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1 Ú ó

'uåÆXÚé¡5�Åðþ�ïÄ®��
­�?Ð, X©z [1—22], ��9�¯KÑ´�ê
��. ¯¢þ, 3�
¢S�.¥©ê��.'�
ê��.�Ü· [1,2], Ïd, ©ê�ÄåÆïÄ®²
¤�nØÔn, åÆÚA^êÆ�Ãõ+��9:
¯K. ©z [1] �Ñ, ?¿�� α 6= 1(�) α ��
ê) �©ê�FÝXÚ, Ñ¡�©ê��. ©z [1]
¥ïÄ
 Lorenz �§, Rössler XÚ3� α = 2 �
���©ê�FÝXÚ. ��, FÝXÚÚ��F
ÝXÚ´©ê�FÝXÚ�AÏ�¹, �´mÐ©
ê�ÄåÆïÄ�Ä:. ïÄåÆXÚ�FÝÚ�
�FÝL«, U��åÆXÚ�³¼ê, d³¼ê
�±?�ÚïÄXÚ�­½5!©
�A5. �©
Ì�ïÄåÆXÚ�FÝÚ��FÝL«. Äk,
ò��Ú���åÆXÚ�$Ä�©�§L��
K/ª; Ùg, �Ñ�§�L«�FÝXÚ�^�;
1n, �Ñ�§�L«���FÝXÚ�^�; �
�, �Ñü��~±`²(J�A^.

2 XÚ�$Ä�©�§

éu��åÆXÚ, Ù$Ä�©�§�L«¤
d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs, (s = 1, 2, · · · , n), (1)

Ù¥ L = L(q, q̇) �XÚ� Lagrange ¼ê, Qs =
Qs(q, q̇) ��2Â�I qs �A�2Âå.

Ú?2ÂÄþÚ Hamilton ¼ê

ps =
∂L

∂q̇s
, H(q, p) = psq̇s − L, (2)

K�§ (1) �L«��K/ª

q̇s =
∂H

∂ps
, ṗs = −∂H

∂qs
+ Q̃s, (3)

Ù¥ Q̃s(q, p) = Qs(q, q̇(q, p)) ��K�IL«�2
Âå.

�BuïÄXÚ�FÝL«, ò�§ (3) L�
Xe/ª:

ȧµ = Ωµν ∂H

∂aν
+ Fµ (µ, ν = 1, 2, · · · , 2n), (4)

Ù¥

(Ωµν) =

 0n×n 1n×n

−1n×n 0n×n

 ,

as = qs, a
n+s = ps, Fs = 0,

Fs+n = Q̃s, (s = 1, 2, · · ·n). (5)

��åÆXÚ$Ä�©�§ (1) z¤��/ª (4)
�, B�ïÄ§�FÝL«±9��FÝL«.

éu���åÆXÚ, �XÚ� /d n �2
Â�I qs(s = 1, 2, · · · , n) 5(½. XÚ�$ÄÉ
k g �*dÕá­½�V¡n� Chetaev .���
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�å

fβ(q, q̇) = 0 (β = 1, 2, · · · , g), (6)

XÚ�$Ä�©�§�L�
d

dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + λβ

∂fβ

∂q̇s
,

(s = 1, 2, · · · , n), (7)

Ù¥ L = L(q, q̇) �XÚ� Lagrange ¼ê, Qs =
Qs(q, q̇) ���I qs �A�2Âå, λβ ��å¦
f. b�XÚ�ÛÉ, =�

det(
∂2L

∂q̇s∂q̇k
) 6= 0, (8)

K3$Ä�©�§È©�c, �¦Ñ λβ � q, q̇ �
¼ê, u´�§ (7) �L�

d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + Λs, (s = 1, 2, · · · , n), (9)

Ù¥2Â����å�å Λs ®L� q, q̇ �¼ê, =

Λs = Λs(q, q̇) = λβ(q, q̇)
∂fβ

∂q̇s
. (10)

¡�§ (9) �����XÚ (6), (7) �A���X
Ú�$Ä�©�§. XJ$Ä�Ð©^�÷v��
��å�§ (6), =

fβ(q0, q̇0) = 0, (11)

K�A��XÚ (9) �)Ò�Ñ���XÚ (6), (7)
�$Ä [3,4]. Ïd, ��ïÄ�§ (9) �FÝL«.
�â (2) ª, �§ (9) �L�

q̇s =
∂H

∂ps
, ṗs = −∂H

∂qs
+ Q̃s + Λ̃s,

(s = 1, 2, · · · , n), (12)

Ù¥

Q̃s(q, p) = Qs(q, q̇(q, p)),

Λ̃s(q, p) = Λs(q, q̇(q, p)), (13)

?
, �§ (12) �L�

ȧµ = Ωµν ∂H

∂aν
+ Fµ, (µ, ν = 1, 2, · · · , 2n), (14)

Ù¥

(Ωµν) =

 0n×n 1n×n

−1n×n 0n×n

 ,

as = qs, an+s = ps,

Fs = 0, Fs+n = Q̃s(a) + Λ̃s(a), (15)

���åÆXÚ (6), (7) z¤��/ª (14) �, B
�ïÄ§�FÝL«±9��FÝL«.

3 åÆXÚ�FÝL«

�§ (4), (14) ��Ø´��FÝXÚ. XJ÷
v^�

∂

∂aρ

(
Ωµν ∂H

∂aν
+ Fµ

)
− ∂

∂aµ

(
Ωρν ∂H

∂aν
+ Fρ

)
= 0,

×(µ, ν, ρ = 1, 2, · · · , 2n), (16)

K�§ (4), (14) ´��FÝXÚ. ?
, XJ�÷v
^�

∂Fµ

∂aρ
− ∂Fρ

∂aµ
= 0, (17)

K (16) ª¤�
∂

∂aρ

(
Ωµν ∂H

∂aν

)
− ∂

∂aµ

(
Ωρν ∂H

∂aν

)
= 0. (18)

3^� (16) e, �¦�³¼ê V = V (a) ¦�

Ωµν ∂H

∂aν
+ Fµ = − ∂V

∂aµ
. (19)

4 åÆXÚ���FÝL«

�§ (4), (14) ��Ø´����FÝXÚ. X
J÷v^�

∂2

∂aρ2

(
Ωµν ∂H

∂aν
+ Fµ

)
− ∂2

∂aµ2

×
(
Ωρν ∂H

∂aν
+ Fρ

)
= 0, (20)

K�§ (4), (14) ´����FÝXÚ. AO/, XJ
�÷v^�

∂2Fµ

∂aρ2 − ∂2Fρ

∂aµ2 = 0, (21)

K (20) ª¤�
∂2

∂aρ2

(
Ωµν ∂H

∂aν

)
− ∂2

∂aµ2

(
Ωρν ∂H

∂aν

)
= 0, (22)

3^� (20) e, �¦�³¼ê V = V (a) ¦�

Ωµν ∂H

∂aν
+ Fµ = − ∂2V

∂aµ2 . (23)

5 � ~

�`²þã(J, �ÑXeü��~.
~~~ 1 ��åÆXÚ� Lagrange ¼êÚ2Âå

©O�

L =
1
2
(q̇2

1 + q̇2
2) −

1
2
q2
2 , Q1 = −q̇2, Q2 = 0. (24)

�§ (3) �Ñ

q̇1 = p1, q̇2 = p2, ṗ1 = −p2, ṗ2 = −q2.

�§ (4) �Ñ

ȧ1 = a3, ȧ2 = a4, ȧ3 = −a4, ȧ4 = −a2.
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N´�y, ^� (16) Ø÷v, Ïd, §Ø´��FÝ
XÚ. �´, (20) ª¤á, Ïd, §´����FÝX
Ú. d (23) ª�¦�³¼ê

V = −1
2
a3(a1)2 − 1

2
a4(a2)2 +

1
2
a4(a3)2

+
1
2
a2(a4)2. (25)

~~~ 2 ���åÆXÚ�

L =
1
2
(q̇2

1 + q̇2
2), Q1 = q̇1, Q2 = −2q1,

f = q̇1 + q̇2 − q2 = 0. (26)

�§ (7) �Ñ

q̈1 = λ + q̇1, q̈2 = λ − 2q1,

éÜ�å�§�¦��å¦f

λ =
1
2
(q̇2 − q̇1 + 2q1),

u´k

q̈1 =
1
2
(q̇2 + q̇1) + q1, q̈2 =

1
2
(q̇2 − q̇1) − q1.


�§ (14) �Ñ

ȧ1 = a3, ȧ2 = a4,

ȧ3 =
1
2
(a4 + a3) + a1,

ȧ4 =
1
2
(a4 − a3) + a1.

N´�y (16) ªØ¤á, Ïd§Ø´��FÝX
Ú. �´, (20) ª¤á, Ïd§´����FÝXÚ.
d (23) ª�¦�³¼ê

V = −1
2
a3(a1)2 − 1

2
a4(a2)2 − 1

2
(a3)2(

1
2
a4 + a1)

− 1
12

(a3)3 +
1
2
(a4)2(

1
2
a3 + a1)

− 1
12

(a4)3. (27)

6 ( Ø

�©ò��Ú���åÆXÚ�$Ä�©�
§L«¤�K/ª, �Ñ
åÆXÚ�$Ä�©�
§¤�FÝXÚ±9¤���FÝXÚ�^�. �
�`5, ��FÝXÚØ´��Ï~�FÝXÚ.
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Abstract
A gradient representation and a second order gradient representation of the mechanics system are studied. The differential

equations of motion of the holonomic and nonholonomic mechanics systems are expressed in the canonical coordinates. A condition
under which the system can be considered as a gradient system is given. A condition under which the system can be considered as a
second order gradient system is obtained. Two examples are given to illustrate the application of the result.
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