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1 Ú ó

20 V 70 c�±5, åÆXÚ�é¡5ÚÅ
ðþnØFìÉ�ISåÆ.�À [1−5]. åÆ
XÚ�é¡5ÚÅðþnØ´C�êÆ!åÆ!
ÔnÆ����ïÄ��, 3y�êÆ!åÆ!
ÔnÆD�ó§�Æ¥�üX�~���Ú, Ì
�k Noether é¡5 [6−10]!Lie é¡5 [8,9,11−20]

Ú Mei é¡5 [8,9,21−23]. Ù¥ Mei é¡5´rÂ
�JÑ��«#�é¡5 [24], §ØÓu Noether é
¡5Ú Lie é¡5. Mei é¡5´�$Ä�§¥�
ÄåÆ¼ê3²Ã��C��E÷v�5�§�
�«ØC5. Cc5, ·IÆö3�ååÆXÚ�
é¡5ÚÅðþnØ�¡�ïÄ, É�
I	�
À, ��
�
¤J [16,17,25−27].

��©ÛåÆ�|¤Ü©� Nielsen NX,
Ù Nielsen �§�ïÄ [28−30], cÙ´ Nielsen �§
�é¡5ÚÅðþ�ïÄ�k�½�?Ð [31]. �
©ò�Ñ Chetaev .���XÚ��é$ÄåÆ
XÚ Nielsen �§� Mei é¡5�½ÂÚ�â, �
� Mei é¡5����� Mei Åðþ�L�ª, ¿

Þ~`²(J�A^.

2 XÚ�$Ä�©�§

b�åÆXÚ� /d n �2Â�I qs(s =
1, 2, · · · , n) 5 ( ½, § � $ Ä É g � V ¡ n
� Chetaev .����å

fβ (t, q, q̇) = 0 (β = 1, 2, · · · , g) (1)

���, ¿��åm*d�N�Õá. �å�§ (1)
\3J £ δqs þ� Chetaev ^��

∂fβ

∂q̇s
δqs = 0 (β = 1, 2, · · · , g). (2)

���XÚ��é$Ä Nielsen �§�
∂

∂q̇s

dL

dt
− 2

∂L

∂qs
= Qs + Qω̇

s + Γs + λβ
∂fβ

∂q̇s

(s = 1, 2, · · · , n), (3)

� § ¥ L = L(t, q, q̇) � � � � X Ú � é $ Ä
� Lagrange ¼ê, Qs = Qs(t, q, q̇) ��³2Â

å, Qω̇
s = −(ω̇ × mir

′
i) · ∂r′

i

∂qs
� 2 Â £ = . 5

å, Γs = 2ω ·
(

mi
∂r′

i

∂qs
× ∂r′

i

∂qk

)
q̇k �2ÂúÚå,
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λβ = λβ(t, q, q̇) � Lagrange ¦ f. � § (3) �
L«�

Ns (L) = Qs + Qω̇
s + Γs + λβ

∂fβ

∂q̇s

(s = 1, 2, · · · , n) , (4)

ª¥

Ns =
∂

∂q̇s

d
dt

− 2
∂

∂qs
(s = 1, 2, · · · , n) (5)

� Nielsen �f.

�XÚ (3) �ÛÉ, = det
(

∂2L

∂q̇s∂q̇k

)
6= 0, K

d�§ (1) Ú (4) �¦Ñ¤k� λβ = λβ(t, q, q̇). �
§ (4) ����

Ns (L) = Qs + Qω̇
s + Γs + Λs. (6)

�§ (6) ¥

Λs = Λs(t, q, q̇) = λβ
∂fβ

∂q̇s
(s = 1, 2, · · · , n) (7)

�2Â����å�å.
�§ (6) � Chetaev .���XÚ�é$Ä

�§ (1) Ú (3) �A���XÚ�é$Ä�§.
Chetaev .���XÚ�é$Ä�)�3��X
Ú�é$Ä�§�)¥é�. ��$Ä�Ð©^�
÷v Chetaev .���XÚ�é$Ä�å�§, K
��XÚ�é$Ä�§ (6) �)Ò�Ñ���XÚ
�é$Ä�§ (1) Ú (3) �$Ä, d�§ (6) �)Ñ
¤k�2Â\�Ý, P�

q̈s = αs (t, q, q̇) (s = 1, 2, · · · , n). (8)

3 Mei é¡5½Â

Ú\�mÚ2Â�I�Ã��C��§

t∗ = t + ∆t,

q∗s(t∗) = qs(t) + ∆qs (s = 1, 2, · · · , n),
(9)

�§ (9) �Ðm�

t∗ = t + εξ0(t, q, q̇),

q∗s(t∗) = qs(t) + εξs(t, q, q̇) (s = 1, 2, · · · , n),
(10)

�§ (10) ¥ ε �Ã��ëê, ξ0 Ú ξs �Ã��C
�)¤�.

Ú\Ã��C�)¤��þ X(0) Ú§÷XÚ
$Ä;����g*Ð X̃(1)

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs
, (11)

X̃(1) = X(0) +
(

d̄

d̄t
ξs − q̇s

d̄
dt

ξ0

)
∂

∂q̇s
, (12)

(11) ª¥é�m���êæ^÷XÚ$Ä;�
���ª, k

d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
. (13)

²�§ (10) �C�, ¼ê L, Qs, Qω̇
s , Γs, Λs Ú fβ

©OC� L∗, Q∗
s , Qω̇∗

s , Γ ∗
s , Λ∗

s Ú f∗
β , ò L∗, Q∗

s ,
Qω̇∗

s , Γ ∗
s , Λ∗

s Ú f∗
β 3 (t, q, q̇) ?÷$Ä;��

� Taylor Ðm, k

L∗ = L

(
t∗, q∗,

dq∗

dt∗

)
= L(t, q, q̇) + εX̃(1)(L) + O(ε2),

Q∗
s = Qs

(
t∗, q∗,

dq∗

dt∗

)
= Qs(t, q, q̇) + εX̃(1)(Qs) + O(ε2),

Qω̇∗

s = Qω̇
s

(
t∗, q∗,

dq∗

dt∗

)
= Qω̇

s (t, q, q̇) + εX̃(1)(Qω̇
s ) + O(ε2),

Γ ∗
s = Γs

(
t∗, q∗,

dq∗

dt∗

)
= Γs(t, q, q̇) + εX̃(1)(Γs) + O(ε2),

Λ∗
s = Λs

(
t∗, q∗,

dq∗

dt∗

)
= Λs(t, q, q̇) + εX̃(1)(Λs) + O(ε2),

f∗
β = fβ

(
t∗, q∗,

dq∗

dt∗

)
= fβ(t, q, q̇) + εX̃(1)(fβ) + O(ε2)

(s = 1, 2, · · · , n), (β = 1, 2, · · · , g). (14)

Ó�, (5) ª��

Ñs =
∂

∂q̇s

d̄
dt

− 2
∂

∂qs
(s = 1, 2, · · · , n). (15)

½½½ÂÂÂ 1 XJ²�§ (10) C���ÄåÆ¼
ê L∗, Q∗

s , Qω̇∗
s , Γ ∗

s Ú Λ∗
s ©O�OC�c�Äå

Æ¼ê L, Qs, Qω̇
s , Γs Ú Λs, ����é$Ä�å

åÆXÚ� Nielsen �§ (3) �/ª�±ØC, =

Ñs(L∗) = Q∗
s + Qω̇∗

s + Γ ∗
s + Λ∗

s (s = 1, 2, · · · , n),
(16)

K¡ù«é¡5� Chetaev .����é$ÄÄå
ÆXÚ�¦f� Nielsen �§ (3) �A���XÚ
� Mei é¡5.

½½½ÂÂÂ 2 XJ²�§ (10) C���ÄåÆ¼
ê L∗, Q∗

s , Qω̇∗
s , Γ ∗

s Ú Λ∗
s ©O�OC�c�Äå
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Æ¼ê L, Qs, Qω̇
s , Γs Ú Λs, �§ (1) Ú (6) �/ª

Ñ�±ØC, =

f∗
β = fβ

(
t∗, q∗,

dq∗

dt∗

)
= 0 (β = 1, 2, · · · , g)

(17)
Ú�§ (15) Ó�¤á, K¡ù«é¡5� Chetaev
.����é$ÄÄåÆXÚ�¦f� Nielsen �
§ (�§ (1) Ú (3)) �f Mei é¡5.

½½½ÂÂÂ 3 XJ²�§ (10) C���ÄåÆ¼
ê L∗, Q∗

s , Qω̇∗
s , Γ ∗

s Ú Λ∗
s ©O�OC�c�Äå

Æ¼ê L, Qs, Qω̇
s , Γs Ú Λs, �§ (1) Ú (6) �/ª

Ñ�±ØC, ¿�¦ Chetaev ^��§ (2) éÃ��
C�)¤� ξ0 Ú ξs �N\���§

∂fβ

∂q̇s
(ξs − q̇sξ0) = 0 (β = 1, 2, · · · , g) (18)

¤á, K¡ù«é¡5� Chetaev .����é
$ÄÄåÆXÚ�¦f� Nielsen �§ (�§ (1)
Ú (3)) �r Mei é¡5.

4 Mei é¡5��â

ò¼ê L∗, Q∗
s , Qω̇∗

s , Γ ∗
s Ú Λ∗

s �\�§ (16),
�Ñ ε2 9�p���, ¿|^�§ (6) ��

Ñs

[
X̃(1) (L)

]
= X̃(1)

(
Qs + Qω̇

s + Γs + Λs

)
(s = 1, 2, · · · , n). (19)

ò�§ (14) �18��§�\�§ (17), �
Ñ ε2 9�p���, ¿|^�§ (1), ��

X̃(1) (fβ) = 0 (β = 1, 2, · · · , g). (20)

u´, k±e�â.
���âââ 1 éu Chetaev .����é$ÄÄå

ÆXÚ�¦f� Nielsen �§ [�§ (1), (3)] �A
����é$ÄÄåÆ�§ (6), XJÃ��)¤
� ξ0, ξs ¦�â�§ (19) ¤á, K�A�é¡5�
XÚ� Mei é¡5.

�§ (19) �¡������é$ÄåÆXÚ
�¦f� Nielsen �§ [�§ (1), (3)] �A����
é$ÄÄåÆXÚ� Mei é¡5��â�§.

���âââ 2 é Chetaev .����é$ÄÄåÆ
XÚ�¦f� Nielsen �§ [�§ (1), (3)], XJÃ
��)¤� ξ0, ξs ÷v�§ (19) Ú (20), K�A�
é¡5�XÚ�f Mei é¡5.

�§ (19) Ú (20) ©O�¡� Chetaev .��
��é$ÄÄåÆXÚ�¦f� Nielsen �§ [�

§ (1), (3)] Mei é¡5��â�§Ú���§.
���âââ 3 é Chetaev .����é$ÄÄåÆ

XÚ�¦f� Nielsen �§ [�§ (1), (3)], XJÃ
��)¤� ξ0, ξs ÷v�§ (18),(19) Ú (20), K�
A�é¡5�XÚ�r Mei é¡5.

�§ (18) �¡� Chetaev .����é$ÄÄ
åÆXÚ�¦f� Nielsen �§ [�§ (1), (3)] Mei
é¡5�N\���§.

5 Mei é¡5��� Mei Åðþ

···KKK XJ�ÛÉ Chetaev .����å�é
$ÄÄåÆXÚ�¦f� Nielsen �§ [�§ (1),
(3)] Mei é¡5!f Mei é¡5!r Mei é¡5�
)¤� ξ0, ξs Ú5�¼ê GM = GM(tq, q̇) ÷vX
e(��§

X̃(1) (L)
d̄ξ0

dt
+ X̃(1)

[
X̃(1) (L)

]
+X̃(1)

(
Qs + Qω̇

s + Γs + Λs

)
(ξs − q̇sξ0) +

d̄GM

dt
= 0, (21)

KXÚ� Mei é¡5��� Mei Åðþ�

IM = X̃(1) (L) ξ0 +
∂X̃(1) (L)

∂q̇s
(ξs − q̇sξ0) + GM

= const. (22)

yyy²²² ò (22) ªU�§ (8) ¦�, ¿|^�
§ (21), �
d̄
dt

IM =
[

∂

∂t
X̃(1)(L) + q̇s

∂

∂qs
X̃(1)(L)

+αs
∂

∂q̇s
X̃(1)(L)

]
ξ0 + X̃(1)(L)

d̄
dt

ξ0

+
[

d̄
dt

∂

∂q̇s
X̃(1)(L)

]
(ξs − q̇sξ0)

+
∂

∂q̇s
X̃(1)(L)

[
d̄
dt

ξs − αsξ0 − q̇s
d̄
dt

ξ0

]
+

d̄
dt

GM

=
[

d̄
dt

∂

∂q̇s
X̃(1)(L) − ∂

∂qs
X̃(1)(L)

−X̃(1)(Qs + Qω̇
s + Γs + Λs)

]
(ξs − q̇sξ0)

=
[

∂

∂q̇s

d̄
dt

X̃(1)(L) − 2
∂

∂qs
X̃(1)(L)

−X̃(1)(Qs + Qω̇
s + Γs + Λs)

]
(ξs − q̇sξ0).

(23)
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ò�â�§ (19) �\þª, ��
d̄
dt

IM = 0. (24)

y..

6 � ~

Xã 1 ¤«, �þ� m ��:Ã�Þ/3�²
¡ P þ$Ä, ²¡ P ÏL��½�� Oq1 (�YR
�Y��~ê α), �±!�� ω 7d�� Oq1 =
Ä [32]. ²¡þ Oq2 ¶R�u Oq1. �:¤É�å

f = q2 − q̇1 = 0, (25)

XÚ�ÄåÆ¼ê

L =
1
2
m(q̇2

1 + q̇2
2) +

1
2
mω2q2

2

− mgq1 cos α − mgq2 sinα sin(ωt), (26)

Q2 = 0, Qω̇
s = Γs = 0 (s = 1, 2). (27)

e Q1 ©ª�u2Â����å�å Λ1, ÁïÄX
Ú� Mei é¡5Ú Mei Åðþ.

XÚ�$Ä�©�§�

mq̈1 + mg cos α = 0,

mq̈2 − mω2q2 + mg sinα sin(ωt) = 0. (28)

�O�, k

X̃(1) (L) = mq̇1

(
d̄ξ1

dt
− q̇1

d̄ξ0

dt

)
+ mq̇2

(
d̄ξ2

dt
− q̇2

d̄ξ0

dt

)
+ mω2q2ξ2 − mgξ1 cos α

− mgξ2 sinα sin(ωt)

− mgq2ξ0ω sinα cos(ωt). (29)

�)¤�

ξ0 = ξ2 = 0, ξ1 = ln(q̇1 + gt cos α), (30)

Kk

X̃(1) (L) = −mg cos α ln(q̇1 + gt cos α), (31)

ξ̇1 = 0, (32)

Ñs[X̃(1)(L)] = 0, (33)

X̃(1)(Qs + Qω̇
s + Γs + Λs) = 0 (s = 1, 2), (34)

X̃(1)[X̃(1)(L)] = 0, (35)

X̃(1)(f) = 0, (36)

∂f

∂q̇1
ξ1 6= 0. (37)

d (33)—(37) ª±9 Mei é¡5��â��, XÚ
äkf Mei é¡5.

d(��§ (21) �)Ñ

GM = 0, (38)

|^ (22) ª, ��ÑXÚ� Mei Åðþ

IM = −mg cos α ln(q̇1 + gt cos α)
q̇1 + gt cos α

= const. (39)

ωt

α

ω

q1

q2

O

mg

P

ã 1 �: /«¿

7 ( Ø

�©�Ñ
 Chetaev .�å��é$ÄåÆX
Ú Nielsen �§� Mei é¡5�½ÂÚ�â, ïÄ

 Chetaev .�å��é$ÄÄåÆXÚ Nielsen
�§� Mei é¡5Ú Mei Åðþ. Ì�(J´ Mei
é¡5�n��â!(��§ (21) ±9 Mei Å
ðþ�L�ª (22). �©(JÚ�{�í2�
� Chetaev .�å��é$ÄåÆXÚÚÙ¦åÆ
NX (X Appell NX). Ïd, �©ïÄ(ØäkÊ
H�¿Â.
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Mei symmetry and Mei conserved quantity of Nielsen
equation in a dynamical system of the relative motion

with nonholonomic constraint of Chetaev’s type∗

Wang Xiao-Xiao Zhang Mei-Ling Han Yue-Lin Jia Li-Qun†

( School of Science, Jiangnan University, Wuxi 214122, China )

( Received 9 January 2012; revised manuscript received 19 April 2012 )

Abstract

Mei symmetry and Mei conserved quantity of Nielsen equations in a dynamical system of the relative motion with nonholonomic

constraint of Chetaev’s type are studied. The differential equations of motion of Nielsen equation for the system, the definition and

criterion of Mei symmetry, and the expression of Mei conserved quantity deduced directly from Mei symmetry for the system are

obtained. An example is given to illustrate the application of the results.

Keywords: nonholonomic constraint of Chetaev’s type, dynamics of the relative motion, Nielsen equation, Mei
conserved quantity
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