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1 Ú ó

�Ä1rÅì<=�g�(�Ú¤É­åÒ

U¢y3�·þ1r. du§�(�{ü, �ÎÜ

)Ô$Ä5Æ [1], ÏdUþ|^Çép, =^­å

ÒUÖ¿v�/¡-EÚ�Þ�Uþ��. e±{

ü°Ä�O­åJøUþ, ÒU¢y²/þ�­

½1r. Ïd�Ä1rU
â»DÚÅì<UÑ

L��uÐ´¶, �VvÅì<�uÐJø
�

�#g´.

�Ä1r�@d McGeeru 1990cJÑ [2], ²

L Cornell, Delft, MIT ��ïÄ�|¤���þÄ

åÆïÄ��Å¢�, ÅÚuÐ�Åì<ïÄ�c

÷Ø%+�, Ù'�´XÛ¢y­½1r. ¢�L

², ùa�.U±­½Ú�1r�VÇé$, ��

6ÄÒ¬¦ÙO�. Ïdá�Ù­½Ú�, ±9á

Ú«����Ú(�C��©7�. ùØ=��û

½
É6Ä�UÄ¡E��kÚ�, 
�kÏu�

OÑ�Ün�M�(�����ª, ¦Ù1rC�

�­½. �d, IS	Æö�
�þïÄ. éu�ï

�Ä1r, GarciaÚ Goswami�ïÄ
{z�/�

�±Ï;�­½5, uy�X·ÝÅìO\, ¬Ñ

y�±Ï©

?\·b [3,4], SchwabÚ WisseK

?�ÚO�
ÙáÚ«�, uyÙé� [5]; CÏ, I

S7w�<ïÄ
����/��±ÏÚ�Úá

Ú«�, uy
eZ·bÚ� [6,7].

3�{þ,�?nV�>/����, <�Ï

~±��6/� Poincaré�¡ò�.lÑz, �

� PoincaréN�O�?1ïÄ.�¦)±ÏÚ�, ~

æ^ Newton- RaphsonS�{ [7], ,
duÙÂñ

��4�, Ø�Ø?1�5��}Á. 3áÚ«�

©Û�, õæ^�N�{ [6,7], du�ê�X©E

ÇÚ�ê:ìO\,�
���\�ß�áÚ«�,

PoincaréN���5�ê�O��Ã{;�. Ïd

XÛ¯��¤ù
O�¤
'�. Ø=kÏu��

¡/|¢­½Ú�, ��ß/�ÑÙáÚ«��/

G�(�, 
��U^3�N��Ù¦��5¯K

�ïÄþ [8]. �8O�Å�e�¡��#, ¥
?

nì CPUÚã/?nì GPUÑkO�Uå, cö

Up��1G1�-, 
�ö¿1O�UåâÑ.

8c GPU�O�Uåpu CPUê��, �O��

Ý¯��, O�dåé�. É�O��u�üö�
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�g`³, ¢y�NO�Uå���z|^, ¤�

�5uÐª³ [9]. �X GPU ^uÉ�O���Æ

�½ [10], �<�ÆO�H5
�7Å�,ÏL��

3yk²�þ*Ð GPU,BU¼�ê�$�êz�

�5UJ,, l
{ü²L/�ïÑ�<O�¥%,

l
¯��¤°þO�?Ö [11].

Ï d, � © Ä k J Ñ Ä u É � ² �

� PoincaréO��{, )û�5�:� PoincaréN

��¯�O�¯K, ,��éVv�Ä1r�{z

�., O�Ñ­½Ú�áÚ«��/GÚ(�, ?


�[��¡/ïÄÙ­½Ú�1�.

2 �5�: PoincaŕeN��É�O�

éu n�g£XÚ

ẋ = f (x), (1)

� S : {x|s(x) = 0, ṡ(x) > 0} � Poincaré�¡, K

�A PoincaréN� g : S → S ½Â�: éu?¿Ð

�: x ∈ S, g(x) L«l x Ñu3XÚ (1) ��^

e2g£� S ���:.

3ïÄ g �ØC8�5��, ~~���þ:

�N�O�, ÙO�þ  �X S ��ê�êO

\. ~X, 3�N�{�, z��ÝþÀ� 103 �

�, K��IO� 106 �:, n�C� 109 �. 8c

~�©�§�ê�¦)ïÄ®²'�¤Ù, 3(

�Ø��Ó��¹e, O�þéJ2?�Úü$.

3?nXd�5�ê�O��, æ^ CPU O��

DÚ�{I��ÑNõ�B�O��mÚO�¤

�, $�k�Ã{�¤O�?Ö.�
¢y�þ:

� PoincaréN��p�O�, e¡æ^ CPUÚ GPU

�p�N�É�O��ª?1\�.

�â#�½� OpenCLIO [10],·�3 CPU

þ�1�Ì§S, ^u��ÚNÝ; 3 GPUþ�1

SØ§S,�z:Mï��Õá�§ (work-item)?

1¿1O�. GPU¥kNõO�ü�, z�ü�q

¹kNõ�§?nì, z�?nìÓ��?n��

�§. du�§éõ��pÕá, �â8c GPU�

�§âÝ,·�À� 64��§��| (work-group),

±B OpenCL$1��Ù(¹©�O�ü�.

3¢SO��, ��¡, z��§I�¼��

gÐ�:��I�þ. éd, ·�kr§�U1

�g��u��ê| X ¥, ,�òÙ�g5E�

� GPU w� (global memory)¥, ¿^ Xd L«T

B�, �X��§UÙ?Òl Xd ¥ÖÑ�I�g

�Ð�: xd ?1¿1O�. O��¤�, GPUò(

J£�� Xd, CPU2rÙE�� X ¿ÑÑ.,�

�¡, ù
�§ú^�
~êëê, 'XØ�.!

��¦)�m!��¦)Ú��ëê, �kXÚ

�§ëê!¦)¥¤^úªXê�~þ. ·��

gòÙ��u��~þê| P ¥, ,�r§E�

� GPU~êS� (constant memory)¥, ¿^ Pd L

«TB�. 3O��ø��§�El Pd Ö�¤I

~ê. ~êS�Ïæ^2ÂÅn
�Ý4¯, Ø¬

E¤�§���.

��{�äN6§Xã 1 ¤«. �Ì§SÌ�

�¹ OpenCL�Ð©z!SØé��Mï!êâ

ëê�DÑ!SØ��1±9(JÑÑ�A�Ì

�Ú½. SØ§SÌ��)~�©�§ê�¦)!

±9¦��¡�:� Newton-RaphsonS�ü�Ú

½. �
��O�Ø�, 3�©�§ê�¦)�, �

�{æ^CÚ��g·A Runge-Kutta{. 8c�

øÀJ�ê�úªéõ, Ù¥�~^�´o�Ê�

CÚ�{, X Runge–Kutta–Fehlberg{!Dormand–

Prince{!Cash–Karp{�. XJéØ��¦Øî

�, ��é�©�{��?U, æ^�½Ú�{, X

²; Runge-Kuttao�úª, ��±æ^�5õÚ

{�.

#�� GPUþ|± FMA(Fused Multiply-Add)

$�, =��¦{Ú\{$��¤�â�\�V

°Ý, �z��§?nìz��¨±Ï�±�1�

gù«$�. Ïd, 3�{¢y�, �Ð GPU V°

Ý FMA $�`z, Ø=k|uJpO�°Ý, 
�

�U%C GPU O�Uå�nØ¸�. ��{�Ì

�O�?Ö8¥3 f (x) �¦�ÚCÚ�úª@^

þ, Ù¥�ö�;.�¦\$�, ÏdI�écö

?1­:`z.

�
¦��{´u¦^, ·��3�Ì§S�

Ð� MATLAB ��, ^ê| X Ú P ��ÙÑ\

ëê, ¿?È� MEX ©�. éuØÓ¯K, du¼

ê f Ú s �)Cz, ÏdI�éSØ��AÜ©N

�. æ^ OpenCL?�)¤� MEX ©�, Ùg�®

ä�SØ
§S�gÄ?ÈUå. Ïd,·��I

�^©�?6ì?U f (x), s(x) �÷½Â=�¢

yé#¯K�O�. duU
ølmu?È�¸,

Ïd¦^�B.
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Platform

Context

GPU

Command Queue

Kernel

X P

Xd

Xd

xd

i <  sn< e

t > tmax?

t >h

i < 

e < emax?

xt=xd

n

n

tt/֒i/֒

h/⊲h

i/

h

xn e

sn=s(xn)

s(xt) < 0,
s(xn) 0?

t=t⇁h֒xt=xn,

sn=s(xn), 
    i=i⇁

stn=s(xn),
 h=h֓xn/xtn 

t⇁h

n

t NaN

t⇁h

Xdxn

xn

xn

ã 1 �{6§, �ã��Ì§S, mã�SØ§S

3 {ü�Ä1r�.�­½Ú��á

Ú«�

�{ü��Ä1r�.Xã 2 ¤«, §dü^

�ï�¤, Ù¥�^X/,�| ï (stance leg),,

�^�{Äï (swing leg).�ÑïÜ�þ, =�Äü

���: m Ú����: M , @oT�.C¤�

�V{�.. lã 2 �üÚ1rL§�±wÑ, �

{Äï��Ý ϕ 2g�u 2θ �, | ï�{Äï

I���, m©e�Ú1r. ��.�ÄåÆ1�

�d±e��XÚ5£ã [3]:

θ̈ = sin(θ − k),

ϕ̈ = sin(ϕ)[θ̇2 − cos(θ − k)] + sin(θ − k), (2)

Ù¥ k L«�·���. ùp���6/´

s(θ, ϕ) = ϕ − 2θ = 0, (3)

��¼ê´

θ+ = −θ−,

ϕ+ = −2θ−,

θ̇+ = cos(2θ−)θ̇−,

ϕ̇+ = cos(2θ−)(1 − cos(2θ−))θ̇−. (4)

�Ò´`, ;�������6/, XÚG�êþ

ÏL��¼êa=�#�Ð©G�UY$1. �


?nXÚ�ØëY5,·���À���6/��

XÚ Poincaré�¡. du�·ÜXÚÌ�d�më

YXÚ (2) Ú��¼ê (4) �¤, Ïd·�ïÄ�

A PoincaréN� g Ú��¼ê�EÜN� H .

�| ^ þ ã � { ? 1 O �, ·�- x =

(x1, x2, x3, x4)
T = (θ, ϕ, θ̇, ϕ̇)T, u´�

f (x)=















x3

x4

sin(x1 − k)

sin(x2)[x
2
3 − cos(x1 − k)] + sin(x1 − k)















,

(5)

s(x) = x2 − 2x1 Ú ṡ(x) = x4 − 2x3, (6)
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g

k

l

θ

φ

m
m

M
swing 
leg

stance leg

ã 2 {ü�Ä1r�.�üÚ1rL§


��¼êC�

x+ =r(x−),

r(x) =















−x1

−2x1

cos(2x1)x3

cos(2x1)(1 − cos(2x1))x3















. (7)

Ïd,·�k

H = r ◦ g, (8)

w,, O� H �'�´O� PoincaréN� g. Ï� r

���=d x1 Ú x3 ©þû½, x Ú r(x) þ u S

þ (=Ù1��I©þ x2 =d x1 û½), ¿�

x+
4 = cos(2x−

1 )x−

3 (1−cos(2x−

1 )) = x+
3 (1−cos(2x+

1 )),

Ïd, 3ÀJÐ� x �, ��Ù x2 Ú x4 ©þ÷v

x2 = 2x1,

x4 = x3(1 − cos(2x1)), (9)

@oEÜN� H Ò��w�´ x1ox3 ²¡�N�.

GarciaïÄuy, TXÚ3·Ý���k­½

�±ÏÚ� k < 0.0151, �X·Ý k �ÅìO�,

Ñy�±Ï©
, ?\·bÚ�, Xã 3 ¤« [3].

SchwabÚ Wisse�ïÄL², ù
Ú�áÚ«�¡

Èé� [5].

e¡·�ÏL�5��:� H N�O�, �

[���¡/�ïÄTáÚ«��/GÚSÜ(

�. �uN� H d PoincaréN� g Ú��N� r

�¤. éucö, d (2) ªØJí�Ñ, x1 Ú x3(= θ

Ú θ̇) ð÷v

E = 0.5x2
3 + cos(x1 − k), (10)

Ïd, 3 (2) ª�ê�¦)L§¥ E �±ØC, �

=dÐ�:� x1 Ú x3 ©þû½. |^ð�ª (11),

·��±(� g ê�¦)�O(5. 3äNO�

�,·�é xd ��Ð�:� x1 Ú x3 ©þ ( �


��êâDÑþ), 3SØmÞ|^ (9) ªò xd *

Ð¤o�©þ� xt; 3SØ(�,·�2ò r(xn)

� x1 Ú x3 ©þD�� xd.

0.010 0.012 0.014 0.016 0.018
0.20

0.22

0.24

0.26
x


/

θ

k

ã 3 �Ä1r­½Ú���±Ï©
 k = [0.009, 0.0192]

� ' � Ú � y þ ã � { � � Ý Ú °

Ý, · � À � k = 0.009. ù � H �

3 � � ­ ½ ² ï : xo = (x1, x3) =

(0.200310900687949,−0.19983247317447),·�3

Ù�� S � Å À � � þ � Ð © : ? 1 O �.

3 MATLAB �¸¥, ·�k^ ode45O�, ,�

^ C �ó MEX §S5\�, ��^�©�{5O

�. �
Bu'�, þãO�¥þ|^ Dormand–

Prince ¦ ) ú ª, © O æ � n « ü ÚØ�. (

JXL 1 ¤«, Ù¥ CPU� AMD Phenom II X4

965@3.4GHz, GPU� HD5830. w,, ~5 ode45

¦)�Ý�ú, ^ C §SU¼�*J�, 
��{

q' C §SJ�þz�, (J��{�é ode45J

p
ê��. 3°Ýþ, ��{� ode45Ú C §S

��ª(J�åþ3üÚØ��S. Ïd, ��{

U
3�y°Ý��¹e�ÌÝJ,O��Ý. ù
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¦é�5�:� PoincaréN�O�¤��U, l


�)õ�¡Ð?: 1)·��±*�©Û«��rº

�Û1�; 2)·��±ÏLÈ���5Jp©EÇ,

¦ïÄ[�\�; 3)·��U¢�©ÛXÚ�ëê

�Cz5Æ, k|u©ÛXÚ�(�Ú©
.

0.20.0 0.4 0.6 0.8 1.0
-0.03

-0.02

-0.01

0

0.01

֓

x⇁x/k

x

x֓


ã 4 k = 0.009 ��­½±Ï)áÚ«�

SchwabÚ WisseÏL�N�{, ^ 200 × 250

��:��
 H �áÚ«�, uyÙ/G��[

�«�. T«���� x1 + x3 = k ©��þÚ�

eüÜ©, Ù¥�þÜ©duÑ\UþØv±�Ñ

����
���, Ïd�eÜ©´·��ïÄ­

:. duTÜ©/G[���C��,�
Bu*

	,·�Ú\C�

(x̄1, x̄3) = Q(x1, x3),

Ù¥

Q =
1√
2





1 −1

1 1



 ,

ò x1ox3 ¡^��^= π/4. éu x̄1ox̄3 ²¡,·

�ÀJ��È���, Ù¥3 x̄1 ��l 0 � 1 À

� 1920��:, 3 x̄3 ��l −0.035 � 0.015À

� 1080��:, oO 1920 × 1080 ��:. ¦+�

N�{O��±;��þ�­EO�, �§3�

½§Ýþã+
O(5. du�©�{4¯, ¤±

·�^��S�{5O�áÚ«�p�ã�, ±B

O(rºáÚ«�/GÚ(�. éuáÚ«��

±Ï;�, ∂H 3 xo ?�A�����u 1, Ïd

�3 xo �,� eo ��, T��S?¿:þÂñ

u xo. Ïd, e�:á\T��,·�K@�T�

f u xo �áÚ«�.

0 0.01 0.020.005 0.015
0

0.5

1.0

1.5

k

总吸引区域

吸
引
区
域
面
积

/
1
0

-
3
 r

a
d

2

分叉图轨道的吸引区域

ã 5 ü«�{���ØÓ�áÚ«�¡È

e¡,·�ÄkO� k = 0.009 �ü±Ï: xo

�áÚ«�. À� eo = 5 × 10−5, üÚýéØ

� 10−9 ?1O�, (JXã 4 ¤«. k�áÚ

«� (��e¡Ü©) o¡È� 0.001091 rad2, Ù>

.wå5�~E,. �
á�Ù¥(�,·�é,


ÛÜ, �
��­#O�, uy%¹Xg�q�

i@(�, Xã 4 ¤«, ù`²TáÚ«�kX©

/(�.

L 1 ��{� ode45Ú C �ó MEX §S�O�(Jé'

: üÚý ode45Ñ C §S ��{ � C §S( � C §S � ode45(J � ode45�

ê éØ� �/s Ñ�/s Ñ�/s ���å �Ý' (�) ���å Ý' (�)

1024 × 1024

10−6 4393 13.87 0.190 6.455×10−7 73.2 6.396×10−7 23175

10−9 10093 45.16 0.366 6.787×10−10 123.5 6.569×10−10 27598

10−12 32965 170.64 0.945 6.621×10−13 180.5 5.783×10−13 34875

2048 × 4096

10−6 35256 110.55 1.086 6.402×10−7 101.8 6.261×10−7 32461

10−9 80257 364.29 2.204 6.557×10−10 165.3 6.679×10−10 36422

10−12 258832 1346.16 6.772 6.309×10−13 198.8 6.193×10−13 38221

�uáÚ«���é��.�­�Ôn¿Â,

e¡·�± 0.0001�Ú�, ïÄÙ¡È�ëê k �

Cz'X.·�æ^ü«�{?1O�. Äk,·�

���ES�¤k�:,GØØÂñ��:, �ª

·�ò��o4�8ÚoáÚ«�. (JXã 5 ¤

«, �X·Ý k �ÅÚO�, oáÚ«�A�üN

4~� 0, ù`²3���·ÝþN´?\­½Ú

�. ,�,·�^O�ã 4 ��{5O�©
ã 3 ¥

¤«Ú��áÚ«�. (J3 k ∈ [0.0123, 0.0129]

�, ÙáÚ«�½,eü, ²w�uoáÚ«�. Ï

d, ùpØ
 Garcia3©z [3] ¥uy�ã 3 ¥�

­½Ú��	, AT��3#�áÚf (­½Ú�),
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¿�ÙáÚ«�Ò´ü�áÚ«���.

0.2 0.4 0.6 0.8 1.0
-0.03

-0.02

-0.01

0

0.01

֓

x⇁x/k

x

Xo1
Xo2

Xo3

Xo

x֓


原周期点与吸引区

3原周期点
与吸引区

ã 6 k = 0.0125 ��áÚf�áÚ«�

0
-0.5

0

0.5

2 4 6 8 10 12
t

x

֒ 
x



x/φ

x/θ

ã 7 k = 0.0125 ��áÚn±ÏÚ�

e¡·�éù
#�áÚfÚáÚ«�?1

ïÄ. Äk·�À� k = 0.0125, ù��áÚf�

ü±Ï: xo ≈ (0.22477993,−0.22139495), ÙáÚ

«�Xã 6 ¤«.·�3S�4�8¥üØT:�,

=�±en::

xo1 ≈ (0.20312090,−0.20429593),

xo2 ≈ (0.22211583,−0.22173218),

xo3 ≈ (0.23671673,−0.23067387).

ê��ýL² xo2 = H(xo1), xo3 = H(xo2)

� xo1 = H(xo3), `²ù´��n±Ï;, �ýÚ

�Xã 7 ¤«. §��áÚ«�Xã 6 ¤«, Ù�

p��3�å, >.�
.

�
?�Úá�ù�n±ÏÚ��å
ur

�, ·�I�O�Ù�ëê k �'X. Äk, ·�

± 0.000001�Ú�, ò k l 0.0125�e4~, uy

3 k ~� 0.01228�Tn±Ï;â,��, XÚ£

��kü�áÚ±Ï:�G�. ,�,·�2±Ó
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Abstract

Passive dynamic walking becomes an important development for walking robots due to its simple structure and high energy

efficiency, but it often falls. The key to this problem is to ascertain its stable gaits and basins of attraction. In order to handle the

discontinuity, massive numerical computation is unavoidable. In this paper, we first propose an algorithm to compute Poincaré maps

in heterogeneous platforms with CPU and GPU, which can take the best performance of the newest heterogeneous platforms and

improve the computing speed by more than a hundred times. With this algorithm, we study the simplest walking model by sampling

massive points from the state space. We obtain high resolution images of the basin of attraction, and reveal its fractal structure. By

computing the relation between the stable gaits and their basins and by varying the slopk, we find a new three-period stable gait and a

period-doubling route to chaos, and we also study the new gait and its basin.
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