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1 Ú ó

Ï¦ÄåÆXÚ�é¡5�Åðþ, ´<�

)ÄåÆXÚ���g�$Ä5Æ�å»��©
^é¡5nØ5ïÄåÆXÚ�Åðþ´C�ê
Æ!åÆÚÔnÆ����uÐ��©gl 1918

c Noether ½n [1,2] ¯­±5, ÄåÆXÚ�é
¡5�Åðþ3y��ÆEâ¥u�
­���
^©Cc5, ÄåÆXÚ� Noether é¡5!Lie é
¡5Ú Mei é¡59ÙÅðþ�ïÄ/¤
��
9:, ��
�X�­��¤J [3−14]©

p*�ååÆXÚ�C�é¡5nØ, Ñ´ò
åÆXÚ�$Ä�©�§ (½�^þ!½ÄåÆ¼
ê) N���/�$Ä�©�§ (½�^þ!½Ä
åÆ¼ê), Ï
�/ØC5´ïÄ�ååÆXÚ
é¡5��«­��{©1997 c, �ÛdÆö Gal-

iullin � [15] ïÄ
 Birkhoff XÚ��/ØC5,

2008 c±5, ·IÆö3 Lagrange XÚ!Hamilton

XÚ!����åÆXÚ!Birkhoff XÚ!Å>X
Ú!C�þåÆXÚ!�é$ÄÄåÆXÚ� Lie

é¡5½ Mei é¡5��/ØC5�Åðþ��

¡�
�þ�ó� [16−35]©8c, �5�õ�Æö
�'5ù�+��uÐ©

���XÚ�ÄåÆ�§'��XÚ��E
,, Ùé¡5�Åðþ�ïÄ�'��XÚ��
(J©���XÚ�é¡5�ÅðþnØg,·
Ü��XÚ©©z [36] ïÄ
���XÚ Lie é
¡5��/ØC5, �©ïÄ Chetaev .���X
Ú Mei é¡5��/ØC59XÚ�Åðþ©

2 Chetaev . � � � X Ú � $ Ä �
©�§

�åÆXÚ� /d n �2Â�I qs(s =

1, · · · , n) 5(½, L = L(t, q, q̇) �XÚ� Lagrange

¼ê, Qs = Qs(t, q, q̇) ��³2Âå, XÚ�$Ä
Ék g �*d�N�Õá�V¡n� Chetaev .�
���å

fβ(t, q, q̇) = 0, (β = 1, · · · , g), (1)
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�å (1) \3J £ δqs þ� Chetaev ^��
∂fβ

∂q̇s
δqs = 0, (2)

Chetaev .���XÚ�$Ä�©�§L«�

Es(L) = Qs + λβ
∂fβ

∂q̇s
, (s = 1, · · · , n), (3)

ª¥ Es =
d
dt

∂

∂q̇s
− ∂

∂qs
� Euler �f, λβ ��

å¦f. 3$Ä�©�§È©�c�¦Ñ λβ �
� t, q, q̇ � ¼ ê, = λβ = λβ(t, q, q̇). ^ Λs =

Λs(t, q, q̇) = λβ(t, q, q̇)
∂fβ

∂q̇s
L«2Â����å

�å, K�§ (3) �L«�

Es(L) = Qs + Λs, (4)

�§ (4) ¡����XÚ (1)—(3) �A���XÚ
�$Ä�©�§. Ðm (4) ª��

Es(L) − Qs − Λs

=
∂2L

∂q̇s∂q̇k
q̈k +

∂2L

∂q̇s∂qk
q̇k +

∂2L

∂q̇s∂t
− ∂L

∂qs

−Qs − Λs = 0. (5)

�XÚ�ÛÉ, = D = det
(

∂2L

∂q̇s∂q̇k

)
6= 0, ^ Msk

L«Ý
�� ∂2L/∂q̇s∂q̇k �{Ïf, Kd (5) ª�
¦�2Â\�Ý

q̈s=
Mks

D

(
∂L

∂qk
− ∂2L

∂q̇k∂t
− ∂2L

∂q̇k∂qj
q̇j +Qk+Λk

)
,

(6)

Ù¥ Mks � Msk �=�. (6) ª{��

q̈s = αs(t, q, q̇) , (s = 1, · · · , n). (7)

3 �A��XÚ Mei é¡5��/Ø
C5

��Ä�§ (4) �é¡5, ��m t Ú2Â�
I qs �Ã��üëêC�+

t∗ = t + εξ0(t, q, q̇), q∗s(t∗) = qs(t) + εξs(t, q, q̇),

(8)

Ù¥ ε �Ã��ëê, ξ0, ξs �+�Ã��C��
)¤�½)¤¼ê©

Ú\Ã��)¤��þ

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs
, (9)

Ù�g*Ð

X(1) = X(0) + (ξ̇s − q̇sξ̇0)
∂

∂q̇s
. (10)

b�²{Ã��C� (8) ª�, Lagrange ¼

ê L C� L∗, 2Âå Qs C� Q∗
s , 2Â����å

�å Λs C� Λ∗
s , �å fβ C� f∗

β , k

L∗ = L(t∗, q∗,
dq∗

dt∗
)

= L(t, q, q̇) + εX(1)(L) + o(ε2), (11)

Q∗
s = Qs(t∗, q∗,

dq∗

dt∗
)

= Qs(t, q, q̇) + εX(1)(Qs) + o(ε2), (12)

Λ∗
s = Λs(t∗, q∗,

dq∗

dt∗
)

= Λs(t, q, q̇) + εX(1)(Λs) + o(ε2), (13)

f∗
β = fβ(t∗, q∗,

dq∗

dt∗
)

= fβ(t, q, q̇) + εX(1)(fβ) + o(ε2). (14)

XJ^C���ÄåÆ¼ê L∗, Q∗
s , Λ∗

s , f∗
β �OC

�c�ÄåÆ¼ê L, Qs, Λs, fβ �, �§�/ª�
±ØC, K¡ù«ØC5� Mei é¡5©�§ (4)

� Mei é¡5½Â�

Es(L∗) = Q∗
s + Λ∗

s, (15)

�§ (1) � Mei é¡5½Â�

fβ(t∗, q∗,
dq∗

dt∗
) = 0. (16)

ò (11)—(13) ª�\ (15) ª, �Ñp��þ, ¿|
^�§ (4), ���� Chetaev .���XÚ�A�
��XÚ Mei é¡5�(½�§

{Es[X1(L)] − X(1)(Qs + Λs)}
∣∣
Es(L)=Qs+Λs

= 0. (17)

½½½ ÂÂÂ 1 X J Ã � � C � (8) ª � ) ¤
� ξ0 , ξs ÷v Mei é¡5(½�§ (17), K¡�
Aé¡5�� Chetaev .���XÚ�A���X
Ú (4) ½ (7) ª� Mei é¡5.

½½½ÂÂÂ 2 éu� Chetaev .���XÚ�A�
��XÚ�ÄåÆ�§ (4), XJ�3Ý
 Mk

s ÷
v

Es{X(1)(L)}−X(1)(Qs+Λs)

= Mk
s {Ek(L)−Qk−Λk},

(s, k = 1, · · · , n), (18)

K�§ (4) 3Ã��üëêC� (8) ª�^eä
k Mei é¡5��/ØC5©(18) ª´÷v Mei

é¡5�/ØC5�(½�§, Ù¥ Mk
s �Ù�/

Ïf©
···KKK 1 XJ�§ (4) 3Ã��üëêC� (8)
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ª�^e´ Mei é¡5�, ��3Ý
 Γ k
s ÷v

Es {X(1)(L)}−X(1)(Qs+Λs)−{Es[X(1)(L)]

−X(1)(Qs+Λs)}
∣∣
Es(L)=Qs+Λs

= Γ k
s {Ek(L) − Qk − Λk}

(s, k = 1, · · · , n), (19)

K�§ (4) 3Ã��üëêC� (8) ª�^eäk
�/ØC5Ó�äk Mei é¡5�¿©�7�^
��

Mk
s = Γ k

s . (20)

yyy²²² du�§ (4) � Mei é¡5÷v (17)

ª, XJ�3��Ý
 Γ k
s ÷v (19) ª, K (19) ª

¤�

Es{X(1)(L)}−X(1)(Qs+Λs)

= Γ k
s {Ek(L) − Qk − Λk}, (21)

d½Â (18) ª, XÚ��/Ïf Mk
s = Γ k

s ©
��½,, d½Â (18) Ú (19) ª, N´�y

(Mk
s − Γ k

s ){Ek(L) − Qk − Λk}

= {Es[X(1)(L)]−X(1)(Qs + Λs)}
∣∣
Es(L)=Qs+Λs

,

(s, k = 1, · · · , n), (22)

e Mk
s = Γ k

s , KN´�� (17) ª, Ï
XÚä
k Mei é¡5©

4 ���XÚ Mei é¡5��/ØC
5

ò (14) ªÑ�p��, ¿|^ (1) Ú (16) ª, N
´������å�§ (1) ª3Ã��C� (8) ª
e�ØC5����§

X(1) {fβ(t, q, q̇)} = 0, (β = 1, · · · , g). (23)

e�Ä� Chetaev ^� (2) ªéÃ��)¤� ξ0, ξs

���, Kk
∂fβ

∂q̇s
(ξs − q̇sξ0) = 0, (β = 1, · · · , g; s = 1, · · · , n),

(24)

¡�§ (24) �N\���§.

½½½ÂÂÂ 3 XJÃ��C� (8) ª�)¤� ξ0, ξs

÷v Mei é¡5(½�§ (17) ±9���§ (23),

K¡�Aé¡5� Chetaev .���XÚ�f Mei

é¡5. XJÃ��C� (8) ª�)¤� ξ0, ξs ÷
v Mei é¡5(½�§ (17)!���§ (23) ±9

N\���§ (24), K¡�Aé¡5� Chetaev .
���XÚ�r Mei é¡5.

½½½ÂÂÂ 4 XJÃ��C� (8) ª�)¤� ξ0,

ξs ÷v Mei é¡5�/ØC5�(½�§ (18) ±
9����å����§ (23), Kþã�/ØC
5� Chetaev .���XÚf Mei é¡5��/
ØC5. XJÃ��C� (8) ª�)¤� ξ0, ξs ÷
v Mei é¡5�/ØC5�(½�§ (18)!��
�§ (23) ±9N\���§ (24), Kþã�/ØC
5� Chetaev .���XÚr Mei é¡5��/Ø
C5.

5 (��§�Åðþ

d Mei é¡5�(½�§ (17) ��:
∂

∂qs
(X(1)L) =

d
dt

∂X(1)(L)
∂q̇s

−X(1)(Qs +Λs), (25)

l


X(1){X(1)(L)}

= ξ0
∂X(1)(L)

∂t
+ ξs

∂X(1)(L)
∂qs

+(ξ̇s − q̇sξ̇0)
∂X(1)(L)

∂q̇s

= ξ0
∂X(1)(L)

∂t

+ξs

[
d
dt

∂X(1)(L)
∂q̇S

− X(1)(Qs + Λs)
]

+(ξ̇s − q̇sξ̇0)
∂X(1)(L)

∂q̇s

=
d
dt

[
(ξs − q̇sξ0)

∂X(1)(L)
∂q̇s

+ X(1)(L)ξ0

]
−X(1)(L)ξ̇0

−X(1)(Qs + Λs)(ξs − q̇sξ0), (26)

-

G=−
[
(ξs−q̇sξ0)

∂X(1)(L)
∂q̇s

+X(1)(L)ξ0

]
+const.,

(27)

w,keã(J:

···KKK 2 éu÷v Mei é¡5 (17) ª�Ã�
�)¤� ξ0, ξs, XJ�35�¼ê G = G(t, q, q̇)

÷vXe(��§

X(1)(L)ξ̇0 + X(1){X(1)(L)}

+X(1)(Qs + Λs)(ξs − q̇sξ0) + Ġ = 0, (28)

K�Au Chetaev .���XÚ (1)—(3) ª���
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XÚ (4) ª��/ØC5�3 Mei Åðþ

I = ξ0X
(1)(L) + (ξs − q̇sξ0)

∂X(1)(L)
∂q̇s

+ G

= const. (29)

···KKK 3 XJ ξ0, ξs ´ Chetaev .���X
Ú (1)—(3) ª�f (­) Mei é¡5)¤�, ��
35�¼ê G = G(t, q, q̇) ÷v(��§ (28),

K Chetaev .���XÚ (1)—(3) ª�f (­) Mei

é¡5��/ØC5�� Mei Åðþ (29) ª.

6 �������XÚ Mei é¡5�
�/ØC5

��� Chetaev .���XÚ�

L =
1
2
(q̇2

1 + q̇2
2), (30)

f = q̇1 + tq̇2 − q2 + t = 0, (31)

Q1 = Q2 = 0. (32)

d (3) ª��XÚ�$Ä�©�§

E1(L) − Q1 − λ
∂f

∂q̇1
= q̈1 − λ = 0,

E2(L) − Q2 − λ
∂f

∂q̇2
= q̈2 − λt = 0.

(33)

d�§ (30)—(33) ¦�

λ = − 1
1 + t2

, (34)

u´k

Λ1 = λ = − 1
1 + t2

, Λ2 = λt = − t

1 + t2
, (35)

Ïd

E1(L) − Q1 − Λ1 = q̈1 +
1

1 + t2
,

E2(L) − Q2 − Λ2 = q̈2 +
t

1 + t2
.

(36)

�
ξ0 = 0,

ξ1 = q̇2 − tq̇1 + q1 + t,

ξ2 = q̇1 + tq̇2 − q2 + 1,

(37)

K

E1{X(1)(L)} − X(1)(Q1 + Λ1)=−q̈1 − 1/(1 + t2),

E2{X(1)(L)} − X(1)(Q2 + Λ2)= q̈2 + t/(1 + t2),
(38)

l
d (18) ª��/Ïf

Γ =

−1 0

0 1

 . (39)

w,, )¤�÷vXe���§

X(1)f = X(1)(q̇1 + tq̇2 − q2 + t) = 0, (40)

�Ø÷vN\���§ (24), Ï
�A��/ØC
5� Chetaev .���XÚf Mei é¡5��/Ø
C5©

ò (30),(32),(35) Ú (37) ª�\(��§ (28)

��

Ġ = −2, (41)

Ïd

G = −2t. (42)

Åðþ (29) ª�Ñ

IM = (1 − t)q̇2 − (1 + t)q̇1 + q1 + q2 − t − 1

= const. (43)

7 ( Ø

éu Chetaev .���XÚ, XJÃ��)¤
�÷v Mei é¡5(½�§±9���§, K��
XÚ�f Mei é¡5©XJÃ��)¤�÷v Mei

é¡5(½�§±9���§ÚN\���§, K
��XÚ�r Mei é¡5©XJòþã Mei é¡
5(½�§�� Mei é¡5�/ØC5�(½�
§, K©O��XÚf Mei é¡5Úr Mei é¡5
��/ØC5©�/ØC5÷v�½^����
���A�Åðþ©
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Conformal invariance and conserved quantity of Mei
symmetry for the nonholonomic system

of Chetaev’s type∗

Cai Jian-Le† Shi Sheng-Shui

( College of Science, Hangzhou Normal University, Hangzhou 310018, China )

( Received 27 March 2011; revised manuscript received 15 June 2011 )

Abstract

For a nonholonomic system of Chetaev’s type, the conformal invariance and the conserved quantity are studied. By the infinitesi-

mal one-parameter transformation group and the infinitesimal generator vector, the definition of conformal invariance of Mei symmetry

and the determining equation for the holonomic system which corresponds to a nonholonomic system are provided, and the relationship

between the system conformal invariance and Mei symmetry is discussed. Using the restriction equations and the additional restriction

equations, the conformal invariances of weak and strong Mei symmetrys for the system are given. With the aid of a structure equation

that gauge function satisfies, the system corresponding conserved quantity is derived. Finally, an example is given to illustrate the

application of the result.

Keywords: nonholonomic system, Mei symmetry, conformal invariance, conformal factor
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