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 Holmes . Duffing �§�·bA5^u&Òuÿ��{, �éT�{�·^uÿA½ªÇ¤©&Ò!
�§ëêÀJØB±9D(K�uÿ(J��¹, JÑÄu Duffing �f�CºÝ�fA�&Òuÿ�{. ê�©
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1 Ú ó

&ÒuÿEâ3ó§+�¥kX2��A^,

XJ�ÿ&Ò�~�f, @o§éN´�D(Z6

ìv, éÙuÿ  C��©(J. DÚþ�f
&Òuÿ�{Ì�´ÈØ³�D( [1−3], �ù«�
{�U¬�³k^&Ò. Äu·b��f&Òuÿ
�{ [4−6] �±k�Ð�Uõ, Ùuÿ5U���
�$�&D'. 8c, Duffing XÚ´�)·by�
��a~^��5XÚ, |^§éD(��¼A5
Úé�f&Ò�¯a5, �±éA½ªÇ¤©��
f&Ò?1uÿ. ,
, Äu Duffing �f�uÿ�
{�3�¯K´, Ø=XÚÉ��ªÇëê���,

�Uuÿ$ª&Ò; 
�éuØÓ��ÿ&Ò, J
±(½uÿ�§¥Ü·��.ëê��; ,	, T
�{�ØU��üØD(é&Òuÿ�)�K�.

�é Duffing �f��f&Òuÿ�{�3�
¯K, �©JÑÄu Duffing �f�CºÝuÿ�
{, T�{U
=|^�|(½�ëê^�, é?
¿ªÇ!?¿� ��fA�&Ò?1uÿ. ù«
�{´�«��&¢��f&Òuÿ#�{.

2 Duffing XÚ�·buÿA5

�Ä��äké¡5�5³U���5�5
XÚ, Ù³¼ê�

U(x) = −1
2
x2 +

1
4
x4, (1)

§ k ü � 4 � � (x = ± 1), ¥ m Y � 4 �
� (x = 0), l
/¤�¥Ü³^©�m�ü³
², Xã 1 ¤«. ¥m x = 0 ´Ø­½²ï:,

üý x = ± 1 ´ü�­½²ï:, �dXÚq
¡�V­ (�) XÚ. ã 1 �­��n)�³|�
;�, ��âf3�mü�³²¥$Ä, Ù;,
� x(t). �Äü �þ m = 1 �âfÉ�	|�^
å F (t) Ú{Zå kẋ ��^±9³|éâf��
^å dU(x)/dx, Ù;,$Ä�§�

ẍ + kẋ + dU(x)/dx = F (t). (2)

�	|�^å F (t) ´�ªÇ ω = 1 rad/s, Ì�� A

�±Ï°Äå Acost �, �§ (2) C��§ (3) �/
ª, ¡� Holmes . Duffing XÚ�§ [7]:

ẍ + kẋ − x + x3 = Acost (3)

Ù¥ k ´{Z', −x + x3 ´��5¡Eå. du
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�§¥��5���3, Duffing �§ (3) äk´
L���5ÄåÆA5 [8], ´ïÄ·b�~^�
.��.

ã 1 V­XÚ�³¼ê

ã 2 · b G � � � º Ý ± Ï G � � = z (a) k = 0.5,

A = 0.825, ·bG�; (b) k = 0.5, A = 0.826, �ºÝ±Ï
G�

·bXÚ¤Ak�5���´XÚéÐ©^
��¯a5, =XÚÐ©^����UC¬��
XÚG��wÍCz. é Duffing XÚ
ó, ù�
Ð©^��¯a5�duéXÚëê A �¯a
5 [9]. ~X, 3�§ (3) ¥�ëê k = 0.5, Ð©

� x(0) = x′(0) = 0, æ^o� Runge-Kutta {?1
¦), O�Ú�� 0.01 s, O�:ê� N = 100000,

¿d� 50000 �:±ÑXÚ��;,. �XÚÉ�
ÌÝ A = 0.825 �±Ïå°Ä�, XÚ?u·bG
�, Xã 2(a) ¤«; 
�XÚÉ�ÌÝ A = 0.826

�±Ïå°Ä�, XÚK?u�ºÝ±ÏG�,

Xã 2(b) ¤«. �±wÑ, XÚëê A ���U
CU
ÚåXÚG��wÍCz. Ïd°ÄÌ
Ý A = 0.825 �@�´Ñ�uXÚd·bG��
�ºÝ±ÏG�=z��.Ì� Ad.

�±Ù¦ëê^�ØC, 3�§ (3) ¥� A =

Ad, ò¹kD(rÝ� D � Gauss xD( n(t) �
�ÿ&Ò s(t) ��±Ï°Äå��ÄÑ\�XÚ
¥, �§ (3) C�

ẍ + kẋ − x + x3 = Adcost + s(t) + n(t). (4)

3�§ (4) ¥, �Qã�B, ·�¡ Adcost �
°Ä&Ò, s(t) ��ÿ&Ò½k^&Ò, n(t) �D
(&Ò. � Ad = 0.825, D = 0.05, s(t) = 0.01cost,

Kþãëêe�ÿ&Ò s(t) éD(&Ò n(t) �
&D' SNR ��u –33.01 dB, ùp&D'½Â
� SNR = 10log(ψ2

s/ψ2
n), Ù ¥ ψ2

s L « � ÿ &
Ò s(t) �þ��, ψ2

n L«D(&Ò n(t) �þ�
�. w,, é s(t) + n(t) &Ò���ªÌ©ÛéJ
lD(¥EOÑ�ÿ&Ò, d���ÿ&Ò s(t) ´
��f�Å&Ò. �´, � s(t) + n(t) &ÒÑ\�
?ul·b��ºÝ±Ï=z�.G�� Duffing

XÚ¥�, =�d�§ (4) )���;,¥£OÑ
�ÿ&Ò s(t), Xã 3 ¤«. lã 2(a) �ã 3 �C
z��, ��¡, du�ÿ&Ò��ªÇ�XÚ�
��	\°Äå�ªÇ ω = 1 rad/s �Ó, Ïd�ÿ
&Ò�Ñ\�¦°Ä&ÒÌ�O�, ¿�u�.Ì
� Ad, ¦XÚl·bG�=z��ºÝ±Ï$Ä
G�; ,��¡��±wÑ, �,�ÿ&Ò¥¹k
�½þ� Gauss xD(, �¿ØK�T�ÿ&Òé
XÚG��UC, = Duffing XÚé Gauss xD(
äk�¼A5 [10]. ùÒ´|^ Duffing �fé�f
&Ò s(t) ?1uÿ�Ä��n.

�,Äu Duffing �f�uÿ�{�±uÿ¹
kD(��f&Ò, �´�òù��{A^u¢S
ó§¥��3Xe¯K.

1�, XÚ�.Ì��°Ä&ÒªÇ���'
X. �.Ì� Ad ����6u Duffing XÚ��
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ëê^�, §dXÚëê k, Ð©� (x(0), ẋ(0)), °
Ä&ÒªÇ ω, Runge-Kutta {�O�Ú��Ï�

ã 3 rÝ� D = 0.05 �D(&Ò n(t) ��ÿ&Ò s(t) =

0.01 cos t Ñ\XÚ���;,, k = 0.5, Ad = 0.825

ã 4 D(p��XÚG�=z (a) k = 0.5, Ad = 0.826,

D = 0 ·bG�; (b) k = 0.5, Ad = 0.826, D = 0.0001, �º
Ý±ÏG�

�Óû½. AO/, 3�±Ù¦ëê^�ØC��

¹e, XJXÚ�°Ä&ÒªÇØÓ, @oXÚ�
.Ì� Ad ����Ø�Ó. éu¢Só§&Ò

ó, ��ò,�ªÇ¤©�&ÒuÿÑ5, Ò�ò
�§ (4) �°Ä&ÒªÇ���T�ÿ&Ò�ªÇ
�, ,
ù��ÿ&Ò�ªÇ�  ´éJ(½�.

,��¡, =¦·�¯k��T�ÿ&Ò�ªÇ�,

¿ò�§ (4) ¥�°Ä&ÒªÇ�������,

@o��²L�þ�ý­#¦�ù�ªÇëê^
�e�XÚ�.Ì� Ad. XJz�gÑ­Eù�
L§, w,´Ø²L�. ¤±, 3¢Só§¥T�{
^uuÿ,�ªÇ�&Ò¤©�, Ad ���Ø(
¹5Úé°Ä&ÒªÇ��65éù��{�A
^E¤é��Ø�B.

1�, Duffing XÚ��ªÇëê�� [11]. c
¡~f¥, °Ä&ÒªÇ��� ω = 1 rad/s, ù�
�¡´�
O��B, ,��¡, ê��ýïÄL
², XJ°Ä&ÒªÇ����, XÚ�Ä��A
A5òC�é�, ØUÑycã�·bG�Ú�º
Ý±ÏG�. Ïd, Duffing XÚ�k3�ªÇëê
^�ek�Ð�Ä�A5Úuÿ�J. ,
¢Só
§¥¿Ø�½oU÷v�ªÇ¤©�^�, ¢S&
Ò�ªÇ�U¬' 1 rad/s ��õ. Ïd, XJ¢S
&Ò¥I�uÿ�&Ò�ªÇ���u 1 rad/s, @
o3ù�ëê^�e, XÚ�Ä��AA5�z,

�uÿ�5é��(JÚØ�.

1n, ¹D&Òuÿ(J�ý¢5. c©®²
J�, Duffing XÚé Gauss xD(äk�¼A5,

�´, ù��¼A5¿Ø´ýé�. ~X, �§ (4)

3 k = 0.5, Ð©� x(0) = x′(0) = 0 �^�e, æ
^o� Runge-Kutta {?1¦), �O�Ú� 0.02 s,

d�XÚ�.Ì� Ad = 0.826, 3ØÑ\�ÿ&Ò
ÚD(�, XÚ?u·bG�, Xã 4(a) ¤«. d�,

e�Ñ\rÝ� D = 0.0001 ��Å Gauss xD(
&Ò n(t), =�ÿ&Ò s(t) = 0 �, XÚòk�U
u)G�Cz, l·bG�=z��ºÝ±ÏG�,

Xã 4(b) ¤«. ù�y�`², �XÚ?ud·b
G���ºÝ±ÏG�=z��.G��, =¦v
kÓª½Cª&Ò�Ñ\, ��Udu Gauss xD
(p�°Ä&Ò
¦XÚG�u)=z. Ïd, b
�cü�¯KÑU
)û, �¹D&Ò s(t) + n(t)

���Ä�Ñ\� Duffing XÚ (4) ¥, ¦XÚl·
bG�=C��ºÝ±ÏG�, @où«·b��
ºÝ±Ï�Cz´D(p���´Óª&Ò�\
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r¤�, �ØU��(½. Ïd�ÒØU�ä(½
Ñ\&Ò¥´Ä¹k�ÿªÇ�&Ò¤©.

3 Äu Duffing �f�CºÝ�fA�
&Òuÿ

3.1 uuuÿÿÿ���nnn

�éþã Duffing XÚuÿ�f&Ò�3�¯
K, Ú\CºÝg� [12−14], JÑÄu Duffing �f
�CºÝ�f&Òuÿ�{. ¤¢CºÝ, Ò´�
UC&Ò��m (½ªÇ) ºÝ, =éu�ÿ&Ò,

3ØUCÙlÑê���¹e, òÙ3�mºÝþ
?1Ø ½��. ù«�mºÝC�¿ØUCë�
O�êâ�ê�, �´3�m (½ªÇ) ¶þéê�
?1
­#üS [15].

3.1.1 Ø¹D�¹
3Ø�ÄD(��¹e, b��ÿ&Ò s(t)

� h cos(ωt), Ù¥ h ´ÙÌ�, ω 6= 1 rad/s ´Ù
�ªÇ. w,, du�ÿ&Ò�ªÇ�Ø�u°
Ä & Ò � ª Ç �, � § (4) ¤ £ ã � Duffing X
Ú¿ØUò�ÿ&Ò�ªÇ�uÿÑ5. �±
�§ (4) �ëê^�ØC, =Ú\��CºÝX

ê R, ¦�ÿ&Ò s(t) 3Ù�m¶þ�� R �,

= t′ = Rt. d�, ê�þeU¦ R = ω, K�ÿ&Ò
C� s(t′) = h cos(ωt) = h cos ω · t′/R = h cos t′, Ò
��uò�ÿ&Ò��ªÇ3ªÇ¶þl ω Ø 
� 1 rad/s. �T&ÒÑ\ Duffing XÚ��, 3 Duff-

ing �f��^eÒ�±ò s(t′) u�Ñ5. ,��
â R = ω �'X(½�uÿÑ5��ÿ&Ò¹k
�ªÇ ω ¤©.

3äN?n¢S&Ò�, duÃ{ÏL s(t′) =

h cos(ωt) = h cos ω · t′/R = h cos t′ ù���5C
�5��éæ8&Ò?1­�, Ïd|^TCº
Ý�{é¢S�f&Ò?1uÿ�, ·�´ÏL
éê�O��Ú�?1ºÝC�5¢y�. ��
5`, e&Ò�æ�ªÇ� fs, Kê�O��Ú
� dt =1/fs. �Ú\CºÝXê R �, ê�O�
Ú�C� dt′ = Rdt = R/fs, �Ò´<�/ò&
Ò��mm�O�
 R �, �A�&Ò��ªÇ
K�Ø 
 R �. ù�C����3u, ��æ
�ªÇ� fs �ªÇ� ω �æ8&Ò, ÏLCºÝ
Xê R ?1ºÝC���, C¤
��æ�ªÇ
� fs/R �ªÇ� ω/R �&Ò. � R = ω �, òT
&ÒÑ\� Duffing XÚ�§ (4) ¥, ¿-O�Ú
� dt′ = Rdt = R/fs, =�£OÑT�f&Ò.

ã 5 CºÝ�{uÿ�ÿ�f&Ò s(t) = 0.1 cos(20t), k = 0.5, A = 0.8 (a) vkÚ\CºÝXê R �XÚ�·bG
�; (b) CºÝXê R = 10 �XÚ�·bG�; (c) CºÝXê R = 20 �XÚ��ºÝ±ÏG�; (d) CºÝXê R = 30 �X
Ú�·bG�
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e¡�Ñ���ý¢~. 3�§ (4) ¥, �{Z
' k = 0.5, XÚÐ©^�� (x(0), ẋ(0)) = (0, 0),

O�:ê� N = 100000. ò°Ä&Ò��ªÇ�
� ω = 1 rad/s, Ì� A ��Ñ�u�.Ì� Ad,

- A = 0.8. òù|ëê^�e��§ (4) �¤Xe
�§ (5):

ẍ + 0.5ẋ − x + x3 = 0.8 cos t + s(t) + n(t). (5)

3�§ (5) ¥, b��ÿ&Òæ�ªÇ� fs =

1000 Hz, � s(t) = 0.1 cos(20t), D(&Ò n(t) = 0,

=Ø¹D�¹. ^� 50000 �:±ÑXÚ��;,
ã, ��ã 5 CºÝuÿ(J.

*	ã 5, du�ÿ&Ò�ªÇ�°Ä&Ò
�ªÇ ω = 1 rad/s Ø��, ØUÚåXÚ�G�
Cz, XÚE,´ã 5(a) ¤«�·bG�. Ú\
CºÝXê R, � R = 10, 30 �, duXê R Ø
�u�ÿ&Ò��ªÇ ω, þØU¦XÚG�u
)UC, Xã 5(b) Ú 5(d) ¤«. �k�CºÝX
ê R = 20 �, XÚâl·bG�Cz��ºÝ±
ÏG�, Xã 5(c). Ïd�±�äÑ\&Ò¥¹k
�ªÇ ω = 20 rad/s �&Ò¤©.

3.1.2 ¹D�¹
3D(�3��¹e, = n(t) 6= 0, �°Ä&

ÒÌ��CXÚd·b��ºÝ±Ï=z��.
Ì��, D(k�U¬p�XÚu)l·b��º
Ý±Ï�=z, ��Ã{O(�ä�uÿ&Ò´Ä
�3. �
;�D(�p��^, �±��XÚG
��ld·b��ºÝ±Ï=z�¯a�.G�,

=ò�§°Ä&Ò�Ì� A ���u�.Ì� Ad

õ�
, X�§ (5) ¥°Ä&Ò�Ì� A = 0.8, d
�XÚéD(�p��^k
�½�üÝ. éu¢
Sæ8&ÒäNA^��±ù�?n, k�OD(
rÝ, ¿òæ8&ÒØ �ÙrÝØUp�XÚd
·bG���ºÝ±ÏG�=z���, ,�2^
CºÝ�{©Ûæ8&Ò, Þ~Xe.

3�§ (5) �ëê^�e, -D(rÝ D =

0.05, = n(t) =
√

2 × 0.05g(t), Ù¥ g(t) ´þ�
� 0, ��� 1 � Gauss xD(. 3dD(rÝ
e, ��§ (5) �°Ä&ÒÌ�� 0.8, §�uT
|ëê^�e��.Ì� 0.825, 
�D(Ø¬p
�XÚu)G�Cz. b�Ñ\&ÒdTD(�
�ÿ&Ò s(t) = 0.1 cos(10t) �¤, d�&D'�
� −13.01 dB. éuù����ÿ&Ò s(t) + n(t),

du&D'��, ���ªÌ©ÛéJ£Ok^
&Ò s(t), Ïd}Á^Äu Duffing �f�Cº
Ý�{é�f&Ò s(t) ?1uÿ. �CºÝX
ê R = 10 �, XÚ�l·bG�=C��ºÝ
±ÏG�, u´�äÑÑ\�ÿ&Ò¥¹k�ª
Ç ω = R = 10 rad/s �&Ò¤©, Xã 6(c) ¤«.

��'�, ã 6(a), 6(b) Ú 6(d) ©O�Ñ�vkÚ
\CºÝXê R ±9CºÝXê R = 5, 20 �X
Ú�·bG�. d	, '�ã 6(c) �ã 5(c) 2g`
² Duffing XÚéD(��¼Uå.

d±þuÿ�{��n©Û�±wÑ, du&
ÒuÿL§©ªæ^�|�½�XÚëê, ÏdX
Ú�.Ì��(½Ò��ÿ&Ò�ªÇÃ', ù)
û
1 2 !¥JÑ�1��¯K. �ªÇ��ÿ&
Ò�±ÏLCºÝXê R �?n5ÎÜ�ªÇë
ê^�, ù)û
1 2 !¥JÑ�1��¯K. �
üØ
 Gauss xD(p�XÚl·b��ºÝ±
ÏCz�, �ÿ&ÒE,�±ÏLCºÝXê R �
?n
�J��, ù)û
1 2 !¥JÑ�1n�
¯K.

3.2 ���ÿÿÿ&&&ÒÒÒÐÐÐ©©©���   éééuuuÿÿÿ���KKK���

3þã�?Ø¥, o´@��ÿ&Ò s(t) �°
Ä&ÒÓ� �Ñ�u 0. 
éu¢ÿó§&Ò, Ð
©� TÐ 0 ��¹A�Ø�3, Ïdk7�ïÄ
�ÿ&Ò�� éuÿ�K�.

3�§ (5) ¥, ��ÿ&ÒkÐ©�  φ, °Ä
&ÒkÐ©�  α, Ù¥ α, ϕ ∈ [−π,π]. du·�
o´�ò�ÿ&Ò�ªÇºÝC�� 1, Ïd�{
z©Û, Ø���5, ��ÿ&Ò�ªÇ ω = 1, K
�§ (5) U��±e�§�/ª:

ẍ + 0.5ẋ − x + x3 = 0.8 cos(t + α)

+[h cos(t + ϕ) + n(t)]. (6)

�©Û�ÿ&ÒÐ©�  ϕ éuÿ�K�,

- α = 0, ¿é�§ (6) �Òmàcü�?1z{
�:

0.8 cos t + h cos(t + ϕ) = 0.8 cos t + (h cos t cos ϕ

−h sin t sinϕ)

= 0.8 cos t + h cos ϕ cos t

−h sinϕ sin t

= (0.8 + h cos ϕ) cos t
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−h sinϕ sin t

=
√

0.82 + 1.6h cos ϕ + h2

× cos(t + θ),

Ù¥ θ = arctan[h sinϕ/(0.8 + h cos ϕ)].

þª�z{¦��ÿ&Ò��°Ä�Ü¿�
��n�¼ê�, θ ���A�ØK� Duffing XÚ
��.Ì�, Ï� θ �K�;,)�Ð© �, Ï
d�Ø��Ä. K�uÿ�J��kn�¼ê�Ì
��, =�Òe¡�ªf. nØþ, ��÷ve�'
Xª √

0.82 + 1.6h cos ϕ + h2 > Ad, (7)

XÚÒ�±�L�.�, u)l·b��ºÝ±Ï
�G�Cz, l
ò�ÿ&ÒuÿÑ5. ��, XÚ
Ø¬u)l·b��ºÝ±Ï�=C, �ÿ&Ò�
ÒØUuÿÑ5. e®��ÿ&Ò�Ì� h, K�Ï
L (7) ª¦Ñ�ÿ&Ò ϕ ���. e¡± h = 0.06

�~?1©Û`².

��.� Ad = 0.825, d (7) ª�¦� h =

0.06 �÷v (7) ª� ϕ �����´ −67.314◦ <

ϕ < 67.314◦. �ý©Û�y², 3�§ (5) �ëê

^�e, Ì� h = 0.06 ��ÿ&ÒU
¦ Duffing

XÚl·b��ºÝ±ÏG�=z� ϕ ����
�´ −64◦ < ϕ < 64◦, �nØO�Ä�¬Ü. �

°(uÿ, �°�ÿ&Ò�Ð©� ����,

- −60◦ 6 ϕ 6 60◦, K�@�Ì� h = 0.06 ��
ÿ&Ò�°Ä&Ò� �3d��S��ÿ&Ò
��uÿÑ5. l (7) ªN´��, ��ÿ&Ò�
Ì� h > 0.06 �, ϕ �������O�. w,,

−60◦ 6 ϕ 6 60◦ �����Ó�÷v h > 0.06 �
¤kÌ��¹.

du ϕ ∈ [−π,π], 
éuÌ� h > 0.06 ��ÿ
&Ò, �k� ϕ ∈ [−π/3,π/3], = −60◦ 6 ϕ 6 60◦

��ÿ&ÒâU�uÿÑ5, �ó�, éu÷vù
�Ì�^���ÿ&Ò, Ù�uÿVÇ�k 33.3% ,


k 66.7% �VÇØU�uÿ, w,uÿØ���.

�
�Øù�K�, �±�Äò�§ (6) �Òmà
1��c “ + ” ÒU�� “–” Ò, =�§ (6) U��

ẍ + 0.5ẋ − x + x3 = 0.8 cos(t + α)

−[h cos(t + ϕ) + n(t)], (8)

�§ (8) U
uÿ�ÿ&Ò�� ���� ϕ ∈
[−π,−2π/3] ∪ [2π/3,π].

ã 6 CºÝ�{uÿD(¥��f&Ò, s(t) = 0.1 cos(10t), n(t) =
√

2 × 0.05g(t), Ù¦ëêÓã 5 (a) vkÚ\CºÝ
Xê R �XÚ�·bG�; (b) CºÝXê R = 5 �XÚ�·bG�; (c) CºÝXê R = 10 �XÚ��ºÝ±ÏG�; (d) C
ºÝXê R = 20 �XÚ�·bG�
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ÏL�§ (6)(α = 0) Ú (8)(α = 0) é�ÿ
&Ò?1 + Ú – �üg$�, �±��k�uÿ
�VÇ� 66.7% . éu�{ 33.3% Ø�uÿV
Ç, = ϕ á3Ø�uÿ�� ϕ ∈ [−2π/3,−π/3]

Ú ϕ ∈ [π/3, 2π/3] �, �¦Ù�uÿ, �±ÏLÚ
\°Ä&Ò�  α 5?1Ö���k�uÿ8
�. �
�BO�, 3�§ (6) ¥� α = π/2, K
�ÿ&Ò�°Ä&Ò�� ����� ϕ − α ∈
[−π/3,π/3], = ϕ ∈ [π/6, 5π/6]. Ó�3�§ (8)

¥ � α = π/2, K � ÿ & Ò � ° Ä & Ò � �
 ����� ϕ − α ∈ [−π,−2π/3] ∪ [2π/3,π],

= ϕ ∈ [−5π/6,−π/6].

lþ¡�©Û��, éuÌ� h > 0.06 ��
ÿ&Ò�uÿ, �±æ�ù��Ú½?1?n, Ä
k©O- α = 0 Ú α = π/2, ,�2©O�\�
§ (6) Ú�§ (8) ¥��o��§, duùo��
§�uÿ��ÿ&ÒÐ©�  ϕ �����C
X
l [−π,π] ���«m, Ïdéùo��§?
1 Duffing �f�CºÝO�, ����Ù¥��

�§U
u)G�Cz, Ò�@��ÿ&Ò¹kª
Ç ω = R �&Ò¤©.

e¡�Ñ���ý¢~, b��§ (5) �ÿ&
Ò s(t) = 0.08 cos(10t + 100◦), D(&Ò n(t) =
√

0.1g(t), Ù¦^�Óã (6). òT�ÿ&ÒÚD
(Ñ\��§ (6) Ú�§ (8) ¥¿�g- α = 0

Ú α = π/2 ��o�uÿ�§, ©O)ùo��§
��XÚ��;,Xã 7 ¤«.

d ã 7 ( J �, � ÷ v � ½ Ì � ^ �
(X h > 0.06) ��ÿ&Ò¥¹kØ� 0 �Ð©�
  ϕ �, =¦CºÝXê R = ω, du�§ (5) vk
�ÄÐ©� Ø� 0 ��¹, �Ø�½U
ò
T � ÿ & Ò u ÿ Ñ 5, X ã 7(a). � k � Ä
� Ï�¿ò Duffing �§C/�o�uÿ�§,

Ï L O � o � � § � � ; , â � U u y X Ú
G � � C z, X ã 7(b), ò ¹ k ª Ç ω = R =

10 rad/s ��ÿ&ÒJ�Ñ5. ã 7(c) Ú (d) ´
X Ú Ø u ) G � C z � ,	ü � � § � � ;
,).

ã 7 CºÝ�{uÿD(¥��f&Ò, s(t) = 0.08 cos(10t + 100◦), n(t) =
√

0.1g(t), Ù¦ëêÓã 6 (a) �§ (6)

� α = 0, CºÝXê R = 10 �XÚ?u·bG�; (b) �§ (6) � α = π/2, CºÝXê R = 10 �XÚ?u�ºÝ±ÏG�;

(c) �§ (8) � α = 0, CºÝXê R = 10 �XÚ?u·bG�; (d) �§ (8) � α = π/2, CºÝXê R = 10 �XÚ?u·b
G�
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3.3 óóó§§§AAA^̂̂uuuÿÿÿÚÚÚ½½½

þã��ý¢~L², A^Äu Duffing �f
�CºÝ�{é�fA�¤©�uÿ´�1�,

3?n¢Só§&Ò�, ÙuÿÚ½�: Äké
�uÿ�ó§&Ò?1D(rÝ��O, ¿é&
Ò?18�z?n, =ò&Ò���?1�5Ø
 , ¦&Ò�rÝü$��½�� (X D = 0.05

�m); Ùg(½XÚ�§�ëê. X3�§ (6)

Ú (8) ¥, � k = 0.5, °ÄåÌ� A = 0.8, °Ä
åªÇ ω = 1 rad/s, Ð©� (x(0), ẋ(0)) = (0, 0),

O�:ê N = 100000; ,�ò8�z��ÿ&Ò
Ñ\� Duffing �§ (6) Ú (8) ¥¿�g� α = 0

Ú α = π/2 (b�Ì� h > 0.06), ��o�uÿ
�§; ��Ú\CºÝXê R, ò±æ�ªÇ fs

æ8�ªÇ� ω ��ÿ&Ò, C¤��æ�ªÇ
� fs/R �ªÇ� ω/R �&Ò, ¿æ^o� Runge-

Kutta {?1O�, �O�Ú� dt′ = R/fs ¦)o
��§, ��XÚ� 4 Ì�;,ã; ��N�Cº
ÝXê R ���, *	XÚ��;,, ��k�Ì
�;,ãL«XÚl·bG�=C��ºÝ±Ï
G�, d�� R �=��ÿ&Ò�ªÇ�.

4 ( Ø

�©JÑÄu Duffing �f�CºÝ�fA�
&Ò�uÿ�{, T�{â»DÚ Duffing uÿ�
{ëêÀ��ØB, �Ñ
DÚ�{é�ªÇ&Ò
���ÚD(p�éuÿ(J�Ø|K�. ¤JÑ
��{�±==|^�|A½^�e�ëê��,

�¤é?¿ªÇ¤©&Ò�uÿ. ê�©ÛL²,

��{é�f&Ò�uÿäkd3�A^d�, ÿ
°
 Duffing �f3&Òuÿ+��A^��.
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Weak characteristic signal detection based on scale
transformation of Duffing oscillator∗
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Abstract

The chaos detection method based on Holmes Duffing equation is studied. Since this method is suitable only for the detection of

a single signal frequency, the selection of the equation parameters is inconvenient, and the noise may affect the detection results, we

propose a new method of detecting weak characteristic signals based on the scale transformation of Duffing oscillator. The numerical

simulation shows that the proposed method can be used to detect harmonic signal with any frequency and phase by only a set of

determined parameters.
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