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1 Ú ó

·bÓÚ����5�Æ+��9:ïÄ�
K, ²L��õc�uÐ, lnØ�A^®²?1

2��ïÄ. �«ÓÚ�{, �)��ÓÚ!2
ÂÓÚ!�ÓÚ!ò´ÓÚ�, ®²uÐ�'�¤
Ù��ã, ¿2�A^uÔn!)Ô!zÆ!&E
�ÆÚ��Ï&�+� [1−11]. ,g,.¥�þ
�3�¢SXÚ, ÙG�Ñ´��mÚ�mCz
�. duÙØÓ�m�:¬�)äk�r'é5�
·bS�, ¿�LyÑ�«´L���·by�,

Ïdéu��·bXÚÓÚ1��ïÄäk¢S
�A^d� [3−7]. Ó�, ��ÄåXÚduÉ�Ø
(½Ï��Z6, 	Ü½S3�ÅD(�K�Ø�
;�. ��¡, D(¬»�XÚ�ÄåÆ1�, ¦X
Ú¥y�Ø½!�E,����ãy�;,��
¡, D(k�U�ØXÚéÐ©^��¯a5, ò
XÚ;�°Ä��·b«�, ?¢y·b���
�ÓÚ. Cc5, ���ÅÄåÆÚ���ÓÚ�
����, &ÄD(p����5XÚ���ÚÓ
ÚÚå
�'Æö�,� [7−11].

D(p��ÓÚ�3�Å&Ò�Z6e, ØÓ
Ð©^��ü�·bXÚ�ÓÚy�. �¢yüX
Ú�ÓÚ, �«�¹´3D(��^e, üXÚ;
�þ�����Ó�½:½±Ï�, d�XÚ�
�� Lyapunov �êd�CK, üXÚ��ÓÚG
�. ,�«�¹´D(òXÚ�·b;�°Ä�,
�^·b;�þ, d�^� Lyapunov �ê�K, ü
XÚ�G�����, l��ÓÚG�. ®k�
ïÄÌ��éd~�©�§£ã���5XÚ, 
éud �©�§£ã���ÄåXÚ, AO´p
�E��XÚ, D(p�ÓÚ�ïÄ�~��.

�©Ì�ïÄ
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¥y���·by�; 1nÜ©uy3äkE�ê
¼ê/ª���D(-ye, ØÓÐ©^��ü�
�ÍÜXÚ²L6�L§�, ����ÓÚ�y�;

�
lnØþ©ÛD(p���·bÓÚ�Ån,

1oÜ©ïÄ
~ê-ye(½5��XÚ�Ä
åÆA5. Äu�5½5©Û, (ÜD(��"
þ�A5, nØþ�Ñ
¢yÓÚ�^�. ��, �
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ý�[���
¢yÓÚ���rÝÚD(rÝ
÷v���. ê�ÚnØ(J���, ?�Ú`²
duD(��Å5Ú�"þ�A5, ¦ü���·
bXÚþÂñ��Ó�;�, ?����ÓÚG
�.

2 ��E Ginzburg-Laudau XÚ���
·bA5

� © � ï Ä é � � � � E Ginzburg-Laudau

(CGL) XÚ, Ù��L�ª�
∂u

∂t
= εu − (γ + iα) |u|2 u + (µ + iβ)∇2u, (1)

Ù¥ u(x, t) = ur(x, t) + iui(x, t) ´±�m t > 0

Ú�m x ∈ R2 �gCþ�E��XÚ�G�C

þ; ∇2u =
∂2u

∂x2
+

∂2u

∂y2
�.Ê.d�f; ε, γ, µ, α

Ú β �XÚ¢ëê. ��ïÄé6¯K!zÆ
�A�ë6!�²ïXÚ�� [£���(
�����§, CGL XÚ�ÄåÆ1�4Ù´
L, õc53åÆ!Ôn!zÆ!1Æ�+��
�
2��\�ïÄ. ®k�ïÄL² [12−15], 3
±Ï>.^�e, �§�3Xe/ª�1Å):

u(x, t) = |u| ei(k·x−ωt), Ù¥ k �Å�þ, ω �ªÇ.

éuIO� CGL �§ ε = γ = µ = 1, �XÚëê
÷v 1 + αβ < 0 �, ±Ï1Å)�½5�»�,

XÚ?\�ë6Ú"�ë6�E,���·bG
� [15,16].

�
£ã CGL �§¥���·by�, ·
� | ^ k � � � © � { ò   � © � § l Ñ z,

� � X Ú G � � ¢ Ü Ú J Ü÷v � 4 í ' X
ª. À � X Ú ë ê � ε = γ = µ = 1, α =

−4.0, β = 2.0, � §÷v º � � L = 40π �
± Ï > . ^ �, = u(x, y, t) = u(x + L, y, t),

u(x, y, t) = u(x, y + L, t). ê � O � �, y ©
� � � m Ω = [0, L] × [0, L] � 64 × 64 �
� �, K z � � � z � � � : d c � � �
�C�Ê��:ÍÜ¤, ¿�¢ÜÚJÜ�m
��p'é. �
÷vê��©�ª�Âñ5Ú
½5, À�v
���mÚ�� ∆t = 5 × 10−4.

�½¢Ü ur(x, 0) ÚJÜ ui(x, 0) �Ð©^��
r Ý D = 0.01 Ú D = 0.02 � Gauss x D (,

²L�ã�m�]�L§�, ã 1 �Ñ
 CGL �§
�XÚG� (¢Ü ur, JÜ ui Ú�Ì |u|) 3 t = 6 s

Ú t = 10 s ��m�ã(�.

ã 1 �� CGL XÚ (1) 3,�����m�ã(� (a) ¢Ü ur (t = 6 s); (b) JÜ ui (t = 6 s); (c) �Ì |u| (t = 6 s); (d) �
Ì |u| (t = 10 s)
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dã 1 �±wÑ, XÚG�3ØÓ��¥yØ
5K����ã(�. �X�müz, Ó��?:
�G��ØäCz, XÚ1�3�m¥y�Åã�.

�
�Ð/£ã��XÚ��mÚ�m�üCL
§, ·�À½�m�I� (20L/64, 50L/64) ?��
�:, Ù�Ì |u| =

√
u2

r + u2
i ��m�üCL§Ú

�;ãXã 2 ¤«. du�m���:�pÍÜ,

TXÚÙ¦�:þ¥yaq�·b$ÄG�. d�
��XÚ��� Lyaponov �ê� 0.4979 > 0, L²
À½ëêeXÚ?u��·b$ÄG�.

ã 2 �� CGL XÚ�Ì (1) 3 (20L/64, 50L/64) ?� (a) �
m{§ãÚ (b) �;ã

3 ����·b�ÓÚ

3��Ï&+�, Ï&V�|^·b&Ò��
&EDÑ. ,3¢SA^L§¥, duD(é&
��Z6, ¦�éõ��·b�ÓÚÑÉ�K�.

�
ïÄD(p�e��XÚ�ÓÚ¯K, ·�é
ü���·bXÚ�\�D(�'�-y, *	ü
�É�XÚUÄ�����ÓÚG�, =ü�XÚ
�z��m:Ñäk�Ó�½:½·b;�. �

©Ì�?ØäkE�ê¼ê/ª�D(-yeü
��ÍÜ��� CGL XÚ, ÙL«/ªXe:

∂u

∂t
= εu − (γ + iα) |u|2 u

+(µ + iβ)∇2u + feiDξ(t), (2)
∂v

∂t
= εv − (γ + iα) |v|2 v

+(µ + iβ)∇2v + feiDξ(t),

Ù¥ u = ur + iui, v = vr + ivi. ü�XÚäk�Ó
�XÚëêÚ±Ïº�: ε = γ = µ = 1, α = −4.0,

β = 2.0, L = 40π. Ð©^�À½�äkØÓ«f
��Åê, = u(x, y, 0) 6= v(x, y, 0). ²L t = 10 s

�6�L§�, éüXÚ3�mÚ�mþÓ��\
E�êD( feiDξ(t) = f cos(Dξ(t))+if sin(Dξ(t)),

Ù¥ ξ(t) ∼ N(0, 1) �IO Gauss xD(, f ���
rÝ, D �D(rÝ.

ã 3 t = 20 s �, üÉ� CGL XÚ (2) Ø� e(x, y) ��mG
� (a)f = 0; (b)f = 5.0, D = 1.0

���å f = 0 �, du��·bXÚéÐ�
�4à¯aA5, �X�m�üz, ü��ÍÜX
Ú�m��O�5��, ¤¥y���·bG�´
��ØÓ�. �
½þïÄü�XÚ�Ø�G�,

Äk½ÂØ�Cþ�

e(x, y, t) = |u(x, y, t) − v(x, y, t)| . (3)

ã 3(a) �Ñ
 t = 20 s �, üXÚ�Ø�Cþ e(x, y)
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3�m Ω þ�G�. ê�(JL², �\���,

XÚØ�3 0 � 1.5 ��SÅÄ, üXÚG��
�ØÓ; ���rÝO\� f = 5.0, D(rÝ
� D = 1.0 �, ü�XÚ�G�Ø�Xã 3(b) ¤«,

L²üXÚ3T��G�Cþ����. d�, �
m �� (20L/64, 50L/64) ?��ÌÚG�Ø�
��m�CzL§dã 4 ¤«.

ã 4 �\ f = 5.0, D = 1.0 ����, 20L/64, 50L/64 ?�
�ÌÚG�Ø���m{§

þã(JL², 3D(�-ye, ü���X
ÚE?3·bG�, �ÙG�Ø�3�mþþÂñ
�". �
£ãüXÚ3�mþ�Ø���m�C
z�¹, ½Â�mþ�²þØ�:

es(t) =

√√√√ 1
N2

n∑
j=1

n∑
i=1

|u(i, j, t) − v(i, j, t)|2, (4)

Ù¥ N = 64 ��my©���ê. dþª�±
wÑ, �m²þØ�´�m�¼ê. ã 5 �Ñ
Ø
Ó��rÝÚD(rÝe, üXÚ��m²þØ
� es(t) ��m�üzL§. lã¥�±wÑ, �\
��� (f = 0), ü��XÚ��m²þØ�²L
]�L§½3 0.35 NC, L²üXÚvk��Ó
ÚG�. 3 t = 10 s ��\ëê� f = 5.0, D = 1.0

�D(���, ü�ÍÜ��XÚ�Ø�²L 5 s

�m×�ü�", L²ü��·bXÚ¢y��Ó
Ú. �´eO\D(rÝ (f = 5.0, D = 3.0) ½~�
��rÝ (f = 1.0, D = 1.0), �mØ�qC��"
G�, L²d�ü��XÚE���ÓÚ.

     


.

.

.

.

.

t

f/

f/.↪ D/.

f/.↪ D/.

f/.↪ D/.

e
s

ã 5 üÉ� CGL XÚ (2) ��m²þØ� es(t) ��m�C
zL§

4 ÓÚÅn©Û

ÄuþãïÄ(J, ·���Xe(Ø: �D
(���rÝÚD(rÝ÷v�½^��, ü�
ÉD(p�� CGL ��·bXÚâU����Ó
Ú. �
(½ü��XÚ��ÓÚ�ëê��, �
!òlnØþïÄÙÓÚÅn. ÄkéD(�ÚO
A5?1ïÄ. éXÚ�\�D(�� feiDξ(t) =

f cos(Dξ(t)) + if sin(Dξ(t)), - y = f cos(Dξ(t)),

z = f sin(Dξ(t)), K¢ÜÚJÜ�äkn�¼ê/
ª�k.D(, = y, z ∈ [−1, 1], �þ�÷v:

E(y) =
∫ +∞

−∞
f cos(Dx)p(x)dx

= f

∫ +∞

−∞
cos(Dx)

1√
2π

e−
x2
2 dx

= fe−
1
2D2

, (5)

E(z) =
∫ +∞

−∞
f sin(Dx)p(x)dx

= f

∫ +∞

−∞
sin(Dx)

1√
2π

e−
x2
2 dx

= 0.

À½ n = 1000000 ���:, ¿� f = 5.0, D(¢
ÜÚJÜ�VÇ�Ý¼êdã 6 ¤«.
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ã 6 f = 5.0 �, D(�¢Ü (a) ÚJÜ (b) �VÇ�Ý¼ê

dã 6 ��, D(rÝéJÜ�VÇ�ÝK�
Ø�, �¢Ü�ÚOA5´��ØÓ�. �D(r
Ý D ��, D(� f cos(Dξ) Ì�ªCu f = 5.0,

¿�äk�"þ�. �XD(rÝ D �O�, D(
� f cos(Dξ) ��Å5�5�²w, þ�ª�u".

éuäk�"þ��D(°Ä���ÄåX
Ú, ��?1nØ©Û´Ø�1�. u´·�?
�ÄÉ~ê-y�(½5 CGL XÚ, ÙL«/ª
Xe:

∂u

∂t
= εu − (γ + iα) |u|2 u

+(µ + iβ)∇2u + F, (6)

Ù¥ u = ur + iui, F �¢ê. T�§�É½ CGL

X Ú, ® k � ï Ä ( J L ² [7,17], � Ñ Ñ � �

r Ý F v 
 � �, � � · b X Ú �  ½ � ²
ï G �. b � � § (6) � 3 ½ � ) u0, d u ½
: u0 = u0(x, y, t) 'u�mÚ�m�~ê, Ù�

©þ÷v
∂u0

∂t
= 0,∇2u0 = 0, d� u0÷v�§:

εu0 − (γ + iα) |u0|2 u0 + F = 0, (7)

Ù ¥ u0 = u0r + iu0i. � ε = γ = µ = 1,

α = −4.0, β = 2.0, éuØÓrÝ�~ê-y F , ¦
)E�§ (7), �±�� u0 �¢Ü u0r ÚJÜ u0i �
ê�).

�
ïÄ½�) u0 �½5, Äkò�§ (8)

�¢ÜÚJÜÐm�:

∂ur

∂t
= εur − γ(u2

r + u2
i )ur + α(u2

r + u2
i )ui

+µ∇2ur − β∇2ui + F,

∂ui

∂t
= εui − γ(u2

r + u2
i )ui − α(u2

r + u2
i )ur

+µ∇2ui + β∇2ur.

(8)

- f1 = εur − γ(u2
r + u2

i )ur + α(u2
r + u2

i )ui + F ,

f2 = εui − γ(u2
r + u2

i )ui − α(u2
r + u2

i )ur. é½�)
��6, = ur = u0r + ζr, Ú ui = u0i + ζi, �\ (8)

ª, ¿é f1, f2 3 (u0r, u0i) :��VÐm. �Kp
��, ���5�6�§:

∂ζr

∂t

∂ζi

∂t

 =

∣∣∣∣∣∣∣∣
∂f1

∂ur

∂f1

∂ui

∂f2

∂ur

∂f2

∂ui

∣∣∣∣∣∣∣∣
(u0r,u0i)

 ζr

ζi



+

 µ∇2ur − β∇2ui

µ∇2ui + β∇2ur

 . (9)

b��§ (9) �3Xe/ª�) [18]:

ζr = ζ̂r(k) exp(λt + ikx + iky),

ζi = ζ̂i(k) exp(λt + ikx + iky), (10)

Ù¥ λ �A��, (ζ̂r(k), ζ̂i(k))T �A��þ, k �
1Å)�Åê. �½Ó��ëê�, K�6�§�
A��÷v:

∣∣∣∣∣∣ 1 − u2
i − 3u2

r − 8urui − 2k2 − λ −4u2
r − 12u2

i − 2urui + 4k2

4u2
i − 2urui + 12u2

r − 4k2 8urui − u2
r − 3u2

i + 1 − 2k2 − λ

∣∣∣∣∣∣ = 0. (11)
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�â�5½5nØ, ��=� Re(λ) < 0

�, ½ : u0 ´  ½ �. ò (7) ª O � � u0r, u0i

��\ (11) ª, ��A��¢Ü Re(λ(k)) �X
Åê k �Cz'XXã 7(a) ¤«. lã¥�±
wÑ, � F = 0.5 �, Re(λ(0)) > 0, d��§�
) (8) ¤�êuÑ, XÚ?uØ½���·b�.

� F = 2.5 �, Re(λ) 6 0, AO� F = 5.0 �, é
uØÓ�Åê k, þ÷v Re(λ) < 0, L²�§�
)Âñ�²ï:, XÚ����½G�þ. ½
Â Re(λ)max = max

k∈[−∞,+∞]
(Re(λ)), ã 7(b) �Ñ


ØÓ��å F e, Re(λ)max �Cz�. ïÄ(
JL², �-yrÝ F > 2.5 �, É½��·bX
Ú (6) ����½:. ��þ, ��·b���Ú
ÓÚ´�'�, XJü���·bXÚþ����
�Ó�½:½±Ï;�, Kùü�XÚ�U
�
�ÓÚG�. Ïd, É~êå�����·bXÚ
��ÓÚG��K�� F0 = 2.5.

ã 7 (a) A���¢Ü Re(λ) �Åê k �'X; (b) ��A�
� max(Re(λ)) �rÝ F �Cz'X

( Ü þ ! � ê � ( J, · � u y � f =

1.0, D = 1.0 Ú f = 5.0, D = 3.0 �, d (5) ªO
��D(þ�©O� 0.6065 Ú 0.0555 < F0, d�
üXÚØUÓÚ. � f = 5.0, D = 1.0 �, D(þ

� E(f cos(Dξ)) = 3.0327 > F0, üXÚ��ÓÚ
G�. Äud, ·�@�é��·bXÚ�ÓÚå
Ì��^�´	-D(� f cos(Dξ(t)). duTD
(��"þ�A5, �Ø
XÚéÐ©^��¯a
5, òXÚ���;�°Ä��Ó���·b�,

d�üXÚ����ÓÚG�.

5 ��rÝ�D(rÝ�K�

ÏLé(½5��XÚ?1�5½5©Û,

�©�Ñ
É~êÑÑ�-y� CGL XÚ¢yÓ
Ú�^�, = F > F0 = 2.5. Ó�duD(äk�
�"þ�A5, D(þ��A3É½ CGL XÚ (6)

�ÓÚ��S, =nØþ f Ú D A÷v:

E(f cos(Dξ)) = f · e
−

1
2

D2

> F0 = 2.5. (12)

� f ∈ [0, 5], D ∈ [0, 2], ã 8(a) �Ñ
D(-y
e CGL XÚ��ÓÚ�nØ��, =xÚ«�L
«U
��ÓÚ, �Ú«��Ø�ÓÚ���.,
��¡, Äk½Â��²þØ��

0.0

0

2

4

6

0

2

4

6

0.5 1.0

(b)

(a)

D

1.5 2.0

0.0 0.5 1.0

D

f
f

1.5 2.0

ã 8 D(p���ÓÚ�nØ (a) Úê� (b) ëê��
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ε =
1

TL2

∫ t+T

τ

dt

∫ ∫
06x,y6L

|u(x, y, t)

−v(x, y, t)|dxdy, (13)

Ù¥ L = 40π, T = 10 s, τ = 20 s. b�� ε < 10−3

�, XÚ��ÓÚG�. Kê��[�����r
ÝÚD(rÝ÷v��ÓÚ��dã 8(b) ¥�x
Ú«�L«. nØÚê�(J�'�, ��ÓÚ�
ëê��A���, ?�Ú�y
·�éuD(p
�ÓÚ�Ån©Û, =�D(�þ��"�, ��
uéXÚ�\�½rÝ�ÑÑ-y, ¦XÚ;�Â
ñ�½áÚfNC. Ó�duüXÚÉ�Ó��
�D(�°Ä, �mz�:þ¥y�Ó�·b$Ä
G�, =����XÚ���ÓÚ.

6 ( Ø

±�� CGL �§�ïÄé�, ÏLéXÚÓ

��\��D(-y, ¢y
ü��ÍÜ��·b
XÚ���ÓÚ. ê��[(JL², 3�½��
�rÝÚD(rÝ��S, D(p��üXÚ3�
mz�:þ¥y�Ó�·bG�, �m²þØ�²
L]�L§�ª�u". nØþÏLé~ê-y
� CGL XÚ��5½5©Û, (Üäk�ê/
ª�D(äk��Å5Ú�"þ�A5, �«
D
(p�ÓÚ�Ån, ¿�Ñ
¢yÓÚ�ëê��.

(JL²��rÝ�v
�±�yD(�ÑÑ5,

Ó�D(rÝ�¦þ�±�yD(��"þ�A
5. �ÓÚ^�÷v�, üXÚU�°Ä��Ó�
·b�, =¢y��XÚ���ÓÚ. ê��[?
�Ú�y
nØ©Û�Ün5. �©ïÄ�D(p
�ÓÚ��{Ì�Äu���� CGL XÚ���
ÄåÆA5. éuÙ¦kaq5����XÚ, =
XJ~ê-yU
¢yXÚ���½ÓÚ, ·�@
�äk�"þ�� Gauss ½� Gauss D(E,U

¢yT��XÚ���½ÓÚ. F"�©�ó�é
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Abstract

A type of noise-induced synchronization in two-dimensional (2D) complex spatiotemporal system is studied in this paper. First,

we employ a 2D complex Ginzburg-Laudau equation (CGL) to present spatiotemporal chaos. Then the synchronization in the CGL

equation driven by spatiotemporal noise is studied. Theoretically, the critical control intensity is obtained by linear stability analysis of a

constant forced CGL system. Combining with randomness and non-zero mean of the noise, we reveal the mechanism of synchronization

and give the required conditions for control parameters and noise intensity resulting in synchronization theoretically and numerically.

A complete synchronization in a pair of uncoupled CGL equations is achieved. A good agreement between the theoretical analyses and

the numerical results is obtained.
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