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ïÄ
��£ã��ZìÚH�7Ä��ÔnÅn�° - íÍÜÄåXÚ. |^U?C©S��{ (MVIM) {
$/��
T��5�.Cq)�Ðmª. ÏL�AÏ�/e�.°()�'�, `²¼�� MVIM Cq)äk�
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1 Ú ó

C � � õ c 5, � � Z ì Ú H � 7 Ä ({
¡ ENSO) ¤���íÿÚ)���¡�É~C
z��K�
�¥²LuÐÚ<a)¹, $��
5Nõ/³, ÏdISÆâ.�~'5é ENSO 5
ÆÚý��ïÄ. ENSO u)����Ï´9��
íÚ°�$Ä���5�p�^, IS	�¯õ
�Æ[®²¦^ØÓ�{é ENSO �ÛÜÚ�N
5�?1õ� �ïÄ [1−10]. �éuE,��¥
° - íÍÜ�ª, ÏL{z°íü«0�¥ÔnL
§¤����fVg�.U�N´/�x$Ä�
�ÚÔnÅn, l�¤õ/�[ ENSO �,

�Ôny�. ÏdNõÆö|^�f/ª�ÄåX
Ú�.ïÄ ENSO. Wang[6] ÏLî��êÆí�
ÚÔn{zïá
��£ã ENSO ¯���ÅÄ
åÆ�ª; µI��?�Úy²T�ª¹k��4
��), �L��´��S3ÍÜXÚ�cS��
f [1,3]; #Wj�©O|^Û3�JÑ�C©S�
�{ (VIM)[11−13]!2ÂC©S��{ (GVIM)[14]

ÚÓÔ�Ä�{ (HPM)[15,16] ¦�õ� ENSO �f
�.�Cq)Û) [17−19]. ïÄ(JL²ù
�{
Ñäk�p�O(Ý, �éu��ê��{�`:
´: |^¼��Cq)���©Û�íÚ°�¥�

É~å²þ. #Wj��|^��5�Ä�{¦)

���¢° - í�f�., ¼��ìC)äk�
~Ð�O(5 [20].

�CÛ3�éC©S�{�
U?, ïÄL
²U?C©S��{ (MVIM) U
�k�/!°
(/Ú¯�/¦)��5Ôn¯K, ��ÌÝ
/~�
O��;�dÚO�E,5 [21]. �©|
^ MVIM �{ïÄ��;.� ENSO ° - íÍÜ
ÄåXÚ�. [22], {$p�/��
ÍÜ��
5ÄåXÚ�Cq)Û).

2 ENSO �f�.

�ÄXe/ª� ENSO ° - íÍÜ�f�
. [22]

dT

dt
= CT + Dh − εT 3, (1)

dh

dt
= −ET − Rhh, (2)

(1) Ú (2) ª¥� T L«»�À�²��°L§
Ý (SST) å², h L«°�¥�§��þÝå²; þ
¡��.k�/£ã
°L§Ýå²Ú§��þ
Ýå²��p�^; C, D, E, Rh Ú ε L«���ª
ëê, k'§���[½ÂÚÔn¿Â�©z [1—
3], Ó�b��.�Ð� T (0) Ú h(0) ´�½�.
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#Wj�æ^Û3�JÑ� VIM �{¼�
 (1)
Ú (2) ª���Cq)¿©Û
Ù�(5 [22]. �
©ò¦^ MVIM �{5ïÄ (1) Ú (2) ª¤£ã
� ENSO ° - íÍÜÄåXÚ.

3 U?C©S��{Ú�.�Cq)

éu (1) Ú (2) ª, Äk|^Û3�JÑ� VIM
�{ [11−13], ��E±e/ª����¼:

Tn+1(t) = Tn(t) +
∫ t

0

{λ1

{
dTn(s)

ds
−CTn(s)−Dh̄n(s)

+ε
[
T̄n(s)

]
3
}
ds, (3)

hn+1(t)=hn(t)+
∫ t

0

λ2

{
dhn(s)
ds

+Rhhn(s)+ET̄n(s)
}
ds,

(4)
Ù¥ λ1 Ú λ2 �2Â Lagrange ¦f, Ù)�ÏL
C©�n�Z(½; T0(t) Ú h0(t) ´²L·�ÀJ
�S�Ð©Cq), T̄n(t) Ú h̄n(t) ���C©, =
k δT̄n(t) = 0 Ú δh̄n(t) = 0. �
�� λ1 Ú λ2 �
�`), é�§ (3) ªÚ (4) ªü>¦C©, ��:

δTn+1(t) = δTn(t) + δ

∫ t

0

λ1

×
{[

dTn(s)
ds

− CTn(s)
]}

ds, (5)

δhn+1(t) = δhn(t) + δ

∫ t

0

λ2[
dhn(s)

ds
+ Rhhn(s)

]
ds. (6)

ÏL©ÚÈ©k:

δTn+1(t) = δTn(t) + (λ1δTn(s))
∣∣s=t
s=0

−
∫ t

0

(
dλ1

ds
+ Cλ1

)
δTn(s)ds

= 0, (7)

δhn+1(t) = δhn(t) + (λ2δhn(s))
∣∣s=t
s=0

−
∫ t

0

(
dλ2

ds
− Rhλ2

)
δhn(s)ds

= 0, (8)

3 (7) ªÚ (8) ª¥, du δTn(0) = δhn(0) = 0, Ó
���C© δTn Ú δhn ��´?¿�, Ïdk:

dλ1

ds
+ Cλ1 = 0, λ1(t) = −1,

dλ2

ds
− Rhλ2 = 0, λ2(t) = −1,

l�±(½ü�2Â Lagrange ¦f λ1 Ú λ2 ©

O�

λ1(s) = −e[−C(s−t)],

λ2(s) = −e[Rh(s−t)].

ò λ1 Ú λ2 �)ÛL�ª�\ (3) ªÚ (4) ª¥, K
�±�EÑ¦) T (t) Ú h(t) � VIM úª:

Tn+1(t) = Tn(t)−
∫ t

0

e[−C(s−t)]

×
{

dTn(s)
ds

−CTn(s)−Dhn(s)

+ε[Tn(s)]3
}

ds, (9)

hn+1(t) = hn(t) −
∫ t

0

e[Rh(s−t)]

×
{

dhn(s)
ds

+ Rhhn(s)

+ETn(s)
}

ds. (10)

#Wj����
aq�úª [22], �3|^ (9) ª
Ú (10) ª?1S�O��L§¥, duI�éõ
�?1È©, O��~E,. �
~�O�þÚU
? VIM �{, Ú\ü���¼ê u(t) Ú v(t), ¿½
ÂXe:

u(t) = −
∫ t

0

e[−C(s−t)]
{
−Dh(s) + ε[T (s)]3

}
ds,

(11)

v(t) = −
∫ t

0

e[Rh(s−t)][ET (s)]ds. (12)

é�§ (11) Ú (12) ü>©O'u t ¦�ê��:
du

dt
= −

{
e[−C(s−t)][−Dh(s) + εT 3(s)]s=t

−C

∫ t

0

e[−C(s−t)][−Dh(s) + εT 3(s)]
}

ds,

dv

dt
=

{
e[Rh(s−t)][ET (s)]

}
|s=t

−Rh

∫ t

0

e[Rh(s−t)][ET (s)]ds.

ò (11) Ú (12) üª�\ (9) Ú (10) ü��§, ¿
²L{üO�, ?�Ú�±��±e� (13) Ú (14)
ª:

du

dt
= Cu + Dh(t) − εT 3(t), (13)

dv

dt
= ET (t) + Rhv. (14)

ÏLé'´�, (13) Ú (14) ª� (1) Ú (2) ª�d,
l�±�Ñ(Ø: u(t) Ú v(t) ´ ENSO ° - í�
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f�. (1) Ú (2) ª���A). Ïd�±�E�é
�{ü�U?�C©S�úª:

Tn+1(t) = T0(t) + un(t),

hn+1(t) = h0(t) + vn(t).
(15)

ò (11) Ú (12) ª�\ (15) ª, K�� ENSO ° - í
�f�. (1) Ú (2) ª�U?� MVIM úª:

Tn+1(t) = T0(t) −
∫ t

0

e[−C(s−t)]

×[−Dhn(s) + εT 3
n(s)]ds, (16a)

hn+1(t) = h0(t) −
∫ t

0

e[Rh(s−t)][ETn(s)]ds, (16b)

ª¥ T0(t) Ú h0(t) ´Ð©) (�¹�½~ê), XJ
Ã�½~ê, T0(t) Ú h0(t) A÷vÐ©½>.^�;
e¹k�½~ê, �±3S�Ag�2dÐ©½>
.^�£O. w,, XJUlúª (16) ¥¼�ü�
Âñ�¼êS� {Tn(t), hn(t)}, K ENSO ° - íÍ
ÜÄåXÚ�. (1) Ú (2) ª� MVIM Cq)Û)
Ò´ {T (t) = lim

n→∞
Tn(t), h(t) = lim

n→∞
hn(t)}. ÏL

'� VIM úª (9) Ú (10) ª� MVIM úª (16) ª
��, ��¡ MVIM úª¥�È©�ê8~�, ,
��¡È©L§¥Ø2Ñy�ê�, Ïd�±~�
?§�E,5ÚS�L§¥�O�þ.

4 (J©ÛÚ?Ø

�
�Ñ MVIM ¥ {Tn(t), hn(t)} �S�Ð©
) {T0(t), h0(t)}, Äk�Ä ENSO ° - íÍÜÄå
XÚ�. (1) Ú (2) ª��5XÚ:

dT0

dt
= CT0 + Dh0,

dh0

dt
= −ET0 − Rhh0.

(17)

d#Wj� [2] �ïÄ´�, � D = 0 �, (17) ªä
kXe)Û):

T0(t) = C2exp(Ct),

h0(t) = C1exp(−Rht) − C2E

C + Rh
exp(Ct);

(18)

� D 6= 0 �, (17) ªäkXe)Û):

T0(t) = C1Dexp(r1t) + C2Dexp(r2t),

h0(t) = C1(r1 − C)exp(−r1t) (19)

+C2(r2 − C)exp(−r2t).

3 (18) Ú (19) ª¥ C1 Ú C2 ´?¿~ê;  r1

Ú r2 ´ (17) ª�A��, de¡�úª�Ñ:

r1 =
1
2

[
(C − Rh) −

√
(C + Rh)2 − 4DE

]
,

r2 =
1
2

[
(C − Rh) +

√
(C + Rh)2 − 4DE

]
,

(20)

w,, � CRh > DE �, k r1 < 0 < r2. òÐ©
�O) (18) Ú (19) ª©O�\� MVIM �{�S
�úª (16) ª¥, �±�� ENSO ° - íÍÜ�f
�. (1) Ú (2) ª���Cq). � D = 0 �, (1)
Ú (2) ª���Cq)�

T1(t) =
(

C2 +
εC3

2

2C

)
exp(Ct) − εC3

2exp(3Ct)
2C

,

(21)

h1(t) =
RhC1 + CC1 + C2E

(Rh + C)
exp(−Rht)

− 2C2E

C + Rh
exp(Ct); (22)

� D 6= 0 �, (1) Ú (2) ª���Cq)�

T1(t) = C1Dexp(r1t) + C2Dexp(r2t)

−DC1(r1 − C)[exp(−r1t) − exp(Ct)]
C + r1

−DC2(r2 − C)[exp(−r2t) − exp(Ct)]
C + r2

+
εD3C3

1 [exp(3r1t) − exp(Ct)]
C − 3r1

+
3εD3C2

1C2[exp(2r1t + r2t) − exp(Ct)]
C − 2r1 − r2

+
3εD3C1C

2
2 [exp(r1t + 2r2t) − exp(Ct)]

C − r1 − 2r2

+
εD3C3

2 [exp(3r2t) − exp(Ct)]
C − 3r2

, (23)

h1(t) = C1(r1 − C) exp(−r1t)

+C2(r2− C)exp(−r2t) +
C1ED

(Rh + r1)

×[exp(−Rht) − exp(r1t)] +
C2ED

(Rh + r2)
×[exp(−Rht) − exp(r2t)]. (24)

|^ MVIM �{�S�úª (16) UY?1S�,
� � ° - í Í Ü Ä å X Ú (1) Ú (2) ª � � p
� MVIM Cq).

�
�yþãU?C©S��{¼�Cq
)Û)�°Ý, �Ä�«AÏ��/, - (1) ª
¥ D = 0, K�±�� (25) ªL«���5�
§ [22]:

dT

dt
= CT − εT 3, (25)

� 0 < ε ¿ 1 �, ��5�§ (25) äk'u SST �
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°() [24]:

T (t) =
[

ε

C
+

(
1

(T (0))2
− ε

C

)
exp(−2Ct)

]− 1
2

,

(26)
(26) ª¥� T (0) L«��5�§ (25) ª¥ SST
�Ð©�. w, (21) ª´��5�§ (25) ª��
� MVIM Cq), ò T |t=0 = T (0) �\, N´(
½ C2 = T (0). l��U?C©S��{¼��
��5�§ (25) ª���Cq)�

T1(t) =
(

T (0) +
ε(T (0))3

2C

)
exp(Ct)

−ε(T (0))3 exp(3Ct)
2C

. (27)

XJò (21) ª¥� T1(t) �\ (16a) ¥, ¿- D = 0,
È©$����� (25) ª��� MVIM Cq):

T2(t)=
[
C2+

εC3
2

64C4
(32C3+24C2εC2

2 +8Cε2C4
2 +ε3C6

2 )
]

×exp(Ct) − εC3
2

16C4

(
8C3+12C2εC2

2 +ε3C6
2

+6Cε2C4
2

)
exp(3Ct) +

ε2C5
2

32C4

×
(
12CεC2

2 + 12C23ε2C4
2

)
× exp(5Ct) − ε3C7

2

16C4

(
εC2

2 + 2C
)
exp(7Ct)

+
ε4C9

2

64C4
exp(9Ct), (28)

dÐ©^� T |t=0 = T (0), �±(½ (28) ª¥�
�½ëê: C2 = T (0). (27) ª�#Wj����(
J (©z [22] ¥ (20) ªÚ (25) ª) ����, l
`²
 MVIM �{�k�5Ú�(5. ã 1 ¥w
«
� C = 0.5, ε = 0.01 Ú T (0) = 0.5 �, ��5

�§ (25) �°()!MVIM ��Ú��Cq)�
�müz��¹. 3ã¥°()!MVIM ��Ú�
�Cq)©O^ç¢�!:J�ÚJ�L«. lã
¥��, � t < 4 �, nö��´U�, äk�Ð
���5; � 4 < t < 5 �, MVIM ��Cq)�
°()�mk�½� �, � MVIM ��Cq)E
,�°()äk�Ð���5. þ¡�©Û(JL
²: p� MVIM Cq)`u$��Cq), �X�
ê�O\, MVIM Cq)òÂñu°().

ã 1 ��5�§ (25) �°()!MVIM ��Ú��Cq)�
�m�üz

L 1 � Ñ 
 (26)—(28) ª ¤ L « � ° (
)!MVIM ��Ú��Cq)3ØÓ���äN
ê�. lL¥�±wÑ,MVIM ��Cq)3���
��ê��²w`u��Cq)�ê�, �°()
���~�C; 3¤ïÄ��m«� 0 < t < 5 S,
MVIM ��Cq)�é°()�Ø��u 4.1%.
l?�Ú`²
U?C©S��{¦)��5
° - íÍÜÄåXÚ�.�k�5Ú�(5.

L 1 3ØÓ��°()!MVIM ��Ú��Cq)�ê�'�

t 0.5 1.0 2.0 3.0 4.0 4.5 5.0

°()� 0.64097 0.82084 1.33794 2.14102 3.28096 3.94626 4.62166

��Cq� 0.64097 0.82082 1.33743 2.13393 3.19948 3.68815 3.84642

��Cq� 0.64097 0.82084 1.33795 2.14134 3.29039 3.99119 4.81057

5 ( Ø

|^Û3�JÑ� MVIM ¤õ¦�
��;
.° - íÍÜÄåXÚ�Cq)Û). ÄkÚ\�
|���¼, ÏLC©�{�`(½ Lagrange ¦
f; Ùg3C©S��{�Ä:þ��¤¦¯K)
� MVIM úª; ��¦�
° - íÍÜÄåXÚ

� MVIM Cq)Û), ¿3A½�/eÏL�°(
)�é', �y
 MVIM Cq)��(5. � VIM
�{�', MVIM U
k�~�O�þÚ�;�d,
\¯Âñ�Ý. ,	, Ï� MVIM ´�«Cq)Û
�{, ¤±|^�©¼��Cq)L«ªU
?�
ÚïÄ3»�À�²��°L§ÝÉ~Ú§��
þÝÉ~�½5Ú½þ�¡�/�.
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The modified variational iteration method for air-sea
coupled dynamical system∗
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Abstract

A air-sea coupled dynamical system describing the oscillating physical mechanism of ENSO is studied. Using the modified

variational iteration method (MVIM), the approximate expansions of the solution for corresponding problem are obtained effectively.

And the numerical results show that the approximate solutions from the MVIM method are highly accurate by comparson with the

exact solution of the model in a special case.
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