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æ^VÇ=£Ý
�{Ú>´©�nØïá
ü«(��þf��gÄÅ (QCA) \{ì�N�5�., �\
©Û
�|¤��é\{ì��NN�5U�K�. �Ñ��3�$��(VÇ�, DÑ�é�N�(VÇK��
�, 
����(VÇ�p�, DÑ���(VÇé�N�(VÇ�K�:ìO�, ¿�3��ëêCz��S�
�ì©ª´K��N�(VÇ�Ì���. æ^ Frobenius �êéü«Ó�õUØÓ(�� QCA \{ì��NN
�5U?1
'�, uyd 5 Ñ\JõÜ6��¤� QCA \{ì��NN�5U`û. ùéu8c QCA \{ì�
N�5�O±98��5� QCA >´�N�5�Oäk­�¿Â.

'�c: VÇ=£Ý
, \{ì, N�5, Frobenius �ê

PACS: 02.10.Yn, 02.50.Cw, 03.65.−w

1 Ú ó

Lent � [1] u 1993 c�ªJÑþf��gÄ
Å (quantum cellular cell, QCA) �Vg, ���«#
.B>fì�, äkNÈ�!�$õÑ±9ÃÚ�
8¤�`:. Äu QCA �Ä�Ü6>´®²�O
Ñ, X��ì [2]!JõÜ6� [2]!�\ì [2−5]!
¦{ì [6]!ê�'�ì [7] �. þf��ì�´É
���£ !���éO!��¢¦!��^=
��k"� [8] �K�, Ï
ÙN�5�5�Úå
<��­À. Dysart Ú Kogge[9], Wei � [10] æ^n
�P{Eâ5JpÙN�5, Bhaduri � [11] æ^õ
´E^Eâ5JpÙN�5. Patel �u 2003 cÄ
kJÑòVÇ=£Ý
 [12,13](probabilistic transfer
matrix, PTM) ^u>´N�5ïÄ. Krishnaswamy
�éVÇ=£Ý
æ^�êûüã [14](algebraic
decision diagrams, ADDs) �{éVÇ=£Ý
�ê
?1Ø , l
¦ÙA^u��5�>´�N�5
ïÄ.

�©±ÄuJõÜ6�Ú��ì�¤�ü«
ØÓ(�� QCA \{ì�ïÄé�, æ^VÇ=

£Ý
�{Ú>´©�nØ¿|^>´(��é
¡5, ïá
ü« QCA \{ì�VÇ=£Ý
�
., �\©Û
�|¤��é�NN�5UK��
�É, �ÑDÑ��k3�p��(VÇ�âé�
N�(VÇk­�K�, 
�3��ëêCz��
S��ì©ª´K��N�(VÇ�­���. æ
^ Frobenius �êéü«Ó�õUØÓ(�� QCA
\{ì��NN�5U?1
'�ïÄ, uyd 5
Ñ\JõÜ6��¤� QCA \{ì��NN�5
`û.

2 QCA Ä�>´(��VÇ=£Ý


3VÇ=£Ý
 [12] ¥, 1¢ÚL«Ñ\�, �
¢ÚL«ÑÑ�, Ý
¥���L«3A½Ñ\
eÑy�AÑÑ�VÇ. 3VÇ=£Ý
¥, du
ÑÑ��G��m´���, ¤±z�1���
Ú� 1, =÷v5�5. ����(VÇ p = 1 �
�Ã�Ø��VÇ=£Ý
, =n�VÇ=£Ý

 [12](ideal transfer matrix, ITM), Ù¥z�1=k
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����� 1, Ù{þ� 0.
ã 1 ¥ A Ú B ©O�L��ì!JõÜ6

�!DÑ�� QCA Ä��¬. Xã 1(a) ¤«, B �
¬�z�Ñ\þ5g A �¬�ØÓÑÑ, ù«>´
(�¡�Gé(� [12]. PA Ú PB ©OL«ü�¬
�VÇ=£Ý
, KÙ�NVÇ=£Ý
�ü�¬
VÇ=£Ý
�¦È PA · PB.

ã 1 >´�Ä�ë��ª (a) Gé(�; (b) ¿é(�;
(c) ÷Ñ(�

Xã 1(b) ¤«, A �¬Ú B �¬�Ñ\þ5g
ØÓ�ÑÑ, � A Ú B (�´²1�, ù«>´(
�¡�¿é(�. Ù�NVÇ=£Ý
�ü�¬V
Ç=£Ý
�ÜþÈ PA ⊗ PB.

Xã 1(c) ¤«, B �¬�Ñ\ë�� A �¬�
÷ÑÑÑ�, A �¬�ÑÑë�
 B �¬�õ�Ñ
\, ù«>´(�¡�÷Ñ(�. �O�ù«>´
(��VÇ=£Ý
, �Iò B �¬�VÇ=£Ý

¥5gÓ�ÑÑ�
�¿Ø�Ó�1íØ=�,
Ù�NVÇ=£Ý
�íØ��VÇ=£Ý
�
¦È PA · P ′

B. ~Xã 1(c) ¤«, B �¬�ü�Ñ
\5gÓ�ÑÑ, @oÒ�ò B �VÇ=£Ý
¥
1 1 = {01} Ú1 2 = {10} íØ.

3 QCA \{ìN�5U©Û

3.1 VVVÇÇÇ===£££ÝÝÝ


���...���ïïïááá

©z [4,5] ¥�O�ü« QCA \{ìÜ6(
�Xã 2 ¤«, ã 2(a) ¤«�\{ìd 2 � 3 Ñ\
JõÜ6�!1 ���ì!1 � 5 Ñ\JõÜ6�
�¤; ã 2(b) ¤«�\{ìd 3 � 3 Ñ\JõÜ6
�!2 ���ì�¤. Uì>´©��Ä��K¿
(Ü>´(����é¡5òÙ>´(�y©�
Xã 2 ¤«�Ä�|¤ü�.

����(VÇ� pi, i = 1, 2, 3, 4, 5, 6, �Ø
VÇ� qi, ÷v pi + qi = 1.5 Ñ\JõÜ6��V

Ç=£Ý
� PMAJ5(�N¹). ��ì�VÇ=£
Ý
�

Pinverter =

 q1 p1

p1 q1

 , (1)

3 Ñ\JõÜ6��VÇ=£Ý
�

PMAJ3 =

 p2 p2 p2 q2 p2 q2 q2 q2

q2 q2 q2 p2 q2 p2 p2 p2

T

, (2)

DÑ��VÇ=£Ý
�

Pwire =

 p4 q4

q4 p4

 , (3)

2- ÷Ñ��VÇ=£Ý
�

Pfanout2 =

 p5 q5/3 q5/3 q5/3

q5/3 q5/3 q5/3 p5

 , (4)

2- ����VÇ=£Ý
�

Pswap2 =


p6 q6/3 q6/3 q6/3

q6/3 q6/3 p6 q6/3

q6/3 p6 q6/3 q6/3

q6/3 q6/3 q6/3 p6

 . (5)

M

M

si

co

ci
ai

bi

ci
ai

bi

S1S2 S3 S4 S5 S6 S7 S8

M

M

(a)

(b)

M

si

co

S1S2 S3 S4 S5 S6 S7 S8 S9

ã 2 ü« QCA \{ìÜ6(�ã (a) MAJ-5 \{ì;
(b) MAJ-3 \{ì

±ã 2(a) ¤«�>´(��~, dVÇ=£
Ý
�5�9ÙO��{ [12], Kk S1 ü��V
Ç=£Ý
� P1 = Pfanout2 ⊗ Pfanout2 ⊗ Pfanout2;
S2 ü��VÇ=£Ý
� P2 = Pwire ⊗ Pswap2 ⊗
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Pswap2 ⊗ Pwire; S3 ü��VÇ=£Ý
� P3 =
Pwire⊗Pwire⊗Pswap2⊗Pwire⊗Pwire; S4 ü��VÇ
=£Ý
� P4 = Pwire⊗Pwire⊗Pwire⊗PMAJ3; S5

ü��VÇ=£Ý
� P5 = Pwire⊗Pwire⊗Pwire⊗
Pfanout2; S6 ü��VÇ=£Ý
� P6 = Pwire ⊗
Pwire⊗Pwire⊗Pinverter⊗Pwire; S7 ü��VÇ=£
Ý
� P7 = Pwire⊗Pwire⊗Pwire⊗Pfanout2⊗Pwire;
S8 ü��VÇ=£Ý
� P8 = PMAJ5 ⊗Pwire. �
NVÇ=£Ý
�

P = P1 · P2 · P3 · P4 · P5 · P6P7 · P8, (6)

Ù¥ P � 8× 4 �Ý
, b�¤kÑ\´�VÇÑ
y�, KÙ�N�(VÇ�

Poverall = (P (1, 1) + P (2, 3) + P (3, 3)

+P (4, 2) + P (5, 3) + P (6, 2)

+P (7, 2) + P (8, 4))/8. (7)

�  QCA \{ìÑ\ÑÑ'XXL 1 ¤«.
Ón�ïáã 2(b) ¤« QCA \{ì>´�VÇ=
£Ý
�..

L 1 �  QCA \{ìÑ\ÑÑ'X

sico

ciaibi 00 01 10 11

000
√

× × ×

001 × ×
√

×

010 × ×
√

×

011 ×
√

× ×

100 × ×
√

×

101 ×
√

× ×

110 ×
√

× ×

111 × × ×
√

3.2 ���|||¤¤¤������ééé���NNNNNN���555UUU���KKK���

æ^ MATLAB ©OïÄ>´��N�(VÇ
�|¤���(VÇ�Cz­�, Ù¥�|¤��
�(VÇ pi ∈

[
0.5, 1

]
, ©Û�N�(VÇ�,�

|¤���(VÇCz�, Ù¦¤k���(VÇ
�±ØC�Ó� 0.99.

ã 3(a) ¥�±�Ñ3 MAJ-5 \{ì¥, ��
ì!5 Ñ\JõÜ6�!3 Ñ\JõÜ6�!2-�
��!2-÷Ñ�!DÑ���(VÇé�N�(
VÇ�K��g~�, ���ì!5 Ñ\JõÜ6
�!3 Ñ\JõÜ6�!2-�����(VÇ��
N�(VÇCq��5'X, �DÑ��(VÇ�
��, Ùé�N�(VÇK���, �DÑ��(
VÇ���, �N�(VÇ�DÑ��(VÇ�O

�
:ìO�. ã 3(b) ¥�±�Ñ3 MAJ-3 \{
ì¥, ��ì!2-���!3 Ñ\JõÜ6�!2-÷
Ñ�!DÑ���(VÇé�N�(VÇ�K�
�g~�, ���ì�(VÇ��N�(VÇCq
��5'X, 
 2-���!3 Ñ\JõÜ6�!2-÷
Ñ�!DÑ���(VÇ��N�(VÇ¥­�
'X, �DÑ��(VÇ���, Ùé�N�(V
ÇK���, �DÑ��(VÇ���, �N�(
VÇ�DÑ��(VÇ�O�
:ìO�.

ã 3 � N � ( V Ç � | ¤ � � � ( V Ç � C z ­ �
(a) MAJ-5 \{ì; (b) MAJ-3 \{ì

l±þéü«ØÓ(�� QCA \{ì�N�
5ïÄ¥�±�Ñ, ��|¤����(VÇ�$
� (0.5 6 pi 60.8), DÑ�é�N�N�5UK�
��, 
����(VÇ��� (0.8 6 pi 61.0), �
N�(VÇ�DÑ��(VÇ�O�
:ìO�.
ùL²3���(VÇ�$�, Jp�N�N�5
�lJpØDÑ��	�Ù¦���N�5\Ã
��k�, 
��|¤���(VÇ����ÏL
JpDÑ��N�55Jp�N�N�5. ¿�3
��ëêCz��S, ��ì©ª´K��N�(
VÇ�����.
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4 QCA \{ì�NN�5U'�

4.1 ØØØ���VVVÇÇÇ===£££ÝÝÝ


��� Frobenius ���êêê

éu��½>´, � P ´�3�½�ØVÇ
�>´��NVÇ=£Ý
, X �>´�Ñ\, @
o Y = PX Ò´>´�¢SÑÑ. ,	, ½Â P̃ �
� P éA�n�VÇ=£Ý
 [13], @oéuA½

� X , Ỹ = P̃X Ò´Ã�Ø���ÑÑ.
� P = (pij) ∈ Cm×n � � � pij � k Ø

� δpij(i, j = 1, 2, · · · , n), KO(VÇ=£Ý

A�

P̃ = P + δP , (8)

Ù¥ δP = (δpij), ¡�Ø�Ý
.

ã 4 �NØ�VÇ=£Ý
� Frobenius �êCz­� (a) ��ì; (b) 3 Ñ\JõÜ6�; (c) DÑ�; (d) 2- ÷Ñ�; (e) 2- ���
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� e = Y − Ỹ = (P − P̃ )X = (δP )X , dd
���
¢yÓ�Ü6õU, ØÓ�>´�Ñ\ X

´���, @oÑÑ��ØVÇ�d δP û½. Ø
�Ý
��ê��, L²�3�Ø�¢S>´ÚÃ
�Ø>´��O��, æ^ Frobenius �ê5Ýþ
üö��O, Ø�Ý
� Frobenius �ê�

‖δP ‖F = (
m∑

j=1

n∑
i=1

|δpij |2)1/2. (9)

éuØÓ�>´(�, ‖δP ‖F ��, L²3
�Ó��>´Ñ�VÇe, T>´äk���
N�5U, ÑÑ&Ò'�N´Ñ�; ‖δP ‖F ��,
3�Ó��>´Ñ�VÇe, >´äk�Ð�
N�5U, äk�r��>´�m�g·³�Ú
N!Uå [15]. � \{ì�n�VÇ=£Ý


� P̃ =


1 0 0 0 0 0 0 0

0 0 0 1 0 1 1 0

0 1 1 0 1 0 0 0

0 0 0 0 0 0 0 1



T

.

4.2 ���ýýý©©©ÛÛÛ

�Ñü«(�� QCA \{ì��NØ�VÇ
=£Ý
� Frobenius �ê�|¤���(VÇ�
Cz­�Xã 4 ¤«. ùpÀ�Ù�k��: ��
ì!3 Ñ\JõÜ6�!DÑ�!2-÷Ñ�Ú 2-�
��.

lã 4 ¥�±wÑ, 3ü«(�\{ì��k
���Ó��(VÇ�, 2-÷Ñ�Ú 2-���éü
«(��\{ì��NN�5U�É�K���.
nÜ'�©Û MAJ-5 \{ì��NØ�VÇ=£
Ý
� Frobenius �ê�u MAJ-3 \{ì��NØ
�VÇ=£Ý
� Frobenius �ê. Ïd MAJ-5 \
{ì�N�5U�`u MAJ-3 \{ì.

5 ( Ø

�©�é QCA ¥�3��k"�, æ^VÇ
=£Ý
�{ïá
ü«ØÓ(�� QCA \{ì
�N�5�., �\©Û
�|¤��é�NN�
5U�ØÓK�. �DÑ��(VÇ�$�Ùé�
NN�5U�K���, 
DÑ���(VÇ�p
�, �NN�5U�DÑ���(VÇ�O�
:
ìJp, `²�|¤���(VÇY²�$�, X
JÏ"ÏLJp|¤���N�55Jp�NN
�5, �ÏLJpØDÑ��	����N�55

Jp�NN�5U; 
����(VÇ�p�, J
p�NN�5�ÏLJpDÑ��N�55Jp
�NN�5. ¿�3���(VÇëêCz��S
��ì©ª´K��N�(VÇ�­���. nÜ
©Ûü«(��\{ìL², MAJ-5 \{ì�N�
5`u MAJ-3 \{ì. ùéu8c QCA >´±9
8���5� QCA >´�N�5�OïÄäk­
�¿Â.

N¹

5 Ñ\JõÜ6��VÇ=£Ý

```````````̀

Ñ\ ÑÑ 0 1

00000 p3 q3

00001 p3 q3

00010 p3 q3

00011 p3 q3

00100 p3 q3

00101 p3 q3

00110 p3 q3

00111 q3 p3

01000 p3 q3

01001 p3 q3

01010 p3 q3

01011 q3 p3

01100 p3 q3

01101 q3 p3

01110 q3 p3

01111 q3 p3

10000 p3 q3

10001 p3 q3

10010 p3 q3

10011 q3 p3

10100 p3 q3

10101 q3 p3

10110 q3 p3

10111 q3 p3

11000 p3 q3

11001 q3 p3

11010 q3 p3

11011 q3 p3

11100 q3 p3

11101 q3 p3

11110 q3 p3

11111 q3 p3
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The fault-tolerance study of QCA adder based on
probability model∗

Huang Hong-Tu† Cai Li Yang Xiao-Kuo Liu Bao-Jun Li Zheng-Cao

( College of Science, Air Force Engineering University, Xi’an 710051, China )

( Received 14 May 2011; revised manuscript received 21 June 2011 )

Abstract
The probability models of 2 different quantum cellular automaton (QCA) adders are based on the theory of probabilistic transfer

matrix and circuit partition. The effect of individual component on the overall fault-tolerance is fully analyzed at the same level. The
simulation shows that the effect of the wire is minor when the success probability is low, while the overall fault-tolerance rises sharply
once the success probability is high. And the inverter is considered to be a major factor that affects the overall fault-tolerance in the
variation range of parameter. Frobenbius norm of the overall error probabilistic transfer matrix is employed to study the fault-tolerance
difference. The result shows that the overall fault-tolerance of QCA adder consisting of 5-input majority is superior to the other. Such
fault-tolerance analyses should be used for a better characterization of QCA circuit design and fault-tolerance improvement.

Keywords: probabilistic transfer matrix, adder, fault-tolerance, Frobenius norm
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