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1 Ú ó

¯¤±�, éuåÆXÚÅðþ�ïÄ´�
² ; � K. | ^ é ¡ 5 Ï ¦ X Ú � Å ð þ ® ¤
�CcåÆ+����9���. ïÄ�{Ì�
k Noether é¡5 [1]!Lie é¡5 [2] 9/ªØC
5 [3] (Mei é¡5 [4,5]). AO´C 10 c5, Mei é
¡5��{�2�A^u�aåÆXÚ, ®¤�
ïÄXÚÅðþ�~^�{��. ©z [3] ïÄ

 Lagrange XÚ�/ªØC5, ± Kepler �§�
~�Ñ
/ªØC5�Ã��)¤�, 
d)¤�
Ø÷v Noether é¡5, ÏdvU�Ñd/ªØC
5���Åðþ. ©z [6—8] ïÄ
 Kepler XÚ
� Noether é¡5!Lie é¡59Ù��½m��
��Åðþ, ,
����´²�Åðþ½oUþ
½�Äþ. ©z [9, 10] ïÄ
 Lagrange XÚ!2
Â Hamilton XÚ��/ØC5�Åðþ. @oé
u Kepler XÚ��/ØC5!Mei é¡5±9U
Ädù
é¡5���oUþÚ�ÄþÕá�#
Åðþ�k�u?�ÚïÄ. �©äNïÄ Kepler

XÚ3Ã��C�e��/ØC5!Mei é¡5
9Ù���Åðþ, ¿?Ø¤�Åðþ�Õá5.

2 ²¡ Kepler XÚ

²¡ Kepler XÚ�$Ä�©�§�

Es(L) = 0 (s = 1, 2), (1)

Ù¥ Es =
d
dt

∂

∂q̇s
− ∂

∂qs
� Euler �f, Lagrange ¼

ê�

L =
1
2
(q̇2

1 + q̇2
2) + µ(q2

1 + q2
2)

−1
2 , (2)

Ù¥ qs �2Â�I, q̇s �2Â�Ý, µ �~ê.

d (1) ª¦�2Â\�Ý q̈s
[11], 3ùpP� αs, ä

NL�ª�

q̈1 = −µq1(q2
1 + q2

2)
−3

2 = α1, (3a)

q̈2 = −µq2(q2
1 + q2

2)
−3

2 = α2. (3b)

d (3) ª-

Fs = q̈s − αs (s = 1, 2). (4)

3 Ã��C�

Ú\�mØC�Ã��C�

t∗ = t, q∗s(t∗) = qs(t) + εξs(t, q), (5)

Ù¥ ε �Ã��ëê, ξs �Ã��)¤�.
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Ú\Ã��)¤��þ

X(0) = ξs
∂

∂qs
, (6)

Ù�g*Ð�

X(1) = ξs
∂

∂qs
+ ξ̇s

∂

∂q̇s
, (7)

Ù�g*Ð�

X(2) = ξs
∂

∂qs
+ ξ̇s

∂

∂q̇s
+ ξ̈s

∂

∂q̈s
. (8)

4 é¡5�Åðþ

3Ã��C� (5) ªe, XÚ (3) ª� Lie é¡
5(½�§ [11] �

d̄
dt

d̄
dt

ξs =
∂αs

∂qk
ξk +

∂αs

∂q̇k

d̄
dt

ξk, (9)

Ù¥
d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
.

Ó�©z [11] �Ñ, XJ)¤� ξs ÷v (9) ª,

��3¼ê λ = λ(t, q, q̇), ¦�

∂αs

∂q̇s
+

d̄
dt

lnλ = 0, (10)

KXÚ� Lie é¡5��� Hojman Åðþ�

IH =
1
λ

∂(λξs)
∂qs

+
1
λ

∂(λ
d̄
dt

ξs)

∂q̇s
= const. (11)

½½½ÂÂÂ 1[9] éu Fs, XJÃ��C� (5) ª�
)¤� ξs ÷v

X(2)Fs = `k
sFk, (12)

K¡���©�§´�/ØC5�, Ù¥ `k
s ��

/Ïf, (12) ª¡��/ØC5�(½�§.

3Ã��C� (5) ªe, XÚ (4) ª��/ØC
5Ó�´ Lie é¡5�¿©7�^� [9,10]:

`k
s =

∂ξs

∂qk
. (13)

½½½ÂÂÂ 2[11] 3Ã��C� (5) ªe, $Ä�
§ (1) �/ª�±ØC, =

Es(L∗) = 0, (14)

ù«ØC5¡� Mei é¡5.

Mei ééé¡¡¡555���âââ éuXÚ (1) ª, XJÃ�
�C� (5) ª�)¤� ξs ÷v

Es(X(1)(L)) = 0, (15)

K�A�ØC5� Mei é¡5.

XJXÚ (1) ª� Mei é¡5�)¤� ξs ±
95�¼ê GM = GM(t, q, q̇) ÷vXe(��
§ [12]

d̄
dt

GM+qs
d̄
dt

∂X(1)(L)
∂qs

+q̇s
d̄
dt

∂X(1)(L)
∂q̇s

= 0, (16)

KXÚ� Mei é¡5��� Mei Åðþ�

IM = GM + qs
∂X(1)(L)

∂qs
= const. (17)

5 �/ØC5� Hojman Åðþ

½½½nnn 1 éu²¡ Kepler XÚ (1) 
ó, XJ
�/ØC5�)¤� ξs ÷v (13) ª, ��3¼
ê λ = λ(t, q, q̇), ¦� (10) ª¤á, K Kepler XÚ
��/ØC5�� Hojman Åðþ (11) ª.

éu²¡ Kepler XÚ (1) ª, Äk�ÄXÚ�
�/ØC5, O�

X(2)

 F1

F2

 =
(

ξs
∂

∂qs
+ ξ̇s

∂

∂q̇s
+ ξ̈s

∂

∂q̈s

)  F1

F2


=

(
ξ1

∂

∂q1
+ ξ2

∂

∂q2
+ ξ̇1

∂

∂q̇1

+ξ̇2
∂

∂q̇2
+ ξ̈1

∂

∂q̈1
+ ξ̈2

∂

∂q̈2

)

×

 q̈1 + µq1(q2
1 + q2

2)
−3

2

q̈2 + µq2(q2
1 + q2

2)
−3

2

 , (18)

5¿� F1, F2 ¥Ø¹kCþ q̇1, q̇2, (18) ª{z�

X(2)

 F1

F2

 =
(

ξ1
∂

∂q1
+ ξ2

∂

∂q2
+ ξ̈1

∂

∂q̈1
+ ξ̈2

∂

∂q̈2

)

×

 q̈1 + µq1(q2
1 + q2

2)
−3

2

q̈2 + µq2(q2
1 + q2

2)
−3

2

 , (19)

Ðm (19) ªmà��

X(2)

 F1

F2

 =

 ξ̈1 + ξ1µ(q2
1 + q2

2)
−3

2 − 3µq1(q2
1 + q2

2)
−3

2 (ξ1q1 + ξ2q2)

ξ̈2 + ξ2µ(q2
1 + q2

2)
−3

2 − 3µq2(q2
1 + q2

2)
−3

2 (ξ1q1 + ξ2q2)

 . (20)
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� `k
s =

 a b

c d

, d X(2)Fs = `k
sFk, =k (21) ª¤á

 ξ̈1 + ξ1µ(q2
1 + q2

2)
−3

2 − 3µq1(q2
1 + q2

2)
−5

2 (ξ1q1 + ξ2q2)

ξ̈2 + ξ2µ(q2
1 + q2

2)
−3

2 − 3µq2(q2
1 + q2

2)
−5

2 (ξ1q1 + ξ2q2)

 =

 a b

c d

  q̈1 + µq1(q2
1 + q2

2)
−3

2

q̈2 + µq2(q2
1 + q2

2)
−3

2

 . (21)

3 (21) ª¥, - ξ1q1 + ξ2q2 = 0, )¤��kXeü
|A).

1) �Ã��)¤��

ξ1 = q2, ξ2 = −q1, (22) a b

c d

 =

 0 1

−1 0

 , k X(2)Fs = `k
sFk ¤á.

2) �Ã��)¤� ξ1 = −q2, ξ2 = q1, a b

c d

 =

 0 −1

1 0

, Ek X(2)Fs = `k
sFk ¤á.

�/ 2) ��/ 1) aq, ùp��Ä�/ 1). éu)
¤� (22) ª, O��

d̄
dt

d̄
dt

ξ1 =
∂α1

∂qk
ξk = α2,

d̄
dt

d̄
dt

ξ2 =
∂α2

∂qk
ξk = α1, (23)

)¤� (22) ª÷v Lie é¡5(½�§ (9) ª, Ó
�k

X(2)

 F1

F2

 =
(

ξs
∂

∂qs
+ ξ̇s

∂

∂q̇s
+ ξ̈s

∂

∂q̈s

)  F1

F2


=

 F2

−F1

 =

 0 1

−1 0

  F1

F2

 ,

(24)

u´, keã�ª¤á:

`k
s =

 0 1

−1 0

 =
∂ξs

∂qk
. (25)

)¤� (22) ªéuXÚ (1) ª
ó, �/ØC5Ó
�´ Lie é¡5. 5¿ (10) ªk)

λ1 = −1
2
(q̇2

1 + q̇2
2) + µ(q2

1 + q2
2)

−1
2 , (26)

λ2 = µq2(q2
1 + q2

2)
−1

2 − q2q̇
2
1 + q1q̇1q̇2, (27)

λ3 = µq1(q2
1 + q2

2)
−1

2 − q1q̇
2
2 + q2q̇1q̇2. (28)

d (22), (26) ª � � ² � � Hojman Å ð þ
� IH1 = 0.

d (22), (27) ª��� Hojman Åðþ�

IH2 = −µq1(q2
1 + q2

2)
−1

2 − q1q̇
2
2 + q2q̇1q̇2

µq2(q2
1 + q2

2)
−1

2 − q2q̇2
1 + q1q̇1q̇2

= const. (29)

d (22), (28) ª��� Hojman Åðþ� IH3 =

− 1
IH2

.

6 Mei é¡5� Mei Åðþ

é u ) ¤ � (22) ª, 5 ¿ � X(1)(L) = 0,

Es(X(1)(L)) ≡ 0, � (22) ª�´ Mei é¡5�
)¤�, �5�¼ê©O� GM1 = λ1, GM2 = λ2,

GM3 = λ3, ÷v (16) ª, d (17) ª�ÑXÚ (1) ª
� Mei Åðþ©O�

IM1 = −1
2
(q̇2

1 + q̇2
2) + µ(q2

1 + q2
2)

−1
2 = const,

(30)

IM2 = µq2(q2
1 + q2

2)
−1

2 − q2q̇
2
1 + q1q̇1q̇2 = const,

(31)

IM3 = µq1(q2
1 + q2

2)
−1

2 − q1q̇
2
2 + q2q̇1q̇2 = const.

(32)

Ù¥ (30) ª�XÚ�oUþ, Åðþ (31), (32) ª
ÿ�3©z¥��. Ú\XÚ��Äþ [7,8]

I4 = q1q̇2 − q2q̇1 = const. (33)

éu Kepler XÚ (1) ª, ��XÚ�²��Å
ðþ. §��mäkXe�'Xª

IH2 = −IM3

IM2
,

IM1 =
q1IM2 + q2IM3 − q̇1q̇2(q2

1 + q2
2)

2q1q2
,

I4 =
q1IM2 − q2IM3

q1q̇1 + q2q̇2
. (34)
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ò (3) ªz���~�©�§|, 32Â�IÚ
2Â�Ý�¤��m¥, �±u�o�Åðþ IM1,

IM2, IM3, I4 ¥?¿n�ÑÕá, �o�Åðþ IM1,

IM2, IM3, I4 Ø�pÕá. ù�, d Mei é¡5��

�oUþ!�ÄþÕá�#Åðþ (31) ½ (32)

ª. �d, éu Kepler XÚ®kn��pÕá�Å
ðþ. dÃ��)¤� (22) ª¦��g*Ð�äN
L�ª¿O��

X(1)(IM1) = 0, X(1)(IM2) = −IM3,

X(1)(IM3) = IM2, X(1)(I4) = 0, (35)

=Ã��)¤��þ��g*Ð�^�XÚ�Å
ðþþ(JE�XÚ�Åðþ½~ê. �d, JÑ
��5(Ø.

��åÆXÚ�$Ä�§�

q̈s = αs(t, q, q̇) (s = 1, 2, · · · , n), (36)

Ú\��Ã��C�

t∗ = t + εξ0(t, q, q̇),

q∗s(t∗) = qs(t) + εξs(t, q, q̇), (37)

Ù¥ ε �Ã��ëê, ξ0, ξs �Ã��)¤�.

Ã��C� (37) ª��g*Ð�

X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+

(
d̄
dt

ξs − q̇s
d̄
dt

ξ0

)
∂

∂q̇s
.

(38)

Ù¥
d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
s = (1, 2, · · · , n).

½½½nnn 2 � I = I(t, q, q̇) ´XÚ (36) ª�?
¿��Åðþ, e X(1)(I) = f , K f E�XÚ�Å

ðþ½~ê. Ù¥ X(1) ´Ã��)¤��þ��
g*Ð.

yyy ²²² é u ? ¿ ¼ ê A(t, q, q̇), k e ã �
ª¤á [13]:

d̄
dt

X(1){A} = X(1)

{
d̄A

dt

}
+

d̄ξ0

dt

d̄A

dt
, (39)

O��

d̄
dt

f =
d̄
dt

X(1){I}

= X(1)

{
d̄I

dt

}
+

d̄ξ0

dt

d̄I

dt
≡ 0. (40)

= f �XÚ�Åðþ½~ê.

7 ( Ø

�©�Ñ²¡ Kepler XÚd�/ØC5��
� Hojman Åðþ, ±9d Mei é¡5��� Mei

Åðþ, �Ñ
�oUþ!�ÄþÕá�#Åð
þ (31) ½ (32) ª, dd�� Mei é¡5�´ïÄ
Åðþ�kåóä. 3?Øù
Åðþ�m�'X
�, uy©z [6] �Ñ� (23) ªØ´ Kepler XÚ�
Åðþ. éu Kepler XÚé¡5�Åðþ�ïÄL
²: =¦´�Ó�)¤�, �Ó�é¡5, du5�
¼êÀ��ØÓ, �±��Ø�Ó�Åðþ; �`
²
=¦´�Ó�)¤�, ��±ÏLØÓ�é¡
5nØ, é��Ó�Åðþ. Ó����
Ã��
)¤��þ��g*Ð�^�ÅðþþE�XÚ
�Åðþ½~ê.
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Abstract

In this paper, the conformal invariance and Mei symmetry of Kepler system under infinitesimal transformations are discussed in

detail. The new conserved quantity of the system is given, which is different from the total energy and the angular momentum. The

independences of these conserved quantities are discussed in the space which is composed of general ordinates and general speed.

Keywords: Kepler equation, conformal invariance, Lie symmetry, Mei symmetry
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