ω̇3

(
W12 − W21−W

T

t2,34 + W
T

2,12 + Ŵ T
3,43 − Ŵ T

3,34

)
,

K1 = (ω2
2 + ω2

3)D −
(
r̈′01−ω3ṙ′02 + ω2ṙ′03

)
C,

Q = ω1ω2

(
Y

T

2 − ZT
12

)
+ ω1ω3

(
Y

T

3 − ZT
13

)
+ ω2

2Z
T
11+ω2ω3

(
Y

T

34 − Y
T

24

)
+ ω2

3Z
T
11

−
(
Y T

1 r̈′01 + Y T
2 r̈′02 + Y T

3 r̈′03+
(
Y

T

34 + Y
T

24

)
ω̇1 −

(
Y

T

3 + ZT
13

)
ω̇2 +

(
ZT

12 + Y
T

2

)
ω̇3

)
+

(
ω2Y

T
3 − ω3Y

T
2

)
ṙ′01 +

(
ω3Y

T
1 − ω1Y

T
3

)
ṙ′02 +

(
ω1Y T

2 − ω2Y
T
1

)
ṙ′03.

du�©���AÛ��5°(�.�Ä
ù�Û=±9�C/��pK�, ¦��þÝ
 M , ú
ÚÝ
 G, fÝÝ
 K, 2Âå
 Q ¥O\
y��ÚVey��, L²ÄåfÝ� Kd Ø=�ÉC/�
ªK�� K0 k', �¬�XÄ:�ÝÚ��Ý��pÍÜ�)Cz; N\fÝ� K1 Ú2Âå Q ¥
¹kduÄ:$Ä�)���ÝÚ�Ý�ÍÜ�, =Vey��.

ã 1 �(3^=¥%fNþ��m]:R5ù

y�Ä��m]:R5ù [8] Xã 1 ¤«, TR5ù�(3¥%N�»� R �^=fNþ, Ù=�!�
�ÝÚ�\�Ý©O� θ, θ̇ Ú θ̈. .5�IX e0 7 e0

3 =Ä θ ����LÞ�IX e1, e1 7 e1
2 =Ä�Ý α

���ëN�IX e2. 3LÞ�IX e1!.5�IX e0 ÚëN�IX e2 e, ëN�IX e2 �Ä: o1 �
 �¥þ©O�

r1 =
[
R 0 0

]T

, (2)

r0 = A01r1 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1




R

0

0

 =


R cos θ

R sin θ

0

 , (3)

r′
0 = r2 = AT

12r1 =


cos(−α) 0 sin(−α)

0 1 0

− sin(−α) 0 cos(−α)


T 

R

0

0

 =


R cos α

0

−R sinα

 . (4)
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3LÞ�IX e1!.5�IX e0 ÚëN�IX e2 e, ëN�IX e2 �Ä: o1 ��Ý¥þÚ\�Ý
¥þ©O�

ṙ1 =
[
0 Rθ̇ 0

]T

, (5)

ṙ0 = A01ṙ1 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1




0

Rθ̇

0

 =


−Rθ̇ sin θ

Rθ̇ cos θ

0

 , (6)

ṙ′
0 = ṙ2 = AT

12ṙ1 =


cos(−α) 0 sin(−α)

0 1 0

− sin(−α) 0 cos(−α)


T 

0

Rθ̇

0

 =


0

Rθ̇

0

 , (7)

r̈1 =
[
−Rθ̇2 Rθ̈ 0

]T

(8)

r̈0 = A01r̈1 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1



−Rθ̇2

Rθ̈

0

 =


−Rθ̇2 cos θ − Rθ̈ sin θ

−Rθ̇2 sin θ + Rθ̈ cos θ

0

 , (9)

r̈′
0 = r̈2 = AT

12r̈1 =


cos(−α) 0 sin(−α)

0 1 0

− sin(−α) 0 cos(−α)


T 

−Rθ̇2

Rθ̈

0

 =


−Rθ̇2 cos α

Rθ̈

Rθ̇2 sinα

 . (10)

ëN�IX e2 �Ä: o1 ���Ý¥þÚ�\�Ý¥þ©O�

ω1 =
[
0 0 θ̇

]T

, (11)

ω0 = A01ω1 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1




0

0

θ̇

 =


0

0

θ̇

 , (12)

ω2 =
[
ω1 ω2 ω3

]T

= AT
12ω1 =


cos(−α) 0 sin(−α)

0 1 0

− sin(−α) 0 cos(−α)


T 

0

0

θ̇

 =


θ̇ sinα

0

θ̇ cos α

 , (13)

ω̇1 =
[
0 0 θ̈

]T

, (14)

ω̇0 = A01ω̇1 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1




0

0

θ̈

 =


0

0

θ̈

 , (15)

ω̇2 =
[
ω̇1 ω̇2 ω̇3

]T

= AT
12ω̇1 =


cos(−α) 0 sin(−α)

0 1 0

− sin(−α) 0 cos (−α)


T 

0

0

θ̈

 =


θ̈ sinα

0

θ̈ cos α

 . (16)
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�ù�ëêX©z [9]. �=Ä5Æ� (\��
m T = 15 s)

θ̇ =


Ω
T

t − Ω
2π

sin 2πt
T 0 < t 6 T,

Ω t > T.
(17)

1) � R = 1m �, d (7), (10), (13) ª, N\fÝ
� K1 ÉÄ:�Ý���ÝÍÜ�^�K��

K1 =
(
ω2

2 + ω2
3

)
D −

(
r̈′01−ω3ṙ′02 + ω2ṙ′03

)
C

= θ̇2 cos2 αD + Rθ̇2 cos αC

+Rθ̇2 cos αC. (18)

du2Âå Q �ÉÄ:�Ý���ÝÍÜ�
^�K�, ¤±�©°(�.���Ý
 M , G,
K, Q ��gÍÜ�.O\
C/ÍÜ�, =y�
�; � K, Q �Ä:�ÝÚ��ÝÍÜ�^k', d
uN\fÝ� K1 �ù«ÍÜ�^OrC�, E
¤ÄåfÝ� Kd O\.

3 R = 1 m �, =Ä:�ÝÚ\�ÝØ�"
�. �©°(�.¥#O�C/ÍÜ�ÚN\fÝ
��O\, ¦�ù3$Ä��= e2

2 ���C/¸
�Ú�Ì���gÍÜ�.C�, �$Ä��
= e2

3 ��, 3#O�C/ÍÜ�Ú2Âå¥#O
��ÝÚ��ÝÍÜ��éÜ�^e, 2ÂåC�,
Ï�©�.�C/��gÍÜ�.C�. �X�
� α �O�, î���Ý ω2 = θ̇ sinα O�, �©°
(�.Ú�gÍÜ�.ÃØ\�ã�´½$Ä
ã, ÙC/ÅÄÑ:ìO\; L²�©°(�.N
y
Ä:�ÝÚ��Ý�ÍÜ�^, ¿��¹
�
���C/ÍÜ�, 3$Ä��Ì�É�#OC/
ÍÜÚ#ON\fÝ���^, Ly�� “fM” �
C/�ª; 3�$Ä��du2Âå¥��ÝÚ�
�ÝÍÜ��^��²w, ¦�ù “C^”.

du"g�.��ÄN\fÝ� K1, ¤±=
����ØU�NÄåfzy�; du��ÄÄå
fz�A, ¤±3�½=����, ÃØ½$Ä
ã�´\�ã, �©°(�.Ú�gÍÜ�.�¸
�Ú½$Ä�Ìþ�u"g�.�. dþã©Û
��, éu�mR5ù, I��âÙØÓ�C/�
�©O?1ïÄ?Ø. 3$Ä��Ú�$Ä��,
C/ÍÜ�!N\fÝ�!�ÝÚ��ÝÍÜ�
å��^k¤ØÓ.

2) �mù"àäkÐ©C/�. � e2
2 ��C

/ £� v = 0.1 m, e2
3 ��C/ £�w = 0.1 m.

�½ R = 0 m,1 m, α = π/6, π/3, Ω = 2 rad/s. �©

O�¿'�
|^�©°(�.!�gÍÜ�.
Ú"g�.O����à:C/ £.

3kÐ©C/��¹e, 3$Ä��, �©
°(�.�C/ £¸�Ñ�u�gÍÜ�.;
R = 0 �, 3�$Ä��ü«�.Ã²w�O;
R 6=0 �, 3�$Ä��, �©°(�.C/�u
�gÍÜ�.. ÃØ R ´Ä�", ü«�.=B3
$Ä½ã (15 s) �, �Ì�Î��, `²Ð©C
/U
Úå(�C/ £���ÅÄ. �X$Ä�
½, ù«ÅÄ¿ØªuÂñ, ÏAT¦þ;�
(��Ð©C/. '�ØÓ�.3ØÓð½=�,
= θ̇ = Ω, θ̈ = 0 �, ªÇXL 1 ÚL 2. A, B, C é
A��©°(�.!�gÍÜ�.!�Ä G ��
"g�..

d©ÛA��éA�A��þ�, � Ω = 0
�, �©°(�.�1 �!�!n!o!Ê!
8!· · · · · · �ªÇ©OéA� e2

2 ��!e2
3 ��

�C/��, x ¶���Û=C/��, e2
2 �

�!e2
3 ���C/��, x ¶���Û=C/

��. �gÍÜ�.Ú"g�.�1�!�!
n!o!Ê!8!· · · · · · �ªÇ©OéA� e2

2 �
�!e2

3 ��!e2
2 ��!e2

3 ��!e2
2 ��!e2

3 �
���C/��.

|^�©°(�.���3 Ω 6= 0 �, 1��
ªÇéA� e2

2 ��!e2
3 ���C/���C,

 Ω = 0 � e2
2 �����
, ÏCq@�1�

�ªÇÌ�éA e2
2 ����C/��; 3 Ω = 0

�, éu�C/���ê�3 e2
3 ��' e2

2 ��
�
, ÏCq@�1��ªÇÌ�éA e2

3 �
��C/��; aq/���1o!Ê!8!
Ô!· · · · · · �ªÇÌ�éA e2

2, e2
3, e2

2 ����
C/��!x ¶��Û=C/��.

du(���ÄÌ�ÉXÚ$�ªÇK�,�
Bu'�éì, À�n«�.�cn�ªÇ\±'
�`². éu�©°(�. (A) ©OéA� e2

2, e2
3

����C/��, x ¶��Û=C/��; éu
�gÍÜ�. (B)!"g�. (C) ©OéA� e2

2,
e2

3, e2
2 ����C/��.

3 �~9(J©Û

'�L 2 �uy, �©°(�.e, 1n�Û
=ªÇ3 R = 0, 1 m �þ�Ó, `²Û=ªÇ�
Ä:�Ý!\�ÝÃ', ��=Ä�ÝO\ (=Ä
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:��Ý���O\) Ñkü$. éAu�Ó��
C/��, �©°(�. (A)!�gÍÜ�. (B)
Ú"g�. (C) �1�!��ªÇäk�'5.
� R = 0 �, �X=��O\, �©°(�. (A)
�1�!��ªÇ��gÍÜ�. (B) Ñ�O�,
n«�.�1��ªÇÑ�=��O\~�, �
"g�. (C) �~��Ý�¯; n«�.�1��
ªÇÑ�=��,p,p, �"g�. (C) ,p
�ú. � R = 1 m �, �X=��O\, �©°(
�. (A) �1�!��ªÇpu�gÍÜ�. (B),
n«�.�1��ªÇÑ�=��O\~�, �

"g�. (C) �~��Ý�¯, �=����, "g
�. (C) Ã). Ó�5¿ B, C �.�1n�ªÇ,
�uy B �.�ªÇ�X=��,pO\, C �
.�ªÇ�X=��,pü$, `²é�mù
óÄåfz�ALy3p�ªÇþ.

��©°(�.��gÍÜ�.���ªÇ
�� A−B �=Ä�ÝÚ¥%N�»�CzXL 3
ÚL 4 ¤«. �¥%N�»O\Ú=��,p, =
Ä:$Ä�ÝÚÄ:��Ý�Jp, ü«�.�ª
Ç�ÉC�. R = 0 �, üX�C/ÍÜ�éªÇ�
K���.

L 1 R = 1 m �, α = π/6 1��ªÇ�=Ý�Cz, CqéA� e2
3 ����C/��

XXXXXXXXXX
Ω/(rad/s) 0 1 2 3 4 5

A 3.797811 3.706225 3.547652 3.431595 3.377487 3.375668

B 3.797811 3.688866 3.482066 3.292674 3.144959 3.032688

C 3.797811 3.554165 2.937290 1.970846 — —

L 2 R = 1 m �, α = π/6 1n�ªÇ�=Ý�Cz, A éA� x ¶���Û=C/��, B, C CqéA� e2
2 ����C/��

XXXXXXXXXX
Ω/(rad/s) 0 1 2 3 4 5

A 1.812067 1.812066 1.812063 1.812058 1.812051 1.812041

B 2.382577 2.390128 2.412594 2.449429 2.499804 2.562696

C 2.382577 2.378389 2.365945 2.345572 2.317752 2.283037

L 3 1��ªÇ���¥%N�» R, ±9=� Ω �Cz'X
XXXXXXXXXXR/m

Ω/(rad/s) 0 1 2 3 4 5

0 0 2.1245×10−6 7.6726×10−6 1.6285×10−5 2.8285×10−5 4.4378×10−5

1 0 1.7359×10−2 6.5586×10−2 1.3892×10−1 2.3253×10−1 3.4298×10−1

2 0 3.4473×10−2 1.2782×10−1 2.6366×10−1 4.2790×10−1 6.1047×10−1

3 0 5.1353×10−2 1.8708×10−1 3.7739×10−1 5.9861×10−1 8.3581×10−1

4 0 6.8006×10−2 2.4371×10−1 4.8232×10−1 7.5157×10−1 1.0337

5 0 8.4438×10−2 2.9796×10−1 5.8000×10−1 8.9106×10−1 1.2119

L 4 1��ªÇ���¥%N�» R, ±9=� Ω �Cz'X
XXXXXXXXXXR/m

Ω/(rad/s) 0 1 2 3 4 5

0 0 1.5788×10−7 1.3373×10−6 3.6495×10−6 6.6529×10−6 9.9580×10−6

1 0 1.2767×10−2 5.0069×10−2 1.0630×10−1 1.7441×10−1 2.4894×10−1

2 0 2.5446×10−2 9.8815×10−2 2.0705×10−1 3.3520×10−1 4.7285×10−1

3 0 3.8036×10−2 1.4632×10−1 3.0287×10−1 4.8458×10−1 6.7684×10−1

4 0 5.0539×10−2 1.9264×10−1 3.9426×10−1 6.2424×10−1 8.6458×10−1

5 0 6.2957×10−2 2.3785×10−1 4.8167×10−1 7.5555×10−1 1.0388
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4 ( Ø

�©ïÄ(JL², �Ä��AÛ��5C/
�, �.¤O\�C/ÍÜ�¿��)wÍ�^z
�A, ��¦�ùÑ� “fM”, Ó�, 3�©°(�
.e, #O�Ä:�Ý���Ý�ÍÜ�, 3$Ä
�Ý���¹e¬é�.�O��ý�5K�.

�©O�Ú�ý(JL²,ÃØæ^�©°(

�.!�gÍÜ�.�´"g�., éuäkÐ©
C/�R5ù, ÙC/$Äþäk���ÅÄ, =
¦fN$Äð½�, ÙC/$Ä�,ké��ÅÄ,
`²AT;�(�Ð©C/.

O�Ú�ý(J�L², 3�$Ä��, C/
ÍÜ±9Ä:�ÝÚ��Ý�ÍÜ�^¦�ù “C
^”. �3$Ä��, �mR5ù(��C/ÍÜ�
±9Ä:�ÝÚ��ÝÍÜ�Ñk¦ù “fz” �
ª³.
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Analysis of dynamic properties of a spatial flexible
beam with large overall motion and nonlinear
deformation in non-inertial reference frame∗

He Xing-Suo† Yan Ye-Hao Deng Feng-Yan

( Department of Engineering Mechanics, Northwestern Polytechnical University, Xi’an 710072, China )
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Abstract

In this paper, the dynamic properties of a spatial flexible beam with large overall motion and nonlinear deformation in non-inertial

reference frame are investigated. The dynamic response of the present model is compared with those of zero-order approximate model

and one-order coupling model. Then changing of dynamic stiffening terms due to the new coupling terms is discussed according to

different models. At the same time, the effect of initial static deformation on the tip is considered to study the vibrant deformation of

flexible beam. In addition, when the overall motion is free, the rigid-flexible coupling dynamic theory is extended to spatial structure

from planar structure. The difference among zero-order approximate model, one-order coupling model and the present exact model is

revealed by the frequency spectrum analysis method and concludes that the speed of overall motion is a vital cause for the difference

among different models. And the dynamic stiffening phenomenon still exists in a rigid-flexible coupling system while the overall

motion is free.

Keywords: large overall motion and nonlinear deformation, spatial flexible beam, non-inertial reference frame,
dynamic analysis
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