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ÏL3��n�·bXÚ¥\\G��"��ì, �EÑ��#�o��·bXÚ. ©ÛL², �XØÓëê
CzTXÚ¥y±Ï!E,±Ï!O±Ï!·b9�·b$Ä. Ó��OÑ�[>f>´éT�·bXÚ?1

¢��y. ��, �O
��g·AJl��ì, ¢y
Ùé�«ØÓë�&Ò�üCþJl��.
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1 Ú ó

g 1963 c Lorenz uy1��·bXÚ [1] ±
5, <�ÒØä/Ïé#�·bXÚ, ¿uy

Nõ#�·bXÚ, X Chua XÚ [2] !Chen X
Ú [3]!LüXÚ [4]. ·bXÚäk���� Lya-
punov �ê, �;,3����þ©l, ÙÄåÆ1
���E,, �^u��Ï&!ã�\��êi&
E+�. �·bXÚ�', �·bXÚäkü�$
�ü�±þ�� Lyapunov �ê, �;,3õ��
þ?1©l, ÙÄåÆ1���E,. �·b&Ò
E,�ÄåÆ1��±Jp·b��Ï&Úã�
&E\��S�5, äk�p�¢^d�. Ïd, ï
ÄXÛ)�#��·bXÚ, ®Úå�ïó�ö4
��'5, ¿��
Nõ¤J [5−9]. 8c, ±ykn
�g£·bXÚ�Ä:�O�·bXÚ, �vkX
Ú��{.

·b��ÚÓÚ�ïÄ´��5�Æ¥�9
��K��, 3�¯ÏÕ!&E�ÆÚó§�+�
äkã��A^cµ. 3·b��ïÄ¥, Jl¯
K=ÏL�O·����ì¦É�XÚ�ÑÑ&
Ò�l�½�ë�&Ò, �ä��5. AO/, XJ
ë�&Òd·bXÚ�), Jl��Büz¤°Ä
��A·bXÚ�ÓÚ. NõÆö3ù�¡�
�
þ�ïÄó�. ,
8cù
Jl���ïÄ¥,

��ìê8�õ (���°ÄXÚ�ê�Ó), ��
�ì��E,.

� C, Yang � u y 
 � � # � n � · b X
Ú. l�§/ªþw, d·bXÚaqu Lorenz,
LüÚ Chen XÚ, �§�¿ØÿÀ�d [10]. �©3
d·bXÚ¥\\G��"��ì, �EÑ��#
�o�g£�·bXÚ, ¿éXÚ�Ä�ÄåÆ1
�?1
�\�ïÄ, �)õÇÌã!Poincare �
¡ã!Lyapunov �êÌ!©
ã�. ©ÛL², #
�o�XÚ�XØÓëêCz¥y±Ï!E,±
Ï!O±Ï!·b9�·b$Ä. �·b$Ä�
�Nëê����, Bu>´¢y. �OÑ��[
>f>´?�Ú�y
�·báÚf��3, �
¢�(J�ê�©ÛÎÜ. ��, ÏL�E��#
� Lyapunov ¼ê, �O
��g·AJl��ì,
¢y
T�·bXÚé�«ØÓë�&Ò�üC
þJl��, �)é�u±Ï&Ò�Jl��!g
ÓÚÚØÓ�É(�XÚ�2ÂÓÚ.

2 #�·bXÚ�.

n�·bXÚ�G��§� [10]

ẋ1 = a(x2 − x1),

ẋ2 = cx1 − x1x3,

ẋ3 = −bx3 + x1x2, (1)
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Ù¥ a = 35, b = 3, c = 35. XÚkn�Ø­
½²ï:, ©O� O(0, 0, 0), P+(

√
105,

√
105, 35),

P−(−
√

105,−
√

105, 35).

ã 1 �·bXÚ��ã (a) x1-x2 ²¡; (b) x1-x3 ²¡; (c)
x2-x3 ²¡

3XÚ (1) ¥1�!1�!1n��§¥©O
�\��ì k1x4, k2x4, k3x4, ¿� ẋ4 = −dx1, �
�EÑXeo�g£XÚ:

ẋ1 = a(x2 − x1) + k1x4,

ẋ2 = cx1 − x1x3 + k2x4,

ẋ3 = −bx3 + x1x2 + k3x4,

ẋ4 = −dx1. (2)

XÚ (2) ��ê� 4, �¹k 2 ���5¦È�, ÷
v
�)�·b�7�^�. �ëê���� a =
35, b = 3, c = 35, k1 = 1, k2 = 0.2, k3 = 0.3, d = 5,
XÚ� Lyapunov �ê� LE1 = 0.5, LE2 = 0.2117,
LE3= 0, LE4 = −38.7068, d�XÚ¥yÑ�·b
1�. �·báÚf�ê��ý(JXã 1 ¤«.

3 #�·bXÚÄ�A5

3.1 ÑÑÑÑÑÑ555ÚÚÚáááÚÚÚfff������333555

éuXÚ (2), k

∇V =
∂ẋ1

x1
+

∂ẋ2

x2
+

∂ẋ3

x3
+

∂ẋ4

x4

= − a − b, (3)

� a = 35, b = 3, a + b = 38 > 0, XÚ (2) �ÑÑX
Ú, �±�ê/ª e−38t Âñ. ¿�X� t → ∞ �,
�¹XÚ;��z���NÈ�±�êÇ −38 Â
 � 0, ¤kXÚ�;�¬�ª���3NÈ� 0
���8Üþ, ¿�§ìC/��½3��áÚf
þ, ddL²
áÚf��35.

3.2 ²²²ïïï:::999ÙÙÙ­­­½½½555

-XÚ (2) m>�u", N´��XÚ (2) �
k��²ï: O(0, 0, 0). 3²ï: O ?�5zX
Ú (2), �Ù Jacobian Ý


J =


−a a 0 k1

c 0 0 k2

0 0 −b k3

−d 0 0 0

 . (4)

d |λI − J | = 0, ��ëê a = 35, b = 3, c = 35,
k1 = 1, k2 = 0.2, k3 = 0.3, d = 5, �éAu²
ï: O �o�A�� λ1 = −3, λ2 = −56.5752,
λ3 = 21.5465, λ4 = 0.0287. Ù¥ λ1, λ2 �K�¢
�, λ3, λ4 ���¢�, Ïd²ï: O �Ø­½�
Q:.

3.3 ëëëYYYõõõÇÇÇÌÌÌ��� Poincare ���¡¡¡ããã

·���, ±Ï&Ò�õÇÌ�lÑÌ, �±
Ï&ÒõÇÌ�ëYÌ. 
·b&Ò´�±Ï&Ò,
��ëYÌ. ùp±Cþ x1 �~�ÑXÚ (2) �õ
ÇÌ, Xã 2(a) ¤«. �±wÑáÚf´�±Ï�,
� x1 �õÇÌLyÑëY�°�A�. du3·
b«�S�3Ø­½�4��, ·bXÚ�õÇÌ
Ø
k²w�D(	, �k�¯±Ï;��Ñy�
¸�Ì�.

�
��ß/*	ÑXÚ�ÄåÆ1�, À
J x1 = 0 ²¡���¡, ã 2(b) �Ñ
XÚ3d
�¡þ� Poincare N�ã. dã�±wÑ, �¡þ
k�
¤¡�äk©/(���8:, �áÚf�
�¡�ß��, ?�Ú`²
d�XÚ´?u·b
��.
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ã 2 XÚ (2) �ëYõÇÌ� Poincare �¡ã (a) ëYõÇÌ;
(b) Poincare �¡ã

3.4 XXXÚÚÚëëëêêê���KKK���

e¡·�©Û�Xëê�UC, XÚ�ÄåÆ
1��Cz�¹. lXÚ� Lyapunov �êÌÚ©

ã��*�©ÛÑ��ëêCz�, XÚ$ÄG
��Cz�¹.

1) �½ëê a = 35, b = 3, c = 35, k1 = 1,
k2 = 0.2, k3 = 0.3, UCëê d. � d ∈ [1, 100],
XÚ� Lyapunov �êÌÚ©
ãXã 3 ¤«. d
ã 3 ��, � d ∈ [1, 25], kü��� Lyapunov
�ê, XÚ?u�·bG�; � d ∈ [25, 32], �
k���� Lyapunov �ê, XÚ?u·bG�;
� d ∈ [32, 36], �3ü��� Lyapunov �ê, XÚ
2g?\�·bG�; � d ∈ [36, 38], �3ü�"
�Úë�K�� Lyapunov �ê, XÚLy�O±
Ï�$Ä/ª; � d ∈ [38, 100], XÚ��� Lya-
punov �ê�", XÚLy�±Ï$Ä/ª. A�;
.ëê�?#XÚ��;,Xã 4 ¤«.

2) �½ëê a = 35, b = 3, k1 = 1, k2 = 0.2,
k3 = 0.3, d = 5, UCëê c. XÚ� Lyapunov �ê
ÌÚ©
ãXã 5 ¤«. dã 5 ��, � c ∈ [0, 32],
XÚ��� Lyapunov �ê�", XÚ?uE,�
±Ï$ÄG�; � c ∈ [32, 70], kü��� Lya-
punov �ê, XÚ?u�·bG�. ã 6 ´�ØÓë

ê c ��XÚ�E,±Ï;�.

4 �·bXÚ�>´¢�

·b½�·bXÚ��«����Ôn¢y
�ª´ÏL�[>f>´5�¤�. 3�O>´
�c, 7LéXÚ��©�§��
·��C�,
ù���8�kü�¡: �´ÏL�5'~Ø ,
¦�·bXÚ�G�Cþ38¤>´ó��>Ø
��SCz; �´{z>´�O, ¦þ~�¤I
�ì�. Äud�K, ·�æ^�5>{!�5>
N!$���ì (TL082)!�[¦{ì (AD633) �
O
���[>f>´, Xã 7 ¤«. �
°(
À�>´ëê±9BuN�©
ëê, >´¥>
{ R1, R3, R5, R7, R8, R10 æ^°��N> ì.
�ëê a = 35, b = 3, c = 35, k1 = 1, k2 = 0.2,
k3 = 0.3, d = 5, XÚ?u�·b$ÄG�, >´¥
�>{°(�©O� R1 = R3 = R5 = 28.57 kΩ,
R2 = 1000 kΩ, R4 = 5000 kΩ, R6 = R9 = 10 kΩ,
R7 = 3333.33 kΩ, R8 = 333.33 kΩ, R10 = 200 kΩ,
R0 = 10 kΩ, >N C0 = 10 nF. ÏL«Åì*	�
��·báÚfXã 8 ¤«. dã 8 wÑ, >´¢
�(J�ê��ý(J�Î.

ã 3 d Cz�XÚ (2) � Lyapunov �êÌÚ©
ã (a) Lya-
punov �êÌ; (b) ©
ã
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ã 4 A�;.ëê�?#XÚ��;, (a) d = 50; (b) d = 37; (c) d = 30; (d) d = 10

ã 5 c Cz�XÚ (2) � Lyapunov �êÌÚ©
ã (a) Lyapunov �êÌ; (b) ©
ã

ã 6 ëê c �ØÓ��XÚ�E,±Ï; (a) c = 4; (b) c = 20
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5 �·bXÚ�üCþg·AJl��

5.1 ggg···AAAJJJlll������ììì������OOO

·����8I´�O��Ü·�g·AJ
l��ì, ¦�·bXÚ�G�Cþ x1 U±�«
/ªJl?¿�½�ë�&Ò. É��·bXÚX
e:

ẋ1 = a(x2 − x1) + k1x4,

ẋ2 = cx1 − x1x3 + k2x4,

ẋ3 = −bx3 + x1x2 + k3x4,

ẋ4 = −dx1 + u (5)

u ���O�g·A��ì, �?¿ë�&Ò� r,
JlØ�� e = x1 − r. �O��ìXe:

u =
1
k1

[λ(e + ė) − a(ẋ2 − ẋ1) + k1dx1 + r̈], (6)

λ �g·A��OÃ, ÷vXe5Æ:

λ̇ = −γ(e + ė)2, (7)

γ �����~ê, Ù����K���OÃ�Â
ñ�Ý.

ã 7 �·bXÚ (2) �>´ã

½n éuÉ�XÚ (5), eÀJ (6) Ú (7) ª
L«�g·A��ì, KÙG�Cþ x1 U±ØÓ
�/ªJl?¿�½�ë�&Ò.

y² À��½ Lyapunov ¼ê

V =
1
2
e2 +

1
2
(e + ė)2 +

1
2γ

(λ + 1)2,

Ù'u�m��ê�

V̇ = eė + (e + ė)(ė + ë) +
1
γ

(λ + 1)λ̇

= −e2 + (e + ė)(e + ė + ë) − (λ + 1)(e + ė)2

= −e2 + (e + ė)[e + ė + a(ẋ2 − ẋ1)

− k1dx1 + k1u − r̈] − (λ + 1)(e + ė)2

= −e2 + (e + ė)[e + ė + λ(e + ė)] − (λ + 1)(e + ė)2

= −e2 6 0.

d Lyapunov ­½5nØ��, 3g·A��ì (6)
Ú (7) �^eÉ�·bXÚ (5) �G�Cþ x1 ìC
ªCuë�&Ò r. y²�..

ã 8 �·bXÚ (2) �>´¢�(J (a) x1-x2 ²¡; (b) x1-x3

²¡; (c) x2-x3 ²¡

5.2 êêê������ýýý

�
�yþãg·AJl��ì�k�5, ·
�±XÚ (5) �G�Cþ x1 Jl�u±Ï&Ò!
gÓÚÚØÓ�É(�2ÂÓÚ�~, ?1ê�
�ý. 3��L§¥, æ^o�9�¥©{?1
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ê�¦), XÚ (5) �Ð�� (0.5,0.1,0.2,0.01), ë
ê a = 35, b = 3, c = 35, k1 = 1, k2 = 0.2, k3 = 0.3,
d = 5, γ = 2, �ýÚ�� 0.0002.

5.2.1 Jl�u±Ï&Ò
À��u±Ï&Ò 2 sin(t) ��ë�&Ò, �

ý(JXã 9(a),(b). dã�, XÚCþ x1 ²L 5 s
�m�����±Ï;�þ, `²¤�O�g·A
Jl��ìU¦É�XÚ (5) O(Jlþ�½±Ï
&Ò.

5.2.2 gÓÚ
À�d#��·bXÚ���AXÚ

ẏ1 = a(y2 − y1) + k1y4,

ẏ2 = cy1 − y1y3 + k2y4,

ẏ3 = −by3 + y1y2 + k3y4,

ẏ4 = −dy1. (8)

XÚëêÚ (5) �Ó, = a = 35, b = 3, c = 35,
k1 = 1, k2 = 0.2, k3 = 0.3, d = 5, ÀJë�&
Ò r = y1. �ý(JXã 10(a),(b). dã��, XÚ
Cþ x1 ²L�á�m (5 s �m) �� y1 ����,
=3¤�O�g·AJl��ì�^eXÚ (5)
Ú (8) 'uCþ x1, y1 ¢y
gÓÚ.

5.2.3 ØÓ�É(�2ÂÓÚ
À�n� Liu XÚ���AXÚ, ÙG��§

� [11]:

ẏ1 = a(y2 − y1),

ẏ2 = by1 − ky1y3,

ẏ3 = −cy3 + hy2
1 . (9)

ã 9 É�XÚ (5) Jl±Ï&Ò�(J (a) x1, r ��Å/ã; (b) JlØ�­�

ã 10 gÓÚ��ý(J (a) x1, r ��Å/ã; (b) ÓÚØ�­�

ã 11 2ÂÓÚ��ý(J (a) x1, r ��Å/ã; (b) ÓÚØ�­�
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�ëê a = 10, b = 40, c = 2.5, k = 1, h = 4,
XÚLy�·bG�. �ë�&Ò r = y1 + y2,
=¢yXÚ (5) Ú (9) �2ÂÓÚ. �ý(JX
ã 11(a),(b). dã�, XÚCþ x1 ²L�á�m (5 s
�m) �Jlþë�&Ò y1 + y2, ¤±3g·AJ
l��ì�^eXÚ (5) Ú (9) ¢y
2ÂÓÚ.

6 ( Ø

�©Äu��n�·bXÚ, �EÑ��#

�o�g£�·bXÚ, ¿éXÚ�Ä�ÄåÆ
1�?1
�\�ïÄ, �)õÇÌ!Poincare �
¡!Lyapunov �êÌ!©
ã�. ©ÛL², #
�o�XÚ�XØÓëêCz¥y±Ï!E,±
Ï!O±Ï!·b9�·b$Ä. �OÑ��[>
f>´�y
�·báÚf��3. ��, �O

��g·AJl��ì, ¢y
T�·bXÚé�
«ØÓë�&Ò�üCþJl��, ¿±é�u±
Ï&Ò�Jl��!gÓÚÚØÓ�É(�XÚ
�2ÂÓÚ�~, �y
g·A��ì�k�5.
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A new hyperchaotic system and its adaptive
tracking control∗

Li Chun-Lai1)2)† Yu Si-Min1)
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Abstract
In this paper, a four-dimensional hyperchaotic system is constructed by adding a state feedback controller into a chaotic sys-

tem. Numerical simulations and theoretical analysis show that this four-dimensional system will take on periodic,complex periodic,
quasi-periodic chaotic hyperchaotic dynamical behaviours as parameters vary. Moreover, an electronic circuit diagram is designed for
demonstrating the existence of the hyperchaos. Finally, an adaptive tracking controller is proposed to acquire adaptive tracking control
for this hyperchaotic system.

Keywords: hyperchaos, Lyapunov exponent, chaotic circuit, tracking control
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