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1 Ú ó

Ã��{|^�|ÑÙ3¯K�±9�>.
þ�|!:L«T¯K�9Ù>., Äuù
!:
�ECq¼ê, Ø¬�)Ï��­�ÚÆCÚå�
(J, 3ê��[p�-E!Ä�ä�±9£Ä>
.�¯K�äkéõÄu���ê��{Ã{'
[�`:. |^Ã��{¦)ó§¢S¯K®²¤
��cO�åÆ+��ïÄ9:�� [1].

8cuÐ�Ã��{k�A«, §��Ì�
«O3u¦^
ØÓ�/¼ê½�©�§��
�/ª. ù
Ã��{Ì��)Ãü� Galerkin
{ (element-free Galerkin method, EFG)[2,3]!Ã�
� Û Ü Petrov-Galerkin { (meshless local Petrov-
Galerkin method, MLPG)[4−6]!2)Øâf{ (re-
producing kernel particle method, RKPM)[7,8]!k�
: { (the finite point method, FPM)[9,10]! : � �
{ (point interpolation method, PIM)[11]!ECþÃ
� � { [12] ± 9 Ä u > . È © � § � Ã � �
{ [13−16] �.

Ã � � Û Ü Petrov-Galerkin { ´ Ä u £ Ä
���¦{ (moving least-squares, MLS)[17−19] Ú
� Galerkin �ÛÜf/ª/¤�, ÙÁ¼êÚ\�
¼ê�gØÓ�¼ê�m, ê�È©3Äu!:�

ÛÜf�þ?1, ÃØ´�ECq¼ê, �´ê�
È©ÑØI�y©?Ûü�½��, ´�«ý��
Ã��{, T�{3éõ+���
2�A^ [20].
�´ù��{æ^£Ä���¦{�ECq¼ê,
ê�¢�L§¥��9�þ�Ý
�¦Ú¦_, �
3�:õ!O�þ��":, 
�>.^��\'
�æ�, l
K�
T�{�O��Ç.

§�¬� [21] òECþÚ\£Ä���¦{
JÑECþ£Ä���¦{, ò��¯K�ü�
��þ8(�����þ5ïá/¼ê, Ù`:
´Ä¼ê��{ü, ¤/¤�Ã���{����
!:. §�¬� [22,23] ïÄ�5åÆÚä�åÆ�
ECþÃ��{, �w� [24−26] ?ØECþ­�
Ølf{, Liew � [27,28] ïá
ECþ>.Ãü�
{. �©òECþ£Ä���¦{Ú\ÛÜ Petrov-
Galerkin {, æ^v¼ê{�\>.^�, ïáEC
þÃ��ÛÜ Petrov-Galerkin {. T�{Ø=�±

DÚÃ��ÛÜ Petrov-Galerkin {�`³, 
�
3/¼ê��E¥æ^��Ä¼êïá��¯K
�Á¼ê, ¦�Á¼ê¥¤¹��½Xê~�, ?

Jp
O��Ç.

�©±���5åÆ¯K�~, æ^\�íþ
{í�ECþÃ��ÛÜ Petrov-Galerkin {�l
Ñ�§, ¿ÏLê��~�yT�{�k�5.
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2 ECþ£Ä���¦{

JÑECþ£Ä���¦{Ì�´�é8c
£Ä���¦{/¤�Ã���{�3´/¤¾
�½ÛÉ�§|!�:Lõ!O�þ��":. £
Ä���¦{´éIþ¼ê
ó�, 
ECþ£Ä
���¦{K´é�þ¼ê�%C. �Á¼ê

ūh(z) = uh
1 (z) + i · uh

2 (z)

=
m∑

j=1

pj(z)aj(z) = pT(z)a(z),

z = x1 + ix2 ∈ Ω, (1)

Ù¥ ūh(z) � ũ(z) �%C¼ê, pj(z) ´Ä¼ê,
aj(z) ´�éA�Xê, m �Ä¼ê��ê.

éu (1) ª��N%C, 3: z ���S�Û
Ü%C½Â�

ūh(z, z̄) =
m∑

j=1

pj(z̄)aj(z) = pT(z̄)a(z), (2)

½Â\�lÑ���

J =
n∑

I=1

W (z − zI)[ūh(z, zI) − ũ(zI)]2

=
n∑

I=1

W (z − zI)

×
[ m∑

j=1

pj(zI)aj(z) − ũ(zI)
]2

, (3)

Ù¥ zI �:z�;|�S�!:.

ũ(zI) = u1(zI) + i · u2(zI). (4)

(3) ª�^Ý
L«�

J = (Pa − ũ)TW (z)(Pa − ũ), (5)

Ù¥

ũ =
[
ũ(z1), ũ(z2) · · · ũ(zn)

]T

= Qu, (6)

Q =



1 i 0 0 0 0 · · · 0 0

0 0 1 i 0 0 · · · 0 0

0 0 0 0 1 i · · · 0 0
...

...
...

...
...

...
. . .

...
...

0 0 0 0 0 0 · · · 1 i


(n×2n)

, (7)

u =
[
u1(z1), u2(z1), u1(z2),

u2(z2), · · ·u1(zn), u2(zn)
]T

, (8)

P =


p1(z1) p2(z1) · · · pm(z1)

p1(z2) p2(z2) · · · pm(z2)
...

...
. . .

...

p1(zn) p2(zn) · · · pm(zn)


(n×m)

,

(9)

W (z) =


w(z − z1) 0 · · · 0

0 w(z − z1) · · · 0
...

...
. . .

...

0 0 · · · w(z − zn)

 .

(10)

�
�� a(z), é J �4�, �
∂J

∂a
= A(z)a(z) − B(z)ũ = 0, (11)

A(z)a(z) = B(z)ũ, (12)

dd��

a(z) = A−1(z)B(z)ũ. (13)

ù�, %C¼ê�L�ª�

ūh(z) = Φ(z)ũ =
n∑

I=1

ΦI(z)ũ(zI)

= uh
1 (z) + i · uh

2 (z), (14)

Ù¥

uh
1 (z) = Re[Φ(z)ũ]

= Re
[ n∑

I=1

ΦI(z)ũ(zI)
]
, (15)

uh
2 (z) = Im[Φ(z)ũ]

= Im
[ n∑

I=1

ΦI(z)ũ(zI)
]
. (16)

ECþ£Ä���¦{�`:´Ù/¤��
�¯KÃ���{����!:, 3/¼ê��E
¥æ^��Ä¼êïá��¯K�Á¼ê, ¦�Á
¼ê¥¤¹��½Xê~�. é�5Ä, �5�Ä
¼ê� pT = (1, x1, x2), �½~ê� 3 �, y3�
Ä¼ê� pT = (1, z), �½~ê� 2 �; é�gÄ,
�5�Ä¼ê� pT = (1, x1, x2, x

2
1, x1x2, x

2
2), �

½~ê� 6 �, y3�Ä¼ê� pT = (1, z, z2), �
½~ê� 3 �. ù�, éu?�|!:5`, Ù;|
�¥¤¹�!:ê��~�, ?
3��¦)�¥
¤IÀ��!:ê8����~�. Ïd, 3Ó�
°Ýe, ~�
O�þ; 3Ó�!:©Ùe, Jp

O�°Ý.
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3 � 5 å Æ � E C þ Ã � � Û
Ü Petrov-Galerkin {

�Ä²¡�5åÆ¯K, �¯K�� Ω, >.
� Γ , ÙéA����§Ú>.^��

σij,j + bi = 0, 3ΩS (17)

ui = ūi, 3ΓuS (18)

σijnj = t̄i, 3Γtþ (19)

Ù¥ i, j = 1, 2, bi ´Nå©þ, ūi ´ Γu þ�®� 
£©þ, t̄i ´ Γt þ�®�¡å©þ, � Γ = Γu∪Γt,
nj ´>. Γ �	{���{u.

y�Ä: z ��� (f�) Ωs, df� Ωs þ�
\�íê{, ¿|^vÏfò��>.^� (18) \
\�í��§¥, ��∫

Ωs

WI · (σij,j + bi)dΩ

−α

∫
Γsu

WI · (ui − ūi)dΓ = 0, (20)

ª¥ WI �\�¼ê, Ωs �f�, Γsu ´f� Ωs �
>. ∂Ωs þ�½ £>.^��Ü©. é�§ (20)
¥�1��È©�1��?1©ÜÈ©, ¿|^Ñ
Ý½n, ��∫

Ωs

(−σijWI,j + WIbi)dΩ +
∫

∂Ωs

WIσijnj dΓ

−α

∫
Γsu

WI(ui − ūi)dΓ = 0. (21)

��rf�©�nÜ©, =ÛÜ>. u�N>.
þ�½¡å>.^��Ü© Γst Ú�½ £>.^
��Ü© Γsu, ±9vk>.^��Ù{Ü© Ls,
Ïdk ∂Ωs = Ls ∪ Γsu ∪ Γst. ù�, (21) ª�L«
� ∫

Ωs

(−σijWI,j + WIbi)dΩ +
∫

Ls

WItidΓ

+
∫

Γsu

WItidΓ +
∫

Γst

WI t̄idΓ

−α

∫
Γsu

WI(ui − ūi)dΓ = 0. (22)

3 MLPG \�í�{¥, Á¼êÚ\�¼ê�
gØÓ�¼ê�m, �
{z (22) ª, ÀJ\�¼
ê WI 3ÛÜf�>. Ls þ���". 
£Ä�
��¦{¥��¼êTU÷v±þ�¦. Ï�3�
¼ê�|±��» r þ, �¼ê�". ù�, �IÀ
JÛÜ� Ωs ��» r′ ��¼ê�|±��» r �
�=�. |^ù�5�, (22) ªL«�∫

Ωs

WI,jσij dΩ −
∫

Γsu

WItidΓ + α

∫
Γsu

WIuidΓ

=
∫

Γst

WI t̄idΓ +
∫

Ωs

WIbidΩ

+α

∫
Γsu

WI ūidΓ. (23)

?�Úò (23) ªU��Ý
/ª∫
Ωs

GT
I σdΩ −

∫
Γsu

W T
I tdΓ + α

∫
Γsu

W T
I ūhdΓ

=
∫

Γst

W T
I t̄dΓ +

∫
Ωs

W T
I bdΩ

+α

∫
Γsu

W T
I ūdΓ, (24)

Ù¥ WI ��¼êÝ
:

WI = W (z, zI)

=

 W (z, zI) 0

0 W (z, zI)

 , (25)

GI ��¼ê�êÝ


GI = G(z, zI)

=


W,1(z, zI) 0

0 W,2(z, zI)

W,2(z, zI) W,1(z, zI)

 , (26)

t =

 t1

t2

 = nσ, (27)

ūh =

 uh
1

uh
2

 , (28)

b =

 b1

b2

 , (29)

σ =


σ11

σ22

σ12

 . (30)

d E C þ £ Ä � � � ¦ { � Á ¼ ê L �
ª (14), f� Ωs S?¿|!: z � £�L«
�

ūh(z) = uh
1 (z) + i · uh

2 (z) = Φ(z)ũ

=
n∑

I=1

ΦI(z)ũ(zI),

∀z ∈ Ωs, (31)

Ù¥ n ´|: z K��S�!:oê.

ũ =
[
ũ(z1), ũ(z2) · · · ũ(zn)

]T

= Qu, (32)

ù�k

uh
1 (z) = Re

[
Φ(z)ũ

]
050204-3
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= Re
[ n∑

I=1

ΦI(z)ũ(zI)
]
, (33)

uh
2 (z) = Im

[
Φ(z)ũ

] = Im
[ n∑

I=1

ΦI(z)ũ(zI)
]
. (34)

f�S?�:�AC�

ε(z) = Lūh(z) =


ε11(z)

ε22(z)

ε12(z)

 =



{
Re

[ n∑
I=1

ΦI(z)ũ(zI)
]}

,1{
Im

[ n∑
I=1

ΦI(z)ũ(zI)
]}

,2{
Re

[ n∑
I=1

ΦI(z)ũ(zI)
]}

,2

+
{

Im
[ n∑

I=1

ΦI(z)ũ(zI)
]}

,1


, (35)

Ù¥

L(·) =


(Re[·]),1

(Im[·]),2

(Im[·]),1 + (Re[·]),2

 , (36)

ũ(zI) = u1(zI) + i · u2(zI)

= (1 i)

 u1(zI)

u2(zI)

 . (37)

�â�5åÆ²¡¯K� £�AC�'X, ��AC�þ

ε(z) =


ε11(z)

ε22(z)

ε12(z)

 = L(Φ(z)ũ)

= L(Φ(z)Qu) = B(z)u =
n∑

I=1

BIuI , (38)

Ù¥

ũ = Qu, (39)

u =
[
u1(z1), u2(z1), u1(z2), u2(z2), · · ·u1(zn), u2(zn)

]
, (40)

B(z) =
[
B1(z),B2(z), · · ·Bn(z)

]
, (41)

BI(z) =


Re[ΦI,1(z)] −Im[ΦI,1(z)]

Im[ΦI,2(z)] Re[ΦI,2(z)]

Re[ΦI,2(z)] + Im[ΦI,1(z)] −Im[ΦI,2(z)] + Re[ΦI,1(z)]

 . (42)

2d�5åÆ²¡Aå¯K�Aå - AC'
X, ?¿:�Aå�L«�

σ(z) = D · ε(z) = D · B(z) · u

=
n∑

I=1

DBIuI , (43)

Ù¥ D ��5Ý
. éu²¡AC¯K,

D =
E

(1 + ν)(1 − 2ν)

×


1 − ν ν 0

ν 1 − ν 0

0 0
1 − 2ν

2

 , (44)

éu²¡Aå¯K,

D =
E

1 − ν2


1 ν 0

ν 1 0

0 0
1 − ν

2

 , (45)

Ù¥ E ��5�þ, ν � Poisson '.
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ò (31) Ú (43) ª�\ (24) ª, ��|!: I �
lÑXÚ�§∫

Ωs

GT(zI , z)DBIudΩ

−
∫

Γsu

W T(zI , z)nDBIudΓ

+α

∫
Γsu

W T(zI , z)ΦIQudΓ

=
∫

Γst

W T(zI , z)t̄(z)dΓ

+
∫

Ωs

W T(zI , z)b(z)dΩ

+α

∫
Γsu

W T(zI , z)ū(z)dΓ. (46)

(46) ª��¤Ý
/ª

(KI)(2×2n)u(2n×1) = (fI)(2×1),

(I = 1 · · ·n), (47)

Ù¥

KI =
∫

Ωs

GT(zI , z)DBI dΩ

−
∫

Γsu

W T(zI , z)nDBI dΓ

+α

∫
Γsu

W T(zI , z)ΦIQdΓ, (48)

fI =
∫

Γst

W T(zI , z)t̄(z)dΓ

+
∫

Ωs

W T(zI , z)b(z)dΩ

+α

∫
Γsu

W T(zI , z)ū(z)dΓ. (49)

ò¤k!:éA�fÝÝ
|C?oNfÝÝ
,
��

K(2n×2n)u(2n×1) = F(2n×1). (50)

±þÒ´�©ÄuECþ£Ä���¦{Ú
Ã��ÛÜ Petrov-Galerkin {ïá��5åÆ�
ECþÃ��ÛÜ Petrov-Galerkin {. T�{�`
:´�:�!°Ýp!O��Ý¯, k�)û
Ù
¦Ã���{�:Lõ!O��Ýú�N´/¤
¾��§|�":.

4 ê��~

æ^�©ïá��5åÆ�ECþÃ��Û
Ü Petrov-Galerkin {, ©OégdàÉ}�1Ö�
^�]:ùÚÉü�.��¥%���?1ê�
O�.

~~~ 1 gggdddàààÜÜÜÉÉÉ}}}���ÖÖÖ111���^̂̂���]]]:::ùùù

Xã 1 ¤«]:ù, 3"àÉ�Ô�}��
eÖ1��^, ù�AÛëê©O�� L = 48 m,
p D = 12 m, þ t = 1 m, á���5�þ E =
3 × 107 Pa, Poisson ' ν = 0.30, 1Ö P = 1000 N.

x1

x2

D
p

L

ã 1 ]:ù«¿ã

ã 2 ]:ù�!:©Ù«¿ã

ã 3 ]:ù¥¶�?ç� £é'ã

ã 4 x1 = L/2 î�¡þ��Aå σ11 é'ã

3¦)�Sþ!Ù� 13×7 �!:, !:Ù�
Xã 2 ¤«. ã 3 �Ñ
]:ù¥¶�þ�!:
÷ x2 ��� £ê�)�)Û)é'. ã 4 Úã 5
©O�Ñ
 x1 = L/2 î�¡þ:��AåÚ}A
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å�ê�)Ú)Û)é'. �±wÑ, �©JÑ�
�5åÆ�ECþÃ��ÛÜ Petrov-Galerkin {
�O�(JÚ)Û)ÎÜ�éÐ, `²�©¤J�
{��(5Úk�5.

ã 5 x1 = L/2 î�¡þ}Aå σ12 é'ã

ã 6 ü�.��¥%����O��.

ã 7 Éü�.��¥%����!:©Ùã

~~~ 2 ÉÉÉüüü���...������^̂̂���¥¥¥%%%���������
�ÄY²��Éü�.��¥%��Ý/�.

��º�� 10 m× 10 m, ¥%���»� a = 1 m.

á � � � 5 � þ E = 1.0 × 103 MPa, Poisson
' ν = 0.25, ü�.�þÙÖ1 q = 1.0 kPa. d
ué¡5, �±��Äo©�����ïÄé�,
ØO­å, U²¡AåO�, Xã 6 ¤«.

X ã 7 ¤ «, ¥ % � � � � ¦ ) � S � Ù
� 15 × 15 �!:. ã 8 Úã 9 ©O�Ñ
 x1 = 0
î�¡þ�»� £Ú�Aå�ê�)Ú)Û)
é'. �±wÑ, ê�)�)Û)ÎÜ��Ð.

ã 8 ÷ x1 = 0 �¡�»� £é'ã

ã 9 ÷ x1 = 0 �¡��Aåé'ã

5 ( Ø

� © Ä u E C þ £ Ä � � � ¦ { Ú Ã �
�ÛÜ Petrov-Galerkin {, ïáECþÃ��Û
Ü Petrov-Galerkin {. ?�ÚòT�{A^u�
5 å Æ ¯ K, J Ñ � 5 å Æ � E C þ Ã � � Û
Ü Petrov-Galerkin {. T�{�`:´æ^��
Ä¼êïá��¯K�Á¼ê, ¦�Á¼ê¥¤¹
��½Xê~�, l
k�JpO��Ç. ê��
~L², �DÚ�Ã��ÛÜ Petrov-Galerkin {�
', T�{äk�:�!O�þ�Ú°Ýp�`:.
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Abstract
In this paper, the shape functions are obtained by the moving least-squares method with complex variable (MLSCV). The advan-

tages of MLSCV are that the approximation function of a two-dimensional (2D) problem is formed with one-dimensional (1D) basis
function, and the number of the undetermined coefficients is reduced, so it effectively improves the computational efficiency. Based on
the MLSCV and meshless local Petrov-Galerkin method, the essential boundary conditions are imposed by the penalty method and the
corresponding discrete equations are derived, then a meshless local Petrov-Galerkin method with complex variables is presented for 2D
elasticity problems. Some examples given in this paper demonstrate the effictiveness of the present method.

Keywords: meshless method, moving least-squares method with complex variables, meshless local Petrov-
Galerkin method, elasticity
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