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�^�©O?Ø
4�XÚ�ü K�"�&Ò
DÑ�¢é��XÚ5U�K�. ÏL±��é{
ZXê3ØÓ��«m� Nyquist ­�, �Ñ
�
¢�4�XÚ­½5�'X, ¿�é�«�¹?1

ü ���A�¢~�ý. �ý(JL²
©Û

��(5.

2 ¯K£ã

�Äã 1 ¤«(��4�����XÚ:

ã 1 4�����XÚ(�

Ù¥ R(s) L«ë�&Ò, C(s) L«ÑÑ&Ò, U(s)
L«��&Ò, τ2 > 0 �&ÒDÑ�¢é��XÚ
�nÜ�A, Gp(s) �äk��XÚIO/ª��
�é�.

Gp(s) =
ω2

n

s2 + 2ζωns + ω2
n

, (1)

Ù¥ ωn > 0 L«Ã{Z��ªÇ, ζ L«�é{Z
Xê.

�¢'~��ì Gc(s) �£ã�

Gc(s) = ke−τ1s, (2)

Ù¥ k > 0 �'~��ìOÃ, τ1 > 0 ���O�
<����¢.

XÚ�m�D4¼ê�±L«�

G(s) = Gc(s) · e−τ2s · Gp(s)

=
ω2

nke−τs

s2 + 2ζωns + ω2
n

, (3)

Ù¥ τ = τ1 + τ2 �4�XÚ�o�¢. �±ÏL�
O<����¢ τ1 5UC τ ���, ?
UõX
Ú�­½5U.

XÚ (3) �ªÇA5�

G(jω) =
ω2

nke−jωτ

ω2
n − ω2 + jω2ζωn

. (4)

3 ­½5©Û

�4���XÚæ^ü K�"�, XÚ�4
�D4¼ê�±L«�

Φ(s) =
C(s)
R(s)

=
G(s)

1 + G(s)

=
ω2

nke−τs

s2 + 2ζωns + ω2
n + ω2

nke−τs
. (5)

� τ = 0 �, 4�XÚ�A��§�

s2 + 2ζωns + ω2
n + ω2

nk = 0, (6)

ÙA���

s = −ζωn ± ωn

√
ζ2 − 1 − k, (7)

d�ê­½�â�±��d�4�XÚ­½�¿
�^�´ ζ > 0.

±e·�©Û� τ > 0 �4�XÚ�­½5.

1) � ζ = 0 �, m�D4¼ê3m� s ²¡Ã
4:, d Nyquist ­½�â4�XÚ­½�¿�^
�´ Nyquist ­�Ø��½B��.: (−1, j0).

XÚm�D4¼ê�ÌªA5�

|G(jω)| =


ω2

nk

ω2
n − ω2

, 0 6 ω < ωn,

ω2
nk

ω2 − ω2
n

, ωn < ω < +∞,

(8)

XÚm�D4¼ê��ªA5�

∠G(jω) =

−ωτ, 0 6 ω < ωn,

−π − ωτ, ωn < ω < +∞,
(9)

,�éÑ¤k�4�I­��K¢¶��:. ��
 � −(2i + 1)π, i = 0, 1, 2, · · · ��3�:. Ïd,

�:ò¬�)uªÇ ωc: ωcτ = (2i + 1)π, 0 6 ωc < ωn,

ωcτ = 2iπ, ωn < ωc < +∞.
(10)

� 
 ( � Nyquist ­ � Ø � � ½ B � � .
: (−1, j0), 7 L � y 3 ª Ç � u ωc ? � Ì
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� |G(jωc)| �u 1, =
ω2

nk

ω2
n − (2i + 1)2π2/τ2

< 1, 0 6 ωc < ωn,

ω2
nk

4i2π2/τ2 − ω2
n

< 1, ωn < ωc < +∞.

(11)
nÜ±þü�^�¿b� k < 1, �±��U


¦XÚ­½��¢ τ ������
(2i + 1)π
ωn

√
1 − k

< τ <
2iπ

ωn

√
1 + k

, (12)

w,, þª�mý��u�ý, =Ø�ª (12) Ø¤
á, �d�4�XÚ´Ø­½�. ~X, � ωn = 1,

k = 0.1, τ = 1, K Nyquist ­�Xã 2 ¤«, 4�X
Ú�ü ���A­��ã 3.

ã 2 K�" ζ = 0 �XÚ� Nyquist ­�

ã 3 K�" ζ = 0 �XÚ�ü ���A­�

2) � ζ < 0 �, XÚm�D4¼ê�Ìª
A5�

|G(jω)| =
ω2

nk√
(ω2

n − ω2)2 + 4ζ2ω2
nω2

. (13)

XÚm�D4¼ê��ªA5�

∠G(jω) = − arctan
2ζωnω

ω2
n − ω2

− ωτ. (14)

éum�XÚ (3), ü�4:þ um� s ²
¡. �â Nyquist ­½�â, XÚìC­½�¿�
^�´ Nyquist ­�_���7 (−1, j0) :=ü�.

ùL²XJXÚ´ìC­½�, K�3�=�3ü
�ªÇ ω1 Ú ω2 (0 < ω1 < ω2 < +∞) ¦�Xe�
ü�L�ª¤á:

|G(jω1)| = |G(jω2)| = 1 (15)

Ú
∠G(jω1) < −(2i + 1)π < ∠G(jω2). (16)

ò (13) ª�\ (15) ª, �±��

ω1 = ωn

√
1 − 2ζ2 −

√
k2 − 4ζ2 + 4ζ4,

ω2 = ωn

√
1 − 2ζ2 +

√
k2 − 4ζ2 + 4ζ4.

(17)

5¿� (15), (16) Ú (17) ª, �â Nyquist ­½�â,

XJXÚ´ìC­½�, Ke�Ø�ª7L¤á:

|G(jω)| > 1, ω ∈ (ω1, ω2). (18)

Ø�ª (18) L², � ω ∈ (ω1, ω2) � |G(jω)| �
3�����. �â (13) ªéN´uy�3��
� max

ω∈(0,∞)
|G(jω)| �¿©7�^�´ ζ > − 1√

2
.

ÏLªÇA5 (4) ª, �� G(j0) = k > 0
Ú G(j∞) = 0. ùL²XJ��y |G(jω)| = 1 =�
3ü�) ω1 Ú ω2, K k < 1 7L¤á. �â (13) ª,

�¦XÚìC­½, (4) ª� Nyquist ­�7,k�
���� u ω ∈ (0,∞). ��� max

ω∈(0,∞)
|G(jω)|

�±éN´d (13) ªO��Ñ:

max
ω∈(0,∞)

|G(jω)| =
∣∣∣G(jωn

√
1 − 2ζ2)

∣∣∣
= − k

2ζ
√

1 − ζ2
. (19)

w, |G(jω)| ´'u ω ∈ (0,+∞) �]¼ê,

= |G(jω)| =k����� u ω ∈ (0,+∞). ,�
�¡, �â Nyquist ­½�â, Nyquist ­�_��
�7 (−1, j0) :=ü�I�÷v

max
ω∈(0,∞)

|G(jω)| > 1. (20)

Ï d, d (19) Ú (20) ª � ± � � k >

−2ζ
√

1 − ζ2. nÜ±þ�?Ø, �±��U
¦
4�XÚìC­½�ëê k ���«m, =

−2ζ
√

1 − ζ2 < k < 1. (21)
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�â (14), (16) Ú (17) ª, ��=�XÚ´ì
C­½�, ±eØ�ª7L¤á:

∠G(jω1) = − arctan
(

2ζωnω1

ω2
n − ω2

1

)
− ω1τ

< −(2i + 1)π,

∠G(jω2) = −arctan
(

2ζωnω2

ω2
n − ω2

2

)
− ω2τ

> −(2i + 1)π i = 0, 1, 2, · · · . (22)

þªL²
1
ω1

[
(2i + 1)π − arctan

(
2ζωnω1

ω2
n − ω2

1

)]
< τ <

1
ω2

[
(2i + 1)π − arctan

(
2ζωnω2

ω2
n − ω2

2

)]
,

(23)

Ù¥: i = 0, 1, 2, · · · , ��Ø�ª (23) mýØ2�
u�ý.

~ X, � ωn = 1, k = 1, τ = 1, ζ = −1,

K Nyquist ­��ã 4, 4�XÚ�ü ���
A­��ã 5.

ã 4 K�" ζ < 0 �Ø­½XÚ� Nyquist ­�

ã 5 K�" ζ < 0 �Ø­½XÚ�ü ���A­�

, � � ¡, � ωn = 1, k = 0.1, τ = 6,

ζ = −0.01, K Nyquist ­��ã 6. �A/, 4�
XÚ�ü ���A­�Xã 7 ¤«.

ã 6 K�" ζ < 0 �­½XÚ� Nyquist ­�

ã 7 K�" ζ < 0 �­½XÚ�ü ���A­�

3) � ζ > 0 �, m�D4¼ê3m� s ²¡Ã
4:, d Nyquist ­½�â4�XÚ­½�¿�^
�´ Nyquist ­�Ø��½B��.: (−1, j0).

~ X, � ωn = 1, k = 1, τ = 1, ζ = 1,

K Nyquist ­�Xã 8, 4�XÚ�ü ���
A­�Xã 9 ¤«.

�XÚØ­½�, e Nyquist ­��±�I�
:��%�ü �kü��:, K�â±e�ª

|G(jω)| =
ω2

nk√
(ω2

n − ω2)2 + 4ζ2ω2
nω2

= 1, (24)

�±¦��:ªÇ�

ω1 = ωn

√
1 − 2ζ2 +

√
k2 − 4ζ2 + 4ζ4,
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ω2 = −ωn

√
1 − 2ζ2 +

√
k2 − 4ζ2 + 4ζ4, (25)

−∞ < ω2 < 0 < ω1 < +∞.

d ∠G(jω) = − arctan
2ζωnω

ω2
n − ω2

− ωτ , K±e

Ø�ª¤á

− arctan
2ζωnω1

ω2
n − ω2

1

− ω1τ

6 −π 6 − arctan
2ζωnω2

ω2
n − ω2

2

− ω2τ. (26)

ã 8 K�" ζ > 0 �­½XÚ� Nyquist ­�

ã 9 K�" ζ > 0 �­½XÚ�ü ���A­�

�â (26) ª, ·��±¦��XÚØ­½�,

�¢ τ ������

1
ω1

(
π − arctan

2ζωnω1

ω2
n − ω2

1

)
6 τ ⇔ 1

ω2

(
π − arctan

2ζωnω2

ω2
n − ω2

2

)
6 τ, (27)

(27) ª�mü>�Ø�ª´�d�.

~ X, � ωn = 1, k = 2, τ = 2, ζ = 1,

K Nyquist ­��ã 10 ¤«, 4�XÚ�ü �
��A­��ã 11.

ã 10 � Nyquist ­��ü �kü��:�Ø­½XÚ
� Nyquist ­�

ã 11 � Nyquist ­��ü �kü��:�Ø­½XÚ�ü
 ���A­�

XJ Nyquist ­��±�I�:��%�ü 
�ko��:, K�â±e�ª

|G(jω)| =
ω2

nk√
(ω2

n − ω2)2 + 4ζ2ω2
nω2

= 1, (28)

�±¦��:ªÇ�

ω1 = ωn

√
1 − 2ζ2 −

√
k2 − 4ζ2 + 4ζ4,

ω2 = ωn

√
1 − 2ζ2 +

√
k2 − 4ζ2 + 4ζ4, (29)

0 < ω1 < ω2 < +∞.

d ∠G(jω) = − arctan
2ζωnω

ω2
n − ω2

− ωτ , K±e

Ø�ª¤á

− arctan
2ζωnω2

ω2
n − ω2

2

− ω2τ
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6 −(2i + 1)π 6 − arctan
2ζωnω1

ω2
n − ω2

1

− ω1τ. (30)

�â (30) ª, ·��±¦��XÚØ­½�,

�¢ τ ������

1
ω2

[
(2i + 1)π − arctan

2ζωnω2

ω2
n − ω2

2

]
6 τ 6 1

ω1

[
(2i + 1)π − arctan

2ζωnω1

ω2
n − ω2

1

]
, (31)

ã 12 � Nyquist ­��ü �ko��:�Ø­½XÚ
� Nyquist ­�

Ù¥: i = 0, 1, 2, · · · , ��Ø�ª (31) mýØ2�
u�ý.

~ X, � ωn = 1, k = 0.5, τ = 1, ζ = 0.1,

K Nyquist ­��ã 12, 4�XÚ�ü ���
A­��ã 13.

ã 13 � Nyquist ­��ü �ko��:�Ø­½XÚ�ü
 ���A­�

4 ( Ø

3²;ÑÑ�"��nØ¥, Ï~æ^K�
" (=��å����É�XÚ$Ä����), �
�æ^�¢ÑÑK�"5	½�5�ÄXÚ�Ø
­½$Ä�¬uy, �k����"OÃ½ö��
��¢þâU�Ð/¢y��8I, 
�OÃ¿�
X��¢yI��Uþ. �©�é��é�äk�
�XÚIO/ª���XÚ?1
­½5©Û, ?
Ø
4�XÚ�ü K�"�&ÒDÑo�¢é
��XÚ5U�K�. ÏL±��é{ZXê3Ø
Ó��«m� Nyquist ­�, �Ñ
�¢�4�X
Ú­½5�'X. aq/, ��±©Û�¢éÑÑ
��"4�XÚ����J. Ï"�©�ïÄ(J
�±�¢SXÚ��Ä��Jø#�g´, ��©
�(Øé���ÄåXÚ´Ä¤á�k�?�Ú
ïÄ.
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Analysis on positive effect of time-delay on a class of
second-order oscillatory systems with unit

negative feedback∗
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Abstract

The stability analysis on a class of oscillatory systems whose controlled object has a standard form of second-order systems is

presented. The effect of the signal transmission delay on the performance of the closed loop control system with unit negative feedback

is discussed. The relationship between the time-delay and the stability of closed loop control system is obtained via drawing and

analyzing the Nyquist plots in the different regions of the relative damping coefficient. The simulation example of unit step response

for each case is processed and the simulation results show that the analysis is correct.
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