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1 Ú ó

��Zì/.ZAÚH�7Ä (ENSO) ´u)
39��²��íÚ°�¥�É~¯�. ENSO y
�´�cISÆâ.¤'5�é� [1−13]. ENSO
���5�´°�-�í6Ä�Kü«�", §Ú
H�7Ä6ÄrÝk', ù��f&º÷X»�
1?. f&º°ÄX°�6ÄCz, \r
°L
§Ý (SST) �Ônþ�É~. ��°�-�í�"
½ÍÜ°�-�í�Ø½5��
»��²�Ø
ÊCæ.

C5NõÆöïÄ
��5Û�Ä¯K. �

Cq�{��z, �)>.�{!��ìCÐm�
{ÚõºÝ{� [14−17]. �ö��|^Û�Ä�
�{ïÄ
�a��5¯K [18−24]. �©´|^Û
�Än5Ø?Ø�a ENSO �..

?ØXe�a��Zì/.ZAÚH�7Ä

°-í�f�. [1,2,9]:
dT

dt
= aτ1 + bτ2 + f(ε, T ), (1)

dh

dt
= −cτ1 − Rhh + g(ε, h), (2)

ε
dτ1

dt
= dT − Rτ1τ1, (3)

ε
dτ2

dt
= eh − Rτ2τ2, (4)

T (0) = A1, h(0) = A2, (5)

τ1(0) = B1, τ2(0) = B2, (6)

Ù¥ T �»�À�²�� SST, h �§Ý�Ý, τi,
i = 1, 2, ©O�¥!Ü�²�»��GºØ, �.
ëê a, b, c, d, e ��~ê, Ù�[�Ôn¿Âë�
©z [9]; Rh, Rτ1 Ú Rτ2 ���{ZXê, ε ���
�~ê, Ai, Bi(i = 1, 2) ��.�Ð©G�, f(ε, T )
Ú g(ε, h) ©O� SST É~Ú§Ý�ÝÉ~�6

Ä�, Ù¥ lim
|T |→0

|f(ε, T )|
|T |

= 0, lim
|g|→0

|g(ε, h)|
|g|

= 0,
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f(0, T ) = g(0, h) = 0.
d ENSO °-í�f�. (1)—(6) ªØJwÑ,

¥!Ü�²�»��GºØ3Ð©G�äkâC
y�. �d, 3¦�. (1)—(6) ª�ìC)�A©O
�ÄäkÐ©G�±	�	Ü)ÚÐ©G�e�
Ð©����üÜ©��/.

2 °-í�f�.�	Ü)

� ENSO °-í�f�. (1)—(6) ª��|	
Ü) (T̄ , h̄, τ̄1, τ̄2) �

T̄ (t) =
∞∑

j=0

T̄j(t)εj ,

h̄(t) =
∞∑

j=0

h̄j(t)εj ,

τ̄i(t) =
∞∑

j=0

τ̄ij(i)εj (i = 1, 2), (7)

ò (7) ª©O�\ (1)—(5) ª, U ε ��?êÐm,
Ü¿ ε �Óg��, ¿-�g��Xê�", é
u εj(j = 0, 1, 2, · · · ) ��Xê©O��

dT̄0

dt
= aτ̄10 + bτ̄20,

T̄0(0) = A1, (8)

dh̄0

dt
= −cτ̄10 − Rhh̄0,

h̄0(0) = A2, (9)

dT̄0 − Rτ1τ̄10 = 0,

eh̄0 − Rτ2τ̄20 = 0, (10)

dT̄j

dt
= aτ̄1j + bτ̄2j + F̄j ,

T̄j(0) = 0 (j = 1, 2, · · · ), (11)

dh̄j

dt
= −cτ̄1j − Rhh̄j + Ḡj ,

h̄j(0) = 0 (j = 1, 2, · · · ), (12)

τ̄1j =
1

Rτ1

(
dT̄j −

dτ̄1(j−1)

dt

)
,

τ̄2j =
1

Rτ2

(
eh̄j −

dτ̄2(j−1)

dt

)
(j = 1, 2, · · · ),

(13)

Ù¥

F̄j(t) =
1
j!

∂jf

(
ε,

∞∑
k=0

Tk(t)εk

)
∂εj


ε=0

,

Ḡj(t) =
1
j!

∂jg

(
ε,

∞∑
k=0

hk(t)εk

)
∂εj


ε=0

(j = 1, 2, · · · ).

ØJ���§|Ð�¯K (8)—(10) ª�)�

 T̄0(t)

h̄0(t)

 =
1
∆

 Rτ2(λ1Rτ1 − ad) exp(λ1t) Rτ2(λ1Rτ1 − ad) exp(λ2t)

bcRτ2 exp(λ1t) bcRτ2 exp(λ2t)


×

 bcA1Rτ2 − A2Rτ2(λ2Rτ1 − ad)

−bcA1Rτ2 + A2Rτ2(λ2Rτ1 − ad)

 , (14)

 τ̄10(t)

τ̄20(t)

 =


d

Rτ1

T̄0(t)

e

Rτ2

h̄0(t)

 , (15)

Ù¥ λi(i = 1, 2) � (8), (9) ªéA�§|�A
��§ ∣∣∣∣∣∣∣∣

λ − ad

Rτ1
− be

Rτ2

cd

Rτ1
λ + Rh

∣∣∣∣∣∣∣∣ = 0

�A��:

λi =
1
2

(
ad

Rτ1
− Rh

)

± 1
2

[(
ad

Rτ1
+ Rh

)2

− 4
bcde

Rτ1Rτ2

]1/2

(i = 1, 2), (16)

 ∆ = bcRτ1R
2
τ2

(λ1 − λ2).

�§|Ð�¯K (11)—(13) ª�)�
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 T̄j(t)

h̄j(t)

 =
1
∆

∫ t

0

(
Rτ2(λ1Rτ1 − ad) exp(λ1(t − s)) Rτ2(λ1Rτ1 − ad) exp(λ2(t − s))

bcRτ2 exp(λ1(t − s)) bcRτ2 exp(λ2(t − s))

)

×

 bcRτ2F̄j(s) − Rτ2(λ2Rτ1 − ad)Ḡj(s)

−bcRτ2F̄j(s) + Rτ2(λ2Rτ1 − ad)Ḡj(s)

 ds, (17)

 τ̄1j(t)

τ̄2j(t)

 =


1

Rτ1

(
dT̄j(t) −

dτ1(j−1)(t)
dt

)
1

Rτ2

(
eh̄j(t) −

dτ2(j−1)(t)
dt

)
 (j = 1, 2, · · · ). (18)

u´d (7) ª, ENSO °-í�f�. (1)—(6) ª�	Ü)� T̄ (t)

h̄(t)

 =
1
∆

 Rτ2(λ1Rτ1 − ad) exp(λ1t) Rτ2(λ1Rτ1 − ad) exp(λ2t)

bcRτ2 exp(λ1t) bcRτ2 exp(λ2t)


×

 bcA1Rτ2 − A2Rτ2(λ2Rτ1 − ad)

−bcA1Rτ2 + A2Rτ2(λ2Rτ1 − ad)


+

1
∆

∞∑
j=1

∫ t

0

 Rτ2(λ1Rτ1 − ad) exp(λ1(t − s)) Rτ2(λ1Rτ1 − ad) exp(λ2(t − s))

bcRτ2 exp(λ1(t − s)) bcRτ2 exp(λ2(t − s))


×

 bcRτ2F̄j(s) − Rτ2(λ2Rτ1 − ad)Ḡj(s)

−bcRτ2F̄j(s) + Rτ2(λ2Rτ1 − ad)Ḡj(s)

 ds

 εj , (19)

 τ̄1(t)

τ̄2(t)

 =


1

Rτ1

[
dT̄0(t) +

∞∑
j=1

(
dT̄j(t) −

dτ1(j−1)(t)
dt

)
εj

]
1

Rτ2

[
eh̄0(t) +

∞∑
j=1

(
eh̄j(t) −

dτ2(j−1)(t)
dt

)
εj

]
 . (20)

� ´ ENSO °-í � f � . (1)—(6) ª � 	 Ü
) (19), (20) ª�7÷vÐ©^� (6) ª. �d,
·�ÿI�E�.�Ð©����.

3 °-í�f�.�Ð©�����ì
C)

Äk���C� ξ =
t

ε
, ¿�

τ1 = τ̄1 + σ1,

τ2 = τ̄2 + σ2, (21)

ò (21) ª�\ (3), (4) ª, �
dσ1

dξ
= −Rτ1σ1,

dσ2

dξ
= −Rτ2σ2, (22)

σ1(ξ) |ξ=0 = B1 − τ̄1(0),

σ2(ξ) |ξ=0 = B2 − τ̄2(0). (23)

d (22), (23) ªB��äkÐ©�5��) σ1(t)

σ2(t)

 =

 (B1 − τ̄1(0)) exp
(
−Rτ1t

ε

)
(B2 − τ̄2(0)) exp

(
−Rτ2t

ε

)
 .

(24)
u´d (19)—(21) ªÚ (24) ª, ENSO °-í�f�
. (1)—(6) ª�ìC) (T, h, τ1, τ2) �

 T̄ (t)

h̄(t)

 =
1
∆

 Rτ2(λ1Rτ1 − ad) exp(λ1t) Rτ2(λ1Rτ1 − ad) exp(λ2t)

bcRτ2 exp(λ1t) bcRτ2 exp(λ2t)
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×

 bcA1Rτ2 − A2Rτ2(λ2Rτ1 − ad)

−bcA1Rτ2 + A2Rτ2(λ2Rτ1 − ad)


+

1
∆

∞∑
j=1

∫ t

0

 Rτ2(λ1Rτ1 − ad) exp(λ1(t − s)) Rτ2(λ1Rτ1 − ad) exp(λ2(t − s))

bcRτ2 exp(λ1(t − s)) bcRτ2 exp(λ2(t − s))


×

 bcRτ2F̄j(s) − Rτ2(λ2Rτ1 − ad)Ḡj(s)

−bcRτ2F̄j(s) + Rτ2(λ2Rτ1 − ad)Ḡj(s)

 ds

 εj , (25)

 τ1(t)

τ2(t)

 =


(B1 − τ̄1(0)) exp

(
−Rτ1t

ε

)
(B2 − τ̄2(0)) exp

(
−Rτ2t

ε

)
 +


1

Rτ1

[
dT̄0(t) +

∞∑
j=1

(
dT̄j(t) −

dτ1(j−1)(t)
dt

)
εj

]
1

Rτ2

[
eh̄0(t) +

∞∑
j=1

(
eh̄j(t) −

dτ2(j−1)(t)
dt

)
εj

]
 . (26)

U
^�©�§��©Ø�ªnØ½�¼©Û�
ØÄ:�n5y²þã��� (25), (26) ª3?
¿k��ãS'u�ëê ε ���k��ìC
Ðmª [25−27].

4 °-í�f�Ôn5��?Ø

d ENSO °-í � f � . (1)—(6) ª � ì C
) (25), (26) ª��:

1) du�. (1)—(6) ª�)k'3¥!Ü�
²�»��GºØ¼ê (τ1, τ2), äk/X (26) ªm
à1��, �3Ð©��C��S�'�Ônþk
:ì�Cz, /¤Ð©�. �duëê 0 < ε ¿ 1,
§�Ì��^´6á�, ëê ε �þ?��, ù«
6á��^Ò¬�¯/Cz. �,�.)�Ð©�
´6á�, �´§E,K�X�.�AÔnþ�ì
C½5�.

����~f, �Ãþjëê B1 = 1, R1 = 1,
ε1 = 0.10, ε2 = 0.06, ε = 0.03, ·��±^ê
i�[ã/©OL« (26) ªmà1��Ð©�
¼ê τ1(t) ��ã/ (�ã 1). 2�Ãþjë
ê B2 = 3, R2 = 2, ε = 0.10 Ú ε = 0.06, ε = 0.03,
�±©OL« (26) ªmà1��Ð©�¼ê τ2(t)
��ã/ (�ã 2).

dã 1 Úã 2 �±wÑ, ¼ê τ1(t), τ2(t) 3Ð
©��C��Sk:ì�Cz, �ëê ε �þ?
��, ù«6á��^Ò¬�¯/Cz. qÏ�Ð
©�¼ê τ1(t), τ2(t) Û¹3 (25), (26) ª¥, ¤±§
�¬K��.�AÔnþ�ìC½5�. 'uù
�¡ò3e¡ 2)—4) �ã5Qã.

2) Ï � °-í � f � . (1)—(6) ª � ë

ê a, d,Rh Ú Rτ1 ��~ê, d (16) ª�, � ad −
RhRτ1 6 0 9 aRτ2Rh 6 bce �, �A�§|�A
��þäk���¢Ü. 2d�©�§)½5n
Ø, °-í�f�. (1)—(6) ª�) (25), (26) ª´
½�½ìC½�. ¤±°-í�f�3��²
�»��'«�S� SST, §Ý�ÝÚ¥!Ü�²

ã 1 Ð©�¼ê τ1(t) 3 t = 0 +��ã/ (B1 = 1, R1 = 1,
ε1 = 0.10, ε2 = 0.06, ε = 0.03)

ã 2 Ð©�¼ê τ2(t) 3 t = 0 +��ã/ (B2 = 3, R2 = 2,
ε1 = 0.10, ε2 = 0.06, ε = 0.03)

200208-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 20 (2012) 200208

�»��GºØò��m�í£Ø¬:ìO�, l
3°L¡«�SNC��mSòØ¬/¤�í
Ú°LY�:ì�É~Cz.

3) Ï � °-í � f � . (1)—(6) ª � ë
ê a, d,Rh Ú Rτ1 ��~ê, d (16) ª�, � ad −
RhRτ1 > 0 �, �A�§|äk��¢Ü�A��.
2d�©�§)½5nØ, °-í�f�. (1)—
(6) ª�) (25), (26) ª´ìCØ½�. ¤±°-í
�f3�²�»��'«�S� SST, §Ý�ÝÚ
¥!Ü�²�»��GºØò��m�í£:
ìO�, /¤�íÚ°LY�:ì�É~Cz.

� � , � � ~ f, � Ã þ j ë ê a = 3,
b = d = 1, c = 1, e = 3, Rτ1 = Rh = Rτ2 = 1
±9Ð©�� A1 = A2 = B1 = 50, B2 = 20,
¿��ëê ε = 0.5 Ú ε = 0.1 �, ·��±^
êi�[ã/©OL«°-í�f�. (1)—(6) ª
�»�À�²��°L§Ý T (t), ¥�²�»�
�GºØ τ1(t) ÚÜ�²�»��GºØ τ2(t) �
"gìC)�. Xã 3—5 ¤« (¢�L«��
ëê ε = 0.1 ��/, J�L«��ëê ε = 0.5
��/).

3ù�~f¥, du ad−RhRτ1 = 2 > 0, �ù
a°-í�f�.�)´ìCØ½�. lã 3—5
��wÑ, ��m t O��, �A���é¯/O
�. duù«5G, �±é§��'Ônþ�ÑÐ
Úýÿ. dã/�ØJwÑ, À�ëê ε ��, °
ÝÒ�p. �·���UY���Ônþ��p
g�Cq, �Ñ�°(�ý�.

4) du�.¥�36Ä� f Ú g, §���K
�X�.�'Ônþ�ìC). �du§��
�´��5�, � ad−RhRτ1 > 0 �, ò��Ônþ

ã 3 °-í � f � . » � À � ² � � ° L § Ý " g ì C
) T (t)

ã 4 °-í�f�.»�¥�²�»��GºØ τ1(t)

ã 5 °-í�f�.»�¥�²�»��GºØ τ2(t)

ìC)��'Ônþ�Czª�¿��K��ì
C)�Ø½5�5�. �du§���3, û½

�'Ônþ��¿/¤®Ï, ��
��'Ôn
þlkS�ÃS�=C, $�Ñy·by�.

5 ( Ø

��Zì/.ZAÚH�7Ä´u)3»��
²��íÚ°�¥�É~¯�, ´��E,�g,
y�. �
)ÚÝº§�Cz5Æ, <�I�r§
8z�êÆ�., ,��¦)§. ÏLêÆ�.�
), ^½þ��{�&? ENSO �.�Ôn5�,
¿�ýÿ§�u)ÚuÐ�¹. �©^Û�Ä�n
ØÚ�{���.�ìC)Û), ¿�U��\/
^�©½È©�$�óä��Ù¦�'�Ônþ
��, ¦�.�5�U������ïÄ.
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Singular perturbation solution of a class of sea-air
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oscillation∗
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Abstract

The EI Niño/La Niña and southern oscillation is an interannual phenomenon involved in the tropical Pacific ocean-atmosphere

interactions. In this paper, the aim is to create a method of asymptotically solving the nonlinear singularly perturbed problem for

the ocean-atmosphere oscillator models. And according to a class of ocean-atmosphere oscillator models, employing the singular

perturbation method, we study the approximate solution of corresponding problem. The obtained results from singular perturbation

method can be used for analyzing the sea surface temperature anomaly and the thermocline depth anomaly in the equatorial Pacific of

the atmosphere-ocean oscillator for the EI Niño/La Niña and southern oscillation model.

Keywords: nonlinear, approximate solution, El Niño/La Niña-southern oscillation model
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