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��/ªþ�é��{ü���·b¼ê, Logistic XÚ3éõ+�kX­��A^. �©Ì�©Û
 Logistic

XÚ��­½A5, éØÓëê µ ÚXÚÐ�/¤� Logistic S�, ?1
ÚO©a, ��
�X����, ¿�[
©Û
��©Ù�¹. ê��ý(JL², Logistic XÚ��dëê µ û½, 
�XÚÐ�Ä�Ã', ��ëê µ �
��Cþ. (µ = 4) �, S�©Ù�ªuþ!, ���CnØ4��.

'�c: Logistic XÚ, ·b, �

PACS: 05.45.–a, 05.45.Gg

1 Ú ó

·bXÚl�JÑ�8��´Æö'5�9
:, �
#,�nØ�Øä/A^�·bXÚ�
�)���¥ [1,2], 
Ù¥�é��{ü�·bX
Ú —— Logistic ·b¼êÒ���ÉïÄö�­
À. 1978 c Feigenbaum[3] éÙêÆA5�
�[
�©Û. Cc5IS	Æö�é Logistic XÚA^
�ØÓ|Ü, ?1
���\�ïÄ, ©z [4] ¢y

 Logistic �.��±Ï©
��, ©z [5] ?Ø

ò´�mé Logistic XÚæ­�Ú­��m�[
Ç�K�, ©z [6] ò�.A^u)Ô©f�ä�
?z¥, ©z [7, 8] éõ«EÜ Logistic XÚ�©

Ú©��
�¦��ã, ©z [9] ïÄ
� Logis-

tic S�Ü©�q� C-K N��·b©/A5. �
� Logistic �.3Ãõ+��kA^, AO3&E
Ï&+��äk­��¿Â. ©z [10—12] ©O�
ã
 Logistic XÚ3Ï&¥�ëêE£Ú¯�ÓÚ
¯K, ��·bNX���Ï&Jø
ûÐ�nØ

| .

Cc5�ïÄÌ�8¥3é Logistic XÚ�
.�A^¥, ¿±ëê��O�õ, é Logistic S
���NïÄ©z��. ��·bXÚ, Ø�ýÿ
ÚØ(½5´Ù�­��A:, l&EnØ��
ÝÑu, �ïÄ��¼ê��NØ(½5Ø
é
Ù¼ê4ÜL�ªïÄ±	, ��±éÙ�)�l
ÑS�?1ÚO©Û¿þz. 
3&EnØNX
e, éØ(½5��ZþzëêÒ´�. ©z [13]

Ì�± Lyapunov �êíü�²þ�ëê�ïÄé
�, ©z [14] ïÄ
áS����O�{, ü�©
zÑ�Ñ
·bS��ëê�üzA5, 
éu
·bS��ÚO©Û�é��. ÛD©�Ç [15] Ï
LÕÓ¥nØ½Â
þ!ÝVg, ¿é Logistic X
Ú� Lyapunov �êÚþ!Ý�
'é©Û, �Ñ

 Logistic XÚ�·bA5�ëê µ �O�
�5
��Å�(Ø.

3©z [15] �é«e, �©[l÷*�Ýï
Ä Logistic S��©ÙA5, ý­é Logistic XÚ
���©Û, ¿�ÏLê��[�Ñ(Ø: ��3
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êâþ¿©��¹e, Logistic XÚ��Ä�dë
ê µ û½, �XÚÐ�ÚS��ÝÃ', ��Xë
ê µ �O\, ���¥y4Oª³, �5��Cn
Ø4�� log2 M (M �ÚO«m�ê). �ud�
±íÿ Logistic ·bXÚ�(½L�ª��
Ø(
½�S�, 
Ø(½�S�3�NþqÛ¹
�½
�(½¤©.

2 Logistic ¼ê{0

²;� Logistic ¼êXe¤«:

xn+1 = µxn(1 − xn) = f(xn), (1)

Ù¥ëê µ ∈ (0, 4], K¤k� x ∈ [0, 1].

3�½ëê µ ±9XÚÐ� x0 ��¹e, Ï
L (1) ªS�O�=�¼�?¿�Ý� Logistic S
�. 
�âëê µ ���ØÓ, Logistic XÚ²Lõ
gS�±�¬ÑyØÓ��¹: 1) µ ∈ (0, 1) �, X
Ú­½u x = 0; 2) µ ∈ [1, 3] �, XÚkü�­½

:, x = 0 ½ x = 1 − 1
µ

; 3) µ ∈ (3, 3.449) �, XÚ

�3�±Ï:, = x =
1 + µ ±

√
(µ + 1)(µ − 3)
2µ

;

4) µ ∈ (3.449, 3.544) �, X Ú � 3 o ± Ï :;

5) µ ∈ (3.544, 3.564) �, XÚ�3l±Ï:, l
d Logistic XÚÒ?\
¤¢�±Ï©
G�. 3
dL§¥, �3��­�ëê ——Feigenbaum ~
ê lim

n→∞

µn − µn−1

µn+1 − µn
= 4.669201 · · · . ²Lõg©


�, y3��@�� µ∞ = 3.570 �, XÚ?\·b
G�.

�©Ì�?Ø Logistic XÚ3·bG���©
Ù9Ù�A5.

3 Logistic XÚ��A5©Û

�,·bXÚ�ïÄ®²mÐ
A�c, �E
vk���°(½Â, �k�
'�ú@�5�,

'XXÚ�Ð�¯a�65¦ÙØ�ýÿ, XÚÿ
ÀD45¦ÙØU�©)¤ü�pØK��fX
Ú, ±9XÚäk±Ï:È�5�. éu Logistic X
Ú�nØïÄéõ, �´êâ�ý¢�©z%Øõ,

AO´ Logistic S��ÚOA5mk��. yÌ�
&?ØÓÐ�Ú µ ëêéuS�©Ù�K�, ¿ò
ù«K�þz.

�O��ý¢�5KXe: ëê µ 3 3.500—

3.999 �m��, Ú? 0.001, � 500 �ê�; XÚÐ
� x0 3 0.01—0.99 �m��, Ú? 0.01, � 99 �ê
�. Kd (1) ªS����lÑ·bS� x(n) ��
���´ 0—1 �m. 3éS�ÚO�, ò 0—1 «m
^ 0.05 �Ú�?1y©K�±�� 0—0.05, 0.05—

0.10, · · ·, 0.95—1.00 � 20 � Ú O « m; � � æ
^ 0.01 �Ú�?1y©, Kk 100 �ÚO«m, «
mê�õK@�êâ«©�°[. �½ Logistic l
Ñ·bS��Ý� N , ÚOá3z�«mS�lÑ
S����ê� ni (i = 1, 2, · · · ,M , M �ÚO«

mê), �½«mÚOVÇ pi =
ni

N
, Kk

M∑
i=1

pi = 1,

�â�¼ê�½Â, �� Logistic ·bS���

¼ê H = −
M∑
i=1

pi log2(pi). ,	d�¼ê4�5

��, Ï&XÚ¥, �&
�VÇ©Ù�, �¼ê
��4��, éA�d, ���ÚO«m�VÇ
Ñ���, = pi =

1
M

(i = 1, 2, · · · ,M) �, �¼

êk4�� max(H) = max
{
−

M∑
i=1

pi log2(pi)
}

=

−
M∑
i=1

1
M

log2

(
1
M

)
= log2 M (Ï&XÚ¥ M L

« & 
 Î Ò ê, ù p ´ Ú O « m � ê), e Ú O
« m � 20, K � � 4 � � � log2 20 ≈ 4.32 bit;

X J Ú O « m © � 100 �, @ o � � 4 � �
� log2 100 ≈ 6.64 bit; XJÚO«m©� 10000

�, K��4��� log2 10000 ≈ 13.28 bit.

�ý¢�3 Matlab 7.0 �¸e?1, Logistic ·
bS���d (1) ª�), ¤kêâØ�í~, �
�XJS��Ý
� (N >10000), Ð©ã��?
\·b�êâéÚO(J�K�Ø�, 
�¤k
�¹eÑ´ù��ê, �÷vÚO¢����5.

XÚ°Ýæ^
 Matlab �%@°Ý, V°Ý2:
ê 64 bit, �ê�±�� 10−13, ÷v�¢���¦,

Ø�é�.

ã 1 ©O�Ñ
êâ�Ý N = 100000 �,

µ = 3.730 Ú µ = 3.995 �, 3 0—1 S©
 100

�«m�·bS�ÚO©Ù�¹. lã 1 ��
Ð��ØÓéS��©ÙA�vkK�. ,	�
â Logistic ¼êL�ª xn+1 = µxn(1 − xn) ��,

xn ������ µ/4, ���� µ
µ

4

(
1 − µ

4

)
=

µ2/4 − µ3/16, ¤ ± S � � � � � � � x ∈[(
µ2/4 − µ3/16

)
, µ/4

]
, � µ = 3.730 � xn ∈
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(0.235, 0.933), µ = 3.995 � xn ∈ (0.005, 0.999).

ã 1 N = 100000, M = 100 �S��ÚO©Ù (a) µ =

3.730; (b) µ = 3.995

·bS���ü�êâ�m���Xeª
¤«:

∆d = xn+1 − xn = µxn(1 − xn) − xn

= −µx2
n + (µ − 1)xn. (2)

� xn =
µ − 1
2µ

�, ∆dmax =
(µ − 1)2

4µ
,

K xn+1 =
µ2 − 1

4µ
; , 	 � xn =

µ + 1
2µ

�, �

k xn+1 =
µ2 − 1

4µ
; � xn = 1/2 �, xn+1 = µ/4.

¤±� xn ∈
[
µ − 1
2µ

,
µ + 1
2µ

]
�

(
d«m°Ý

1
µ

)
,

N��� xn+1 ∈
[
µ2 − 1

4µ
,
µ

4

] (
d«m°Ý

1
4µ

)
,

����©Ù�°��·bêâ xn ²L�g$�
��Ø N��
�CXÚþ.�«�.

� xn =
µ

4
− ε �, Ù¥ ε �?¿���ê,

Kk

xn+1 =
(

µ2

4
− µ3

16

)
+ µ

[(µ

2
− 1

)
ε − ε2

]
≈

(
µ2

4
− µ3

16

)
+ µ

(µ

2
− 1

)
ε, (3)

ã 2 N = 10000, M = 100 ��(J (a) �n�ã; (b) ���; (c) �þ�
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ã 3 N = 100000, M = 100 ��(J (a) �n�ã; (b) ���; (c) �þ�

ã 4 N = 100000, M = 20 ��(J (a) �n�ã; (b) ���; (c) �þ�
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ã 5 N = 1000000, M = 10000 ��(J (a) �n�ã; (b) ���; (c) �þ�

du�XÚ?u·bG��� µ > 3.5, � (3) ª
¥ µ

(µ

2
− 1

)
> 1. ¤±� xn ?uXÚþ.NC

�, xn+1 ¬ªuXÚ�e., �N��«�*�

 µ

(µ

2
− 1

)
�. ù�´�¤±ã 1(a) Ú (b) �S

�©Ù3ü>.NC�'~�é��!��Cþ
.�ÚO�����Ï. �,�Xëê µ �O�,

·bS������*�, ¤±©Ù�5�þ!,

l
¦�Ù�����.

�
¼���2��(J, ?1
ØÓëê�
õg¢�, ÀJ'�äk�L5�(JXã 2—5

¤«. ·bS��Ý©OÀJ N = 10000, 100000

Ú 1000000, ÚO«mÀJ M = 20, 100 Ú 10000,

Ù¥ (a) ãL«���n�ã/, (b) ãL«�ë
ê µ �½�, ØÓÐ��¹e�����, (c) ãL
«�ëê µ �½�, ØÓÐ��¹e��þ�.

lã 2—5 � (a) ã�±uy, ØØÚO«m�
ê´ 20 �´ 100 $��õ, � µ ëê(½�, Ø
Øêâ�Ý´õ�½XÚÐ��Û, Logistic XÚ
���Ä��±ØC; � µ ëêO\�, ����

�O\. �,3��4O�L§¥¬Ñy�
â
C:�¹, AT´3A½ µ ëêe, Logistic XÚ
vk?\·bG�, 
´Ê33
õ±Ï©
G
�, �±Ï:±�êâLuÈ�, �¤k�êâÑ
3,A�ÚO«mS, ��ù
âC:���ª
� µ < 3.570 ����, $��$. Ò Logistic ·b
S�3ã¥�N��
&E8BXe.

1) ã 3 ¥�n�ã/'ã 2 ¥w�1w, ´Ï
�3ÚO«m���cJe, S��Ý��, K�
�ÚO«m¼��VÇ�­½, �Ó µ ëê���
lÑ§Ý�, ù�)º
üÌ (b) ã¥��3êþ
?þ��É. �éu�þ�
ó, ��êâ���
½þ�, Ò�é­½, ¤±ã 2(c) Ú 3(c) ¥��É
ØAO²w.

2) �·bS��Ý��, KÚO«m��, �
�ÚO«mSêâþ�¿©, KÙVÇ�­½, ¤
±ã 4(a) �n�ã'ã 2 Úã 3 ��1w, ã 4(b)

¥�����éuã 3 q�
��êþ?.

3) ����ÚÚO«mê���', ¤±ã 3
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Ú 4 �N��þ�3ýéê�þ�3�É, ��
kéõ�Ó:: e�mâC:ØO, �Czª³
Ñ� µ ëê�O\
O\, ùÌ�´·bS��

����� x ∈
[(

µ2

4
− µ3

16

)
,
µ

4

]
, µ O\¦�

S��©Ù>.��C 0 Ú 1; � µ �C 4 �, �
�©O����� 4.19 Ú 6.47 bit, �g�CnØ
4�.

4) ã 5 L²��êâþv
¿©, =¦3 0—1

�my© 10000 �«m?1ÚO, Logistic S��
�E,�Ú µ ëêk', ���4O� 13.02 bit, �
CnØ4��.

é¢�(J�©ÛL², Logistic ·bS��
��Ä�d µ ëêû½, �Ð�Ã', ����X µ

�O\
O\, �ªªu4��. lÚOÆ��Ý
w, Logistic ·bS��©ÙkX�½�5Æ, 3·

bXÚØ(½A5ekX�
�é­½�¤©. ,
	du���ªª�
nØ4�, L² Logistic ·
bS��©Ù�5�þ!.

4 ( Ø

�©Ì�ÏLêÆ�ý¢�, ÚO
ØÓëê
e Logistic ·bS����, uyÙ�
�é­½
�A5. 1) �Xëê µ �O\, ���CnØ4�,

L² Logistic ·bS�ªuþ!, ±Ï:�È�5
�éfz; 2) Ð�ÚS��Ý�Cz¿vkUCS
����, �¿�·bXÚ�¤kA�ëêÑäk
Ð��65; 3) Q, Logistic ·bS�÷v�½�
©ÙA5, @ol÷*þé·bXÚ�ÑÜn��
O�ýÿ�3�½�U.
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Abstract

As a simple one-dimensional chaotic system, logistic map has some important applications in many fields. The stable entropy

characteristic of logistic function is proposed in this paper. A series of logistic sequence entropy, calculated under different initial

values and values of parameter µ, is found to have some special distributions. A great number of numerical simulations prove that the

entropy is determined by parameter µ, and it is irrelevant with initial value. The logistic sequence becomes a uniform distribution, and

its entropy is close to a maximum, when µ is increased to 4. Thereby the stationary quality of logistic chaos can be speculated to some

extent.
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