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1 Ú ó

�Cá�3É�rÀÂÅØ �¬Ñy'
N!��9åÆ5��mä. �
�ß£ãá�²
{�ÄåÆ�AL§, Jp6NÄåÆ�[°Ý,

I�mÐá�°�õ�G��§ïÄ. �ïn�ª
/ª Helmholz gdU F (V, T ) L�ª, ´ïÄG�
�§2�æ^��«�{, §�`:3u�IÏL
9åÆÄ�'X=�(½�Ü9åÆG�þ. é
un�ªgdU�., ���ïÄSN=´XÛ
�N¬�9�ÄégdU��z. ���¹e, �
N�ÏLO��fCq��~�.£ã¬�9�
ÄgdU, X Greeff[1] �ï�� α-ω-β n�G��
§. XJ�ÄLz$�ðz,   I�õ«�.5
£ãá�²{�E,G�, X Pecker � [2] év�
�!�!ðõ�G�©Oæ^
ØÓ¼ê£ã, �
.ëê�õ� 70 õ�, O�L§�©�¡. �'�
e, ²þ|Cq?né�NÚ�NÑ´�«k��
G��§ï��{ [3]. CÏ,·�mÐ
Äu²þ

|�{�Ô��§O�ïÄ,JÑ�²þ|³¼ê
é�NÚ�N�¬�9�ÄgdUÑäkéÐ�
£ã�J, �d�.�Ñ�â�õ�G��§(J
��©-<÷¿ [4].

���ã�©E,, ~�e� hR2 (� (.
�)[5−7], 2.55 GPa[8] Øåe=C� mC4 (� (/
�). /�½«�éÄ, 3 2.69 GPa[8] Øåe=?
\� III �, 7.7 GPa[9] Øåe=C�2� (bcc (�).

��3 200 K §Ýe, .��/���.��, �
l.���=C� III � [10]. 2�(��©½,

�� 220 GPa[11] �pØeEU�± bcc (�. Ø
d�	, éÙ¦Ü©�(��@£8cE�3é
õ�Æ, 'Xk©z@� III �S��3,	ü?
�C«� [8,12], �C�Ü©ïÄqØ|±ù�
(Ø [13,14]. qX�,k©z��
 II′ �!1�
��3, ØL(½��(�ÿ��y¢. d	, �
�äk�
AÏÔn5�, 'X�.���~Lz
A5, ¢�ÿ½�Ù~ØNÈ¥�Ç�� 3.9%[15].

du(�E,!Ôn5�AÏ, 7á�´ÀÂÅ
ÔnïÄ+����[á�, 'uÙÀÂ Hugo-
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niot!õÅ(�!pØ(��SN®kØ�ïÄ�
� [16−18]. ØL, du8céá�õ�G��§�
ïÄ'�"y, =k��
O�(J��Ü©¢
�êâ�3²w l [19,20], ¦�?�ÚmÐ��
ÀÂ�AA5ïÄÉ�
��.

Äuþã�Ï, �©3®k [4] �ó�Ä:þ,

é��õ�G��§?1
�ï. ÀJ
©z��
�é�õ�Ê����������?1O�, ¢
�êâ�)~�e��§Ø �!P -T �.!À
Â Hugoniot ±9���§Ý�Ýÿþ(J�.

2 gdU F (V, T ) �.

?¿'N V Ú§Ý T e, á��gdU��
�±��e¡�n�ª/ª

F (V, T ) = FC(V ) + Fion(V, T ) + Fel(V, T ), (1)

ª¥, FC, Fion, Fe ©O�LeU!¬�9�Ägd
U±9>f9-ugdU.

eU�O�æ^ Rose �²;�. [21], §é�
õêá�Ñ´�~·^�, =

FC = FC0 +
4V0B0

(B′
0 − 1)2

[
1 − (1 + η)e−η

]
,

η =
3
2

(B′
0 − 1)

[(
V

V0

)1/3

− 1

]
, (2)

ª¥ FC0 ´á�3 V0 ?�gdU, B0 Ú B′
0 �ý

é"Ýe�N�þ±9éØr��� �ê, V0 ´
ýé"Ýe�'N.

Äu²þ|nØ, ¬�9�ÄgdU Fion �L
ã�Xe/ª [3,4]:

Fion = −NkBT

(
3
2

ln
mkBT

2π~2
+ ln vf

)
,

vf = 4π

∫
r2 exp

[
−g(r, V )

kBT

]
dr, (3)

ª¥ N ´ü �þ��fê, kB ´À�[ù~ê,

m ´�f�þ, ~ ´ÊK�~ê. (3) ª¥� g(r, V )

´²þ|³¼ê, Äu·�JÑ��. [4], T³
¼ê���ü�¦È/ª, Ù¥���'N�'
� g0(V ), ,��´/¼ê h(r, V ), =

g(r, V ) = g0(V )h(r, V ), (4)

ª¥ r L«¥%�f l¥%�ål. ��¿Âþ,

/¼ê h(r, V ) AT÷v±eo�^�:

h(0, V ) = 0, h(R, V ) = ∞,

h′(0, V ) = 0, h′′(0, V ) > 0, (5)

Ù¥ h′, h′′ ©O�L h é r ���!�� �. l
²�±9êÆ�¡�Ä,©z [4]JÑ
Xe�L
�ª:

h(r, V ) =
(
1 +

r

R

)−n

+
(
1 − r

R

)−n

− 2, (6)

ª¥ R ´�f�¥�S�», Ù��=�'Nk
', L«�

R =
(

V

N

)1/3

, (7)

(6) ª¥ n ´���.ëê, �,"y²(�Ôn
���â, ØL§éG��§�O�Ø¯a, ÙK
��¬3ép�§Ýeâ¬NyÑ5 [4]. �©O�
¥é����þ��� 0.5, O�(J�¢�êâ
ÑÎÜ�Ð, L²ù���é Bi ���´Ü·�.

é�§ (4) � r ����VÐm, �±��e¡�
'Xª:

g(r, V ) =
1
2
g0(V )h′′(0, V )r2 + o(r3), (8)

(8) ª¥, o(r3) ´n��V{�, �ªm>1��
���fªÇ ν(V ) �', =

ν(V ) =
[
g0(V )h′′(0, V )

m

]1/2

. (9)

�â��MÜb½

γion(V ) = −d ln ν(V )
d lnV

, (10)

γion æ^ Dugdale Ú MacDonald[22] L�ª, k

γion(V ) =
(

α

2
− 2

3

)
− V

2
d2 [PC(V )V α] /dV 2

d [PC(V )V α] /dV
,

(11)

Dugdale � � § ª ¥ α ´ � . ë ê, � ± �
� 4/3[22]. ,	, PC(V ) �LeØ�, ·�ÏL
éeU¦ �(½. éá�§ (9), (10), (11) K�±
��

g0(V ) =
mν2

0R2

h′′(0, V )
f ′(V )
f ′(V0)

(
V

V0

)4/3−a

,

f(V ) = PC(V )V a, (12)

ª¥, ν0 L«¥%lf3"Øe��ÄªÇ, Tª
Ç�±�â":�ÄU ε0 = 3N · 1

2
· 2π~ν0 O�.

��, nÜ�§ (4)—(12), ���³¼ê

g(r, V ) =
mν2

0R2

h′′(0, V )
f ′(V )
f ′(V0)

(
V

V0

)4/3−a
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×
[(

1 +
r

R

)−n

+
(
1 − r

R

)−n

− 2
]

.

(13)

©z [4] �ïÄw«, (13) ªé�NÚ�NÑäk
éÐ�·^5, ^u��lf��~�CuM¥�
., ��/^5£ã���, Kòz��Ä
��
�A�?�OÏd"�..

�âgd>fí�. [23], >f�gdU Fel �
��

Fel = −Γ (Ne, Vr)
(

V

Vr

)2/3

T 2, (14)

ª¥, Vr ´ë�G��'N, Ne �gd>fê.

Γ (Ne, Vr) ´á�~ê, XJ@��Cc�á��
gd>fê�±ØC, ���ÑÀJÓ��ë�
G�, @o��� Vr ��� 0.1019 cm3/g � (~�
'N), �âá��$§9Nêâ [23] �±O�Ñ�
�� Γ �� 0.01914 mJ/K2·kg−1.

�d, ��gdU�.�Ü�ï�¤, Ù¦9
åÆþ�±ÏLégdU¦ ��Ü(½, XØ
å P , � S:

P = −∂F

∂V
, S = −∂F

∂T
. (15)

3 gdUëê(½

Äuc¡�gdU£ã, �©ïá
��õ�
G��§, Ù¥Ê���±9����þæ^Ú�
�G��§/ª. éugdUëê, (½�K´k
�ânØ½¢�ÀJÐ�, �ªÏL[ÜS�¼�
ÎÜ¢�(J�ª�. �e5, ·�ò±�.��
���O��~, äN?ØL 1 ¥�gdUëê(
½L§, L 2 8B
©z����
�'¢�êâ.

L 1 ��Ê���9��gdUëê

ëê �. �/ �0 �1 �2 ��

FC0/105 J·kg−1 0 2.24 6.05 7.71 11.73 4.87

V0/cm3·g−1 0.1011 0.0946 0.0900 0.0890 0.0873 0.0950

B0/GPa 38.2 44.5 53.0 55.0 55.6 35.5

B′
0 4.12 4.7 4.6 4.8 5.2 6.05

ν0/1013 s−1 1.65 1.32 1.2 1.5 1.37 0.8

du"yýé"Ýe�� V0, B0 ¢�½nØ
�, O��.�eU�, ·��â~��� P (V )

Ø A5¢��� [24], ë�Ù~�'N!N�þ
êâÀJ
 V0, B0 �Ð�. � V0, B0 �', B′

0 �

ëêN!���é�°, ��vkAO��, ��
U
�yO�(J�¢�ÿþ�Î=�. éugd
Uëê FC0, §�ý�Ù¢´Ø��, ��´
ØÓ��m��é�.�d,·�3Ð©O�¥, �
� FC0 þ�±��� 0, Ù¦����ª�â¢�
êâ�A�ÑN�=�. k
Ð©ëê, �e5©
O�¤�.�!��gdUO�,ÏLòO�(J
�ü���9åÆÿþêâ'� (X�.��§
Ø �!9)äXê±9��§Ý-�Ý��),

�±ÐÚ�ÑG��§ëê[Ü�. ?�Ú�â�
.-���.:¢���¤é�� FC0 �?�, �
ª¼�÷v�Ü¢�(J�ü�G��§ëê. ä
NL§�: �.�´Ùýé"Ýe�½�, -�
.�� FC0 = 0, �����N�. ¢�ÿ½~Øe
�.�����>.�§Ý T = 544.5 K[25],Ô�
�§O��¦ü�3d:�nØ Gibbs gdU�
�, �âù�:,·��±½Ñ��� FC0. ��.
�!��aq, Ù¦���gmÐ
gdUO�.

L 2 ~����§Ø [Üëê

� P /GPa K0/GPa K′
0 V0/cm3·g−1 ë�©z

Bi . 0—2.6 38.2 1.65 0.1019 [24]

Bi 0 2.7—7.7 53.0 4.00 0.0908 [24]

Bi 2 10—222
56.0 4.50 0.0887 [24]

54.7 4.90 0.0867 [10]

4 õ�G��§O�(J�?Ø

�
�yõ�G��§�k�5, �©é�
��ã?1
O�, ã 1 ´O�� P -T �.�¢
�(J'� (¢��LO���., :x��LO
�� Hugoniot �). �±wÑ, �©O����!
���.�·pØÿþ�$Ø« (� 10 GPa ±S)

¢�êâ [26,27] ÎÜ§Ý'�Ð. ¢�uy�.
��3�~Lz (dT /dP < 0), �©O�w«~Ø
eu)Lz��NÈ¥��� 3.4%, �¢�ÿ½
� 3.9%[15] �~�C. �â¢�(½�.-/-��
n�: (1.67 GPa, 464 K) �¤/��gdU?�
��Ñ�.-/��., � Klement � [26] �¢�
���~ÎÜ. ,	, ·�O��~§�=CØå
� 2.51 GPa, �©z [7] ��� 2.55 GPa Øå:�
���. �,©z [7] �Ñ, ��/�����m
��3k/ ′ �, Ù½«�3Lz�e (1.7 GPa,
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463 K NC), �du8c�vkéÙ(���[
��, Ïd3Ø�Ä�/ ′ ���¹e, ·�O�

/-���., Ù�Ç� (10.8 ± 0.3) GPa/K. d
u Klement � [26] ��.:�¢� [27,28] k�� 
�, �©é��0�gdU?��/-0�.�O
�æ^
©z [27] �½��.: (2.20, 458 K). '
u0!192���.O�I�`²�´, du
��0-1��C§Ý3,!ü§L§¥Ø��,

Ù�Ék�ØåOpO��ª³, 0-1-2n�
: (5.26 GPa, 447 K) ´ Klement � [26] �â¢�	
í���Cq�. ,	1��¬�(�8c��
E,�3Nõ�Æ [29,30], Ü©ïÄ@�0��2
�m��3õ��«. du"y¢�|±, �©3
O�¥vk�Äù
�E,��¹. �Ä�0-1
�!1-2�90-2���.O�"y��¢�ê
â'é, ÏdO�(J=��ë�, 3�ã¥þ±
J�L«. ØLéu1�Ú2�, �©þ±1-2-�
�n�: (3.82 GPa, 569 K) ¢��±9�����
�gdU��âmÐ�gdUO�, ÏdU
�y
ëê�Ün5, O�(J��¢�êâÎÜ�Ð.

©¥�9��Ün�:¢�êâ�uL 3.

L 3 ��n�:êâ

n�: P /GPa T /K ë�©z

.-/-�� 1.67 464 [26]

/-0-1 2.40 453 [26]

/-0-�� 2.20 458 [27]

/-1-�� 2.36 464 [26]

0-1-2 5.26 447 [26]

1-2-�� 3.80 569 [26]

3�pØå�� (220 GPa) S, 8c�"y�
õ��2-���.ÿþ��, ÏÃ{�*µd
pØ«Lz��O�°Ý. ØLlã 1 þw, O�
��2� Hugoniot ��Lz��:Øå� 31 GPa,

§Ý� 2643 K, ù�©z [31] ïÆ�ÀÂLzå
©Øå� 33 GPa '���, �±@�´é·�O
�(J����y. d	, O�w«��LzØå
� 44 GPa,§Ý 3398 K.

ã 2 ´O��~§�., /, 092��§Ø
 �, �±wÑ, O�� P -V �3o���«�
·pØ¢�êâ [13,14,24,32] ÑÎÜ�éÐ. éu�
/�, du§�½«�éÄ, ¢�êâ�~k�,

3�½T��G��§ëêAO´N�þ B0 �"

yë��â, Ï�ª��±Ó�÷v.-/��
/-0�ü��. [26,27] �¢�êâ�O.

ã 1 ���ã

ã 2 ~§���§Ø �

ã 3 O�
�����Ý�§ÝCz�, ¢
�ÿþêâd©z [33, 34] �Ñ. ©z [33] @�,

3 1013 K§Ýe�Ñy��Ýmä´d§ÝÚå
��-�(��C, ��(�¿Ø²(, �©3O�
¥r���w�´��½�, =�Ä
ü�G�
�§5?n.

ã 3 ����§Ý-�Ý�
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ã 4 �� Hugoniot �

ÀÂý9�ÿþ´ÄpØïÄ����¢
�Ãã [35]. ÀÂØ ¬¦á��9åÆG�d
ÀÂÅc�Ð©G��C�ÀÂÅ��p§pØ
G�, ÀÂý9�, = Hugoniot ��N
á�ÀÂ
Ø ����9åÆ²ï�5�, ´G��§ï
Ä¥��^AÏØ ´». ÏLÿþá��ÀÂ
Å�Ý D �Å�âf�Ý u, 2²d{üO�Ò
�±(½ÀÂØå PH = ρrDu, Ø 'N VH =

VR(D − u)/D, ª¥eI R L«ë�G� (Ï~�
~§~Ø). �©�G��§O��Ñ
?¿G�
eá��Øå P , 'N V , SU E �9åÆþ, ¦
)UþÅð�§ E − ER = (P + PR)(VR − V )/2,

=��ÑnØ� Hugoniot ;,. ã 4 ´O���
�ÀÂ Hugoniot ��¢� [16] é' (¢�L«2

� Hugoniot, J��L�� Hugoniot), (JL², n
Øý�Ä�þU
ÎÜ¢�êâ, ?�Úy²�©
�ï�G��§´Ün�.

5 ( Ø

�©ïÄÌ���Xe@£Ú(Ø.

1) æ^n�ªgdU�., �ï
��Ê��
�������õ�G��§, ©O�)eU!¬
�9�ÄgdU±9>f9-ugdUnÜ©, Ù
¥lf9�Ä�zæ^
©z [4]JÑ�²þ|³
¼ê�.O�.

2) G��§¥�9��.ëê��, O�L§
�ØE,, �Ñ����ã!�§Ø �!��
��Ý-§Ý'X±9ÀÂ Hugoniot �Ñ�¢�(
JÎÜ�Ð. (Ü®mÐ�â�O� [4] �±@�,

æ^�G��§�.·Üí2��õ�Cá��
�!�õ�A5ïÄ¥.

3) ���ã�~E,, �8c��éÙõ�E
,�«��/¤Ú�@£, Ïd�©=ÀJ
¢�
���é�õ�Ê��������mÐO�, d
u/-��, 0-1-2��m��(�9�.��8
cE,�3�õ�Æ, ù�O�L§¥�.:À�
±9�¢�(Jé'Ñ�5
�½(J. ¦+Xd,

·��O�(J�¢�êâ�ÎÜ�¹�´-<
÷¿�.
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Abstract

Element bismuth (Bi) will experience complex phase transitions under high temperature and high pressure, which means signifi-

cant changes in physical properties, such as density, energy, etc. Multiphase equations of states (EOSs) of both solid and liquid phases

for Bi are presented. The EOSs are based on the three-term expression for Helmholtz free energy, where the ion vibration free energy

is evaluated from the mean field potential model we recently proposed. The calculated results show that our multiphase EOSs can

well reproduce the experimental data, including phase diagram, isotherms of solid phases, density measurements of liquid phase and

shock-wave compression data, which proves the rationality of the parameter values and the universal nature of this model.
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