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1 Ú ó

Kuramoto-Sivashinsky �§´ÔnÆ¥�a­
��p���5üz�§. T�§d Kuramoto
Ú Tsuzuki[1] ±9 Sivashinsky[2] JÑ, §äk·b
)¿3k��m�Ðy��·by� [3]. ·b)´
£ã(½5XÚ3�l²ï�äk·by���
«) [4], T)q�´�Å�L§, §Ø´�«6�,
3¿©��m�, ù«Ø5KA5E,�3. lÔ
nþw, ·b)U
w«Ñ(½5XÚ�S3�Å
5. éu Kuramoto-Sivashinsky �§�·b), §�
±£ãé6�6Ä!�¡þ6N6Ä!»�c¹
DÂ� [5−7] Ôny�.

XJ Kuramoto-Sivashinsky �§�)Û)�
3, @oÏL)Û)Ò�±
)E,�Ôny�
ÚÄåÆL§. Cc5, NõÆöé Kuramoto-
Sivashinsky � § � ) Û ) � 
 � þ ï Ä. 2000
c, Fan[8] $^V­��¼ê{��
 Kuramoto-
Sivashinsky �§�)Û). 2003 c, Peng[9] æ^õ

�ªÐm{��
 Kuramoto-Sivashinsky ��f).
2007 c, Nickel[10] ÏL(ÜV­��¼ê{Úõ
�ªÐm{q��
 Kuramoto-Sivashinsky �§�
�|1Å). ,
 Kuramoto-Sivashinsky �§�)
Û)�34�ê�¹e�3, �Ü©�¹�U?1
ê�¦).

Ã ü � Galarkin[11,12] (element-free Glarkin,
EFG) �{´Cc5uÐå5��«Ã��ê��
{. T�{æ^£Ä���¦ (moving least squares,
MLS) �{é��¼ê?1Cq, äkg·A5
r!´u�Ep���Cq¼ê!O�°Ýp
Ú­½5Ð�`:. �´ò EFG �{A^u¦
)p���5 �©�§%�~(J, 8c�k
�þén���5 Korteweg-de Vries (KdV) �§
9 Korteweg-de Vries-Burgers (KdVB) �§¦)�
�'©z [11,12], ÿ���éo���5 Kuramoto-
Sivashinsky � § ? 1 ê � � [ � � ' © z. Ù
�Ï3uæ^DÚõ�ªÄ¼ê� EFG �{¦
) Kuramoto-Sivashinsky �§�, dupgÄ¼ê
�$^¦�/¼ê��
��5^� [13], l
�
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¦ê�(J�ý. ,
Ó��¯K��3uÄuØ
Cq�Ã���{. �éd¯K, ©z [13] JÑ

�«²£õ�ªÄ¼ê, ¿òÙ$^�ÄuØCq
�k���{ (finite cloud method, FCM) ¥, )û

��5^��¯K.

�ud, �©}Áò²£õ�ªÄ¼êí2A
^�Äu£Ä���¦Cq� EFG �{¥, �Ñ
æ^DÚ EFG �{�/¼ê����5^�¯K,
)û¦)p��§����(J, ¿éäk1Å)
Ú·by�� Kuramoto-Sivashinsky �§?1
ê
��[.

2 EFG �{�Ä��n

EFG �{´�«Äu Galerkin �n�Ã��
�{, æ^£Ä���¦�{é��¼ê?1C
q [11,12]. T�{���Äu�mlÑ:é¼êC
q, d�ØI�é¦)«�?1��y©.

2.1 £Ä���¦Cq

��¦|¼ê u(x) 3 x ?� MLS CqL�
ª�

uh(x) =
m∑

j=1

pj(x)aj(x) = pT(x)a(x), (1)

Ù¥ m �Ä¼ê�ê, p(x) �Ä¼ê�þ, a(x)
��½Xê��©þ�¤��þ.

�
(½�½Xê a(x), éu%C¼ê uh(x)
�lÑ\� L2 �ê�

J =
N∑

i=1

w(x − xi)
[
pT(xi)a(x) − ui

]2
, (2)

Ù¥ N �!:ê8, ui = u(xi) �¼ê3!: xi

�¼ê�, w(x − xi) �!:�¼ê. �©�
�y
�¼êp��ê�ëY5, �og�^¼ê, =

w(x − xi) = w(r)

=


1 − 6r2 + 8r3 − 3r4, r 6 1,

0, r > 1.

�¦ L2 �ê����, =�¦
∂J

∂a
= A(x)a(x) − B(x)U = 0, (3)

��
a(x) = A−1(x)B(x)U , (4)

Ù¥

A(x) =
N∑

i=1

w(x − xi)p(xi)pT(xi),

B(x) = (w(x − x1)p(x1), w(x − x2)p(x2),

· · · , w(x − xN )p(xN )),

U = (u1, u2, · · · , uN )T,

ò (4) ª�\� (1) ª, ��

uh(x) = pT(x)A−1(x)B(x)U

= ΦT(x)U , (5)

Ù¥

ΦT(x) = (φ1(x), φ2(x), · · · , φN (x))

= pT(x)A−1(x)B(x).

� � � ¹ e, d MLS � E � / ¼ ê Ø ÷
v Kronecker delta ^�, = ϕi(xj) 6= δij , Ïd>.
^�ØU��¢�. �©¤k�~þæ^ Lagrange
¦f{ [14] ?n��>.^�.

2.2 Ä¼ê�À�

Ä¼ê P T(x) �À�é%C¼ê�°Ýk­
�K�, ���m¥, Ä¼ê P T(x) ����Xe
DÚõ�ªÄ¼ê:

� �5Ä pT(x) = (1, x), m = 2;

� �gÄ pT(x) = (1, x, x2), m = 3;

� ngÄ pT(x) = (1, x, x2, x3), m = 4.

�
ép� �©�§U
?1O(�ê�
�[, I�æ^pgõ�ªÄ¼êé��¼ê?1
ê�%C; 
�)ûpFÝ¯K�, ��I�é¯
K�pFÝ«�?1!:\�. ,
�æ^ùü«
�Y�, /¼ê��
��5^� [13], ��ê�(
J�ý. ©z [13] �éd¯KJÑ
�«²£õ
�ªÄ¼ê, ¿òÙ$^�ÄuØCq� FCM, )
û
/¼ê���5¯K. �©ò²£õ�ªÄ¼
êí2A^�Äu£Ä���¦Cq� EFG �{.
���m¥, ²£õ�ªÄ¼ê/ªXe:

� �5Ä pT(x) = (1, x − x̄), m = 2;

� �gÄ pT(x) = (1, x − x̄, (x − x̄)2),

m = 3;

� ngÄ pT(x) = (1, x − x̄, (x − x̄)2,
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(x − x̄)3),m = 4;

Ù¥ x̄ �O�:.

3 MLS /¼ê���5©Û

/¼ê���5éu�Ep°Ý�Cq¼ê
�~­�, §L«T/¼ê¤U
2)Ñ���
õ�ª�ê. MLS Cq¼ê���5�ûuÄ¼
ê¤�¹���ü�ª�ê. ���m¥, X�
��ü�ª�ê� k, KT/¼êPk Ck ��5,
= uh(x) =

∑
φj(x)xn

j = xn
j , Ù¥ n = 0, 1, · · · , k.

¦+DÚõ�ªÄ¼ê�²£õ�ªÄ¼ê3n
Øþ´�d� [13], ,
3ê�O��%�3é�
�É.

�
u� EFG �{©Oæ^þãü«Ä¼ê
�, /¼ê÷v��5^���¹, L 1 �Ñ
n
gÄ¼ê3«m [0, 1] þ���5^��'�(J,
Ù¥ φj,x, φj,xx, φj,xxx ©OL« φj ����ê, �
��êÚn��ê.

L 1 ØÓÄ¼êe÷v��5^��¹'�

!:
∑

φj,x xj = 1
∑

φj,xxx2
j = 2

∑
φj,xxxx3

j = 6

ê8 DÚÄ ²£Ä DÚÄ ²£Ä DÚÄ ²£Ä

21 1 1 2.00095 2 6.08612 6

41 1.00027 1 1.54359 2 –247.84 6

81 0.99618 1 49.3584 2 82254.8 6

161 5.23139 1 –14254 2 –2.42×107 6.00003

321 –13.964 1 51971.7 2 –4.08×107 5.99991

641 366.704 1 210869 2 4.168×109 6.00043

1281 11.19 1 341376 2 2.193×109 6.03204

dL 1 �'�(J�±wÑ, �!:ê8O\
�, æ^DÚõ�ªÄ¼ê� EFG �{, /¼ê�
�
��5^�, ¿�éu���!:Ù�, /¼
ê�ê��ê�p, /¼ê���5�J±��÷
v; 
æ^²£õ�ªÄ¼ê� EFG �{K3!
:ê8�õ�, E,÷v/¼ê���5^�.

L 1 �(JL²: EFG �{æ^²£õ�ªÄ
¼ê, ÷v
/¼ê���5^�. ¿�, �Y�ê
��~EòL² EFG �{æ^²£õ�ªÄ¼ê
�, U
�±�p�ê�O�°Ý. �©�Y¤k
�~þæ^ng²£õ�ªÄ¼ê.

4 ���§lÑ

�ÄXe/ª� Kuramoto-Sivashinsky �§

ut + u
∂u

∂x
+ a

∂2u

∂x2
+ b

∂4u

∂x4
= 0,

x ∈ [x1, x2], (6)

Ð©^�: u(x, 0) = f(x),
>.^�: u(x1, t) = ū1, u(x2, t) = ū2,

Ù¥ a, b �?¿�"¢~ê.

(6) ª¤éA� Galenkin r)È©L�ª�∫
Ω

{
ut + u

∂u

∂x
+ a

∂2u

∂x2
+ b

∂4u

∂x4

}
δudΩ = 0, (7)

Ù¥ δu ���¼ê u �C©.

é (7) ª?1©ÜÈ©�� (6) ª�f)È©
L�ª� ∫

Ω

{
utδu + u

∂u

∂x
δu − a

∂u

∂x

∂(δu)
∂x

−b
∂3u

∂x3

∂(δu)
∂x

}
dΩ = 0, (8)

Ù¥ Ω �¦)«�.

d (5) ª�� u(x) �Cq¼ê9Ù �ê�

uh(x, t) =
N∑

i=1

φi(x)ui(t)

= Φ(x)U(t), (9)

∂uh(x, t)
∂t

=
∂

∂t

N∑
i=1

φi(x)ui(t)

=
N∑

i=1

φi(x)
∂ui(t)

∂t
= Φ(x)U̇(t), (10)

∂uh(x, t)
∂x

=
∂

∂x

N∑
i=1

φi(x)ui(t)

=
N∑

i=1

φi,x(x)ui(t) = Φx(x)U(t), (11)

∂2uh(x, t)
∂x2

=
∂2

∂x2

N∑
i=1

φi(x)ui(t)

=
N∑

i=1

φi,xx(x)ui(t) = Φxx(x)U(t),

(12)

∂3uh(x, t)
∂x3

=
∂3

∂x3

N∑
i=1

φi(x)ui(t)
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=
N∑

i=1

φi,xxx(x)ui(t) = Φxxx(x)U(t),

(13)

Ù¥

U(t) = (u1(t), u2(t), · · · , uN (t))T,

U̇(t) =
(

∂u1(t)
∂t

,
∂u2(t)

∂t
, · · · ,

∂uN (t)
∂t

)T

,

Φ(x) = (φ1(x), φ2(x), · · · , φN (x)),

Φx(x) =
(

∂φ1(x)
∂x

,
∂φ2(x)

∂x
, · · · ,

∂ϕN (x)
∂x

)
,

Φxx(x) =
(

∂2φ1(x)
∂x2

,
∂2φ2(x)

∂x2
, · · · ,

∂2ϕN (x)
∂x2

)
,

Φxxx(x) =
(

∂3φ1(x)
∂x3

,
∂3φ2(x)

∂x3
, · · · ,

∂3φN (x)
∂x3

)
,

ò (9) ª —(13) ª�\ (8) ª, δu � u �gÓ�¼
ê�m, du (8) ªé ∀δu ¤á, �I� δu = φi(x),
i = 1, 2, · · · , N , ��

KU̇(t) + (G + H)U(t) +
∫

Ω

u
∂u

∂x
ΦT(x)dΩ = 0,

(14)
Ù¥ K, G Ú H � N × N Ý
, Ù1 i 1, 1 j �
��©O�

Kij =
∫

Ω

φiφjdΩ,

Gij = −a

∫
Ω

φi,xφj,xdΩ,

Hij = −b

∫
Ω

φi,xφj,xxxdΩ.

æ^ Crank-Nicolson �ªé (14) ª?1�m
lÑ, ��XelÑ�ª

K
Un+1 − Un

∆t
+ (G + H)

Un+1 + Un

2

+
∫

Ω

ΦT(x)
(uux)n+1 + (uux)n

2
dΩ

= 0, (15)

Ù ¥ ∆t � � m Ú �, Un = U(n∆t) =
(u1(n∆t), u2(n∆t), · · · , uN (n∆t))T.

��5� (uux)n+1 |^XeCq?1�5z
?n [12]

(uux)n+1 = un+1un
x + unun+1

x − unun
x , (16)

ò (9), (11) Ú (16) ª�\ (15) ª, ��

K
Un+1 − Un

∆t
+ (G + H)

Un+1 + Un

2

+ (R + W )Un+1 = 0, (17)

Ù¥ R Ú W � N × N Ý
, Ù1 i 1, 1 j ��
�©O�

Rij =
∫

Ω

(ΦxUn)
2

φiφjdΩ,

Wij =
∫

Ω

(ΦUn)
2

φiφj,xdΩ.

5 ê��~

�!æ^²£Ä EFG �{, ©Oéäk1
Å)� Kuramoto-Sivashinsky �§ [15] Ú·by�
� Kuramoto-Sivashinsky[15] �§?1
ê�O�.

�
�	�©�{�O�°Ý, Ú\Xe L2

�êØ�

L2 =
∥∥u − uh

∥∥
2

=
(∫

Ω

(u − uh)2
)1/2

. (18)

���~~~ 1 �Ä�§ (6) ¥ a = −1, b = 1 ��
¹, d��§äk1Å) [15]

u(x, t) = c +
15

19
√

19
[−3 tanh (k (x − ct − x0))

+ tanh3 (k (x − ct − x0))
]
,

Ù¥ c, k, x0 ��|~ê; c ´Å�, k ´Åê, x0 �
Å�Ð© �.

T�~�Ð�Ú>���â)Û)O(��.
O���O�«�� [−30, 30], 3O�«�Sþ!
Ù� 121 �!:, 3z�ü�þæ^n: Gauss È
©, �mÚ��� 0.05 s. ã 1 Úã 2 �Ñ EFG �{
3ëê� c = 5, k = 1/2

√
19, x0 = −10 �ê��

[(J. ��©z(J?1'�, L 2 �Ñ
3ë
ê� c = 0.2, k = 1/2

√
19, x0 = −10 �, EFG �{

Ú©z [14] ¥æ^EÜ�g (multi-quadtic, MQ) ¼
ê!�^Ä (spline basis, SP) ¼ê!���^ (thin
plate spline, TPS) ¼êÚpd (Gaussian, GA) ¼ê
ùo«»�Ä¼ê (radial basic function, RBF) �{
�O�Ø�.

dã 1 ��, �©JÑ� EFG �{¦��ê
�)�)Û)�~¬Ü, 
���±wÑ���
��Å/må�±��, l
�y
Å3±ð½
�Ý�mDÂ; d	��±|^ü���Å/�
m�Y²ålO�ÑÅ���� 5, ù�nØÅ
� c = 5 ���. ã 2 w«
�© EFG �{U

éÐ/�[ Kuramoto-Sivashinsky �§£ã�ÅÄ
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üzL§, 
�3üzL§¥Å�/GA�Øu
)UC. dL 2 ¥� L2 Ø��ê��, � RBF �

ã 1 ØÓ�� EFG �{�ê�)�)Û)'�

ã 2 ØÓ�� EFG �{ê�)�üzã

{�', �©JÑ� EFG �{äk�p�ê�O
�°Ý.

L 2 EFG �{� RBF �{3ØÓ���O�Ø�

�m/s 0.1 0.3 0.5 0.7 1.0

EFG L2 7.761×10−7 1.627×10−6 2.185×10−6 2.615×10−6 3.127×10−6

MQ

L2 1.706×10−4 2.649×10−4 3.422×10−4 6.156×10−4 5.049×10−4

SP

RBF L2 9.787×10−5 8.515×10−5 7.271×10−5 2.662×10−5 4.585×10−5

TPS

L2 1.649×10−3 3.971×10−3 6.879×10−3 1.057×10−2 1.675×10−2

GA

L2 6.781×10−3 1.745×10−2 2.622×10−2 3.389×10−2 4.501×10−2

���~~~ 2 �Ä�§ (6) ¥ a = 1, b = 1 ��¹,
æ^©z [15] �Ñ� Gauss Ð©^�Ú>�^�

u(x, 0) = exp(−x2),

u(a, t) = u(b, t) = 0,

T�~3k��m«�Ðy·by�. O��,
éT�~3¦)«� [−30, 30] Sþ!Ù� 201 �
!:, z�ü�þæ^n: Gauss È©, �mÚ�
�� 0.1 s. O�(JXã 3— ã 4 ¤«.

ã 3 EFG �{3ØÓ���·b) (a) t = 0 s; (b) t = 5 s; (c) t = 20 s

230204-5
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ã 4 EFG �{3ØÓ��·b)���üzL§

ã 3 �Ñ
 EFG �{3 t = 0, 5, 20 s ���·
b), ã 4 �Ñ
 EFG �{3ØÓ��·b)��
�üzL§. dã 3!ã 4 ��, �X�m�í?,

ê�)ÅìÐy·by�, w«
Âñ�·b1�.
�
�©z(J'�, ã 5 Úã 6 �Ñ
©z [15]
¥æ^ RBF �{�O�(J, Ù¥ã 5 � RBF �
{3 t = 0, 5, 20 s ���·b), ã 6 � RBF �
{3ØÓ��·b)���üzL§. òã 3 Ú
ã 5!ã 4 Úã 6 ?1é', ���© EFG �{�
©z [15] ¥ RBF �{���·by�¬Ü. �u
� EFG �{�ê�O�°Ý, L 3 �Ñ
� t = 5,
10 Ú 15 s �, EFG �{Ú RBF �{�O�(J. d
L 3 ��, EFG �{�O�(J� RBF �{�O
�(J¬Ü.

ã 5 RBF �{3ØÓ���·b) (a) t = 0 s; (b) t = 5 s; (c) t = 20 s

ã 6 RBF �{3ØÓ��·b)���üzL§

�?�Ú©Û��müz�·b1�, ã 7 �

Ñ
 EFG �{3 t = 50, 100, 200 s ���·b
)§ã 8 �Ñ
3�m«m� [100 s, 200 s], EFG
�{·b)���üzL§.

dã 7 ��, �X�m�í?, ·b)Åì
ªu “­½”, =3k��m«�, ·b)m©�
7 x = 0 ��O��, ����Ì��­½3�m
«� [−3, 3], ÐyÑ�Å5��±Ï·b$Ä. ã 8
�ß/w«
��müz�, ·b���Ã5KA
5E,�3�k�½��Å5, �ù«Ã5K$Ä
¿�,ÏÃÙ.

ã 7 EFG �{3ØÓ���·b) (a) t = 50 s; (b) t = 100 s; (c) t = 200 s
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L 3 EFG �{� RBF �{3ØÓ���O�(J

x
t = 5 s t = 10 s t = 15 s

EFG RBF EFG RBF EFG RBF

–15 0.0115 0.0116 0.01293 0.0152 –0.4332 –0.4256

–12 –0.0424 –0.0424 –0.2334 –0.2357 –0.4998 –0.5086

–9 0.1068 0.1062 0.5273 0.5274 1.2123 1.2170

–6 –0.1249 –0.1234 –0.6283 –0.6278 –1.6440 –1.6457

–3 –0.3348 –0.3365 –0.6533 –0.6536 –0.0602 –0.0556

0 0.6407 0.6394 0.0522 0.0492 –0.4692 –0.4700

3 0.6153 0.6177 1.7267 1.7250 0.3740 0.3643

6 –0.4063 –0.4061 –0.7864 –0.7862 1.8335 1.8439

9 0.1827 0.1829 0.3488 0.3526 –1.1055 –1.1041

12 –0.0508 –0.0511 0.2069 0.2026 1.6621 1.6619

15 0.01073 0.0110 –0.1784 –0.1756 –0.7048 –0.7100

�©ÛO�«�é·b1��K�, ã 9 �
Ñ
3«� [−50, 50] S, EFG �{3 t = 50, 100,
200 s ���·b), ã 10 �Ñ
3«� [−70, 70]

S, EFG �{3 t = 50, 100, 200 s ���·b).

ã 8 EFG �{3�m«m� [100 s, 200 s] �·b)��mü
zL§

òã 7, ã 9 Úã 10 ?1é'��, �XO�
«��O�, ·b����ÌÑ�O�, ¿���
Å�²þÅ�Cá, l
·b��Ly/�\ì�.
ù
·by��©z [16] ¥£±�·by�¬Ü.

ã 9 EFG �{3ØÓ���·b) (a) t = 50 s; (b) t = 100 s; (c) t = 200 s

ã 10 EFG �{3ØÓ���·b) (a) t = 50 s; (b) t = 100 s; (c) t = 200 s

6 ( Ø

�©ïá
Äu²£õ�ªÄ¼ê� EFG
� {, Ï L ê � ¦ ) ä k 1 Å ) Ú · b y �
� Kuramoto-Sivashinsky � § ü � � ~, � � X

e(Ø:

(1) �æ^DÚõ�ªÄ¼ê� EFG �{�
', æ^²£õ�ªÄ¼ê� EFG �{÷v
/¼
ê���5, Ï
;�
DÚ EFG �{¦)�/
¼ê����5¤���(J�ý;
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(2) æ^²£õ�ªÄ¼ê� EFG �{Ø�
�éäk1Å)� Kuramoto-Sivashinsky �§?1
°(�ê��[, éÐ/£ã
�§�ÅÄüzL
§, �ÑÅ±ð½�ÝDÂ�(Ø; 
��±ýÿ

Ñ Kuramoto-Sivashinsky �§¥�E,�·by�;
(3) � RBF �{�', æ^²£õ�ªÄ¼ê

� EFG �{¦) Kuramoto-Sivashinsky �§, Ùê
�O�°Ý�p.
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The element-free Galerkin method based on
the shifted basis for solving the Kuramoto-

Sivashinsky equation∗
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Abstract

The Kuramoto-Sivashinsky equation is a kind of high-order nonlinear evolution equation which can describe complicated chaotic

nature. Due to the existence of high-order derivatives in the equation, the shape functions violate the consistency conditions when using

traditional element-free Galerkin method which adopts high-order polynomial basis functions to construct the shape functions. In order

to solve the problems encountered in the traditional element-free Galerkin method, a kind of element-free Galerkin method adopting the

shifted polynomial basis functions is presented in this paper. Compared with the traditional element-free Galerkin method, the Galerkin

principle is still used to discrete the equation in this method, but the shape functions are constructed by moving least squares based on

the shifted polynomial basis functions. Numerical results for the Kuramoto-Sivashinsky equation having traveling wave solution and

chaotic nature prove the validity of the presented method.

Keywords: element-free Galerkin, Kuramoto-Sivashinsky equation, shifted polynomial basis functions, chaotic
nature
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