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X(t) = x0 sin Ωt �pe¢uxà�Y² £, Ω

�-yªÇ, vi ��ãpe¢ l²ïG��Ä 

£, p3 �8¥�þR�u BC ���Ä £, f �

8¥�þ:÷ç����·LÝ. nÜ�ÄÀÔ{

Ä��ÝÚ{ÄÌ�éf�K�, fd (1) ª(½:

f =
[

ρAgl1l2(l1 + l2) cosϕ + 2Mgl1l2 cos ϕ

+ 2Mgl1l2 tan(θ sin ωt) sin ϕ
]

× [2H(l1 + l2)]
−1. (1)

dþª��, 8¥1Ö�{ÄòUCXÚ�·LÝ.

Äu Rega[5] ±9 Jensen� [6] �ïÄ, pe¢

XÚ����§�

ρAv̈1 + ρAµ1v̇1 − N1v
′′

1

− EA

[

1

l1

∫ l1

0

(

y′

1v
′

1 +
1

2
v′

2
1

)

dx1 +
X cos ϕ

l1 + l2

]

× v′′1 = 0, (2a)

ρAv̈2 + ρAµ2v̇2 − N2v
′′

2

− EA

[

1

l2

∫ l2

0

(

y′

2v
′

2 +
1

2
v′

2
2

)

dx2 +
X cosϕ

l1 + l2

]

× v′′2 = 0, (2b)

Mp̈3 + Mµ3ṗ3 +

∫ l1

0

ρAx1v̈1

l1
dx1

+ EA

[

1

l1

∫ l1

0

(

y′

1v
′

1 +
1

2
v′

2
1

)

dx1 +
X cos ϕ

l1 + l2

+
N1

EA

]

f cos η1 + p3 − X sin η1

l1

+

∫ l2

0

ρAx2v̈2

l2
dx2

+ EA

[

1

l2

∫ l2

0

(

y′

2v
′

2 +
1

2
v′

2
2

)

dx2 +
X cos ϕ

l1 + l2

+
N2

EA

]

f cos η2 + p3

l1
= 0. (2c)

�§ (2a),(2b)±9 (2c)©O�pe¢BOã!COã

±98¥�þ�ÄåÆ�§. �§ (1) Ú (2) ¥, ρ

�pe¢��Ý, A �pe¢�¡¡È, “ ′ ” L«

é�I xi � �©, “ ·” L«é�m� �©, E

�pe¢�
¼�þ, µi ��ãpe¢�{ZX

ê, yi �ãpe¢3ÛÜ�Ie�·å�., yi =
ρAg

2Ni

(lixi − x2
i ), Ni ��ãpe¢�Ð©·Üå, g

�­å\�Ý, H = N1 cos(ϕ+α) = N2 cos(ϕ−β),
sin α

f
=

cos ϕ

l1
,
sin β

f
=

cosϕ

l2
, H �pe¢�Y²

Üå, M �XÚÑxÀÔ�8¥�þ.

�
Bu©Û, - η1 = ϕ + α, η2 = ϕ − β.

� 
 � � � � 5 X Ú � ~ � © � §, |

^ Galerkin�äòëYG�Cþ v1, v2 lÑ, �

ãpe¢� 1 ��Ä���

v1(x1, t) =p1 sin
πx1

l1
+

x1

l1
p3

+
(

1 −
x1

l1

)

X sin η1,

v2(x2, t) =p2 sin
πx2

l2
+

x2

l2
p3. (3)

ò (3) ª�\ (2a)Ú (2b)ª, |^ GalerkinÈ©, 2

òÙ(J�\ (3c) ª, )ÍÙ¥�.5� v̈1 Ú v̈2

��:

p̈1 +
2p̈3

π

+ µ1ṗ1 +
2 sin ηẌ

π

+
N1π

2p1

ρAl21
+

Eπ4p3
1

4ρl41

+
2EAπgp2

1

N1l21
+

Eπ2 cosϕ

(l1 + l2)ρl21
Xp1

+
Eπ2(p3 − sin η1X)2p1

2ρl41
= 0, (4a)

p̈2 +
2p̈3

π

+ µ2ṗ2 +
2µ2ṗ3

π

+
Eπ4p3

2

4ρl42
+

2EAπgp2
2

N2l22
+

N2π
2p2

ρAl22

+
Eπ2 cosϕ

(l1 + l2)ρl22
Xp2 +

Eπ2p2p
2
3

2ρl42
= 0, (4b)

Mp̈3 + Mµ3ṗ3 +

∫ l1

0

ρAx1v̈1

l1
dx1

+ EA

[

cosϕX

l1 + l2
+

1

l1

∫ l1

0

(

y′

1v
′

1 +
1

2
v′

2
1

)

dx1

+
N1

EA

]

f cos η + p3 − X sin η

l1

+

∫ l2

0

ρAx2v̈2

l2
dx2 + EA

[cosϕX

l1 + l2

+
1

l2

∫ l2

0

(y′

2v
′

2 +
1

2
v′

2
2)dx2 +

N2

EA

]

×
f cos ξ + p3

l1
= 0. (4c)

ò�§ (4c) �\�§ (4a)9 (4b), ò.5� p̈3 )

Í, ��pe¢XÚ�ngdÝ~�©�§:

p̈1 + µ1ṗ1 +

3
∑

i=1

α1ipi +
2 sin ηẌ

π

+
2EAπgp2

1

N1l21
+

Eπ2

2ρl21

[

π
2p3

1

2l21
+

2 cosϕ

l1 + l2
Xp1
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+
(p3 − sin η1X)2p1

l21

]

−
2F3

π

= 0,

p̈2 + µ2ṗ2 +
3
∑

i=1

α2ipi +
2EAπgp2

2

N2l22

+
Eπ2

2ρl42

(

π
2p3

2

2
+ p2p

2
3

)

+
Eπ2 cosϕ

(l1 + l2)ρl22
Xp2

−
2F3

π

= 0,

p̈3 + µ3ṗ3 +

3
∑

i=1

α3ipi + F3 = 0. (5)

Ù¥

α11 =
N1π

2

ρAl21
−

2α31

π

, α12 =
2α32

π

, α21 =
2α31

π

,

α22 =
N2π

2

ρAl22
−

2α32

π

, α13 = α23 =
2α33

π

,

α31 =
2EρA2gf cos η1

π

−
πN1

Ml1
,

α32 =
2EρA2gf cos η2

π

−
πN2

Ml2
,

α33 =
N1

Ml1
+

N2

Ml2
,

F3 =
EA

M

2
∑

i=1

{[

f X cos ηi cos ϕ

li(l1 + l2)

+
X cosϕ(p3 − πpi)

li(l1 + l2)
+

2ρAgpi(p3 − πpi)

π liNi

+
f cos ηi

4l2i
(2p2

3 + π2p2
i )

]

+

2
∑

i=1

fNi cos ηi

EAli

+

2
∑

i=1

(

p2
3

2l3i
−
πpip

2
3

2l3i
+
π

2p2
i p3

4l3i
−
π

3p3
i

4l3i

)

+
sin2 η1X

2

2l31
(f cos η1 − πp1 + 3p3 − X sin η1)

−
X sin η1

l1

(

fp3 cos η1

l21
+

X cosϕ

l1 + l2

)

− X sin η1

(

N1

EAl1
+

2ρAgp1

πl1N1
+
π

2p2
1

4l31

−
πp1p3

l31
+

3p2
3

2l31

)}

.

3 �Ä©Û

�§ (5) �äkfÝ�ÍÜ�~�©�§, d

õºÝ{ [8], ��§���)�

pn = pn0(T0, T1) + εpn1(T0, T1) (n = 1, 2, 3), (6)

Ù¥ T0 = t, T1 = εt, ε ��þI�.

�Ä 1 : 2 S�� (ω1 ≈ 2ω3) 9	-yªÇ Ω

�Cu ω1 ��¹.

- ω1 = 2ω3 + εσ3.

Ú\)�ëê σ3, ¿-

2ω1T0 = ω3T0 − εσ3T0 = ω3T0 − σ3T1.

Ú\)�ëê σ1, 2- Ω = ω1 + εσ1.

ò�§ (6) �\�§ (5), d�§ ε0, ε1 �Xê

��, ��

D2
0pn0 + αn1p10 + αn2p20 + αn3p30 = 0, (7)

D2
0pn1 + αn1p11 + αn2p21 + αn3p31

=Fn1(p10, p20, p30), (8)

Ù¥ n = 1, 2, 3.

�§ (7) �)�±L«�

p10 =

2
∑

n=1

cnA2n−1(T1) exp(iω2n−1T0) + cc,

p20 =

3
∑

n=2

cn+1An(T1) exp(iωnT0) + cc,

p30 =

3
∑

n=1

An(T1) exp(iωnT0) + cc, (9)

Ù¥

c1 =
α13

ω2
1 − α11

,

c2 =
ω2

3α13 − α13α22 + α12α23

ω4
3 − ω2

3α11 − ω2
3α22 − α12α21 + α11α22

,

c3 =
α23

ω2
2 − α22

,

c4 =
ω2

3α23 − α11α23 + α13α21

ω4
3 − ω2

3α11 − ω2
3α22 − α12α21 + α11α22

.

ω2
n �Xe�§�)

ω6
n − (α11 + α22 + α33)ω

4
n − (α13α31

− α11α22 + α23α32 − α11α33 − α22α33

+ α12α21)ω
2
n + α13α22α31 + α11α23α32

− α11α22α33 − α12α23α31 − α13α21α32

+ α12α21α33 = 0. (10)
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ò�§ (9) �\�§ (8), ÙA5/ª�±L«�

pn1 =

3
∑

k=1

qnkexp(iωkT0) + cc (n = 1, 2, 3). (11)

ò � § (11) � \ � § (8), � § ü

ý exp(iω1T0), exp(iω2T0), exp(iω3T0) �Xê�

�, ��

(

α11 − ω2
n

)

q1n + α12q2n + α13q3n = R1n,

α21q1n +
(

α22 − ω2
n

)

q2n + α23q3n = R2n,

α31q1n + α32q2n +
(

α33 − ω2
n

)

q3n = R3n, (12)

Ù¥ n = 1, 2, 3.

R11 =ic1ω1 (A′

1 + µ1A1) −
2

π

R31

+
iω2

1 sin η e iT0σ1x0

π

+
Eπ2

4ρl41

[

c1 sin2 ηx2
0

(

A1 −
e2iT0σ1Ā1

2

)

+ 4ic1 sin ηx0

(

e iT0σ1A1Ā1 −
e−iT0σ1

2
A2

1

)

+ 4i e iT0σ1 sin ηx0c2A3Ā3 + 4c1A1A2Ā2

+ 4
(

c1 + 2c2 +
3π2c1c

2
2

2

)

A1A3Ā3

+ 6
(

c1 +
π

2c3
1

2

)

Ā1A
2
1

]

+
2EAgπc2

2 e−iT0σ3

l21N1
A2

3

+
iω2

1x0 sin η e iT0σ1

π

ω2
1 ,

R13 =ic2ω3 (A′

3 + µ1A3) −
2

π

R33

−
iEπ2c2 cosϕ e iT0(σ1+σ3)x0

2ρl21(l1 + l2)
Ā3

+
Eπ2

4ρl41

[

2i sin ηx0(c1 + c2)( e iT0σ1A3Ā1

− e−iT0σ1A1A3) + c2 sin2 ηx2
0A3

+ 4

(

2c1 + c2 +
3π2c2

1c2

2

)

A1Ā1A3

+ 4c2A2Ā2A3 + 6

(

c2 +
π

2c3
2

2

)

Ā3A
2
3

+
4EAgπc1c2 e−iT0σ3

l21N1
A1Ā3

]

; (13a)

R22 =ic3ω2(A
′

2 + µ2A2) −
2R32

π

+
Eπ2

ρl42

[

c3A1Ā1A2 +
(

c3 + 2c4

+
3π2c3c

2
4

2

)

A3Ā3A2 +
3

4

(

2c3 + π2c3
3

)

A2
2Ā2,

R23 =ic4ω3(A
′

3 + µ2A3) −
2R33

π

−
iEπ2c4 cosϕx0Ā3

2ρl22(l1 + l2)
e iT0(σ1+σ3)

+
Eπ2

ρl42

[

c4A1Ā1A3 +
(

2c3 + c4

+
3π2c2

3c4

2

)

A2Ā2A3

+
3

4

(

2c4 + π2c3
4

)

A2
3Ā3

]

; (13b)

R31 =iω1(A
′

1 + µ3A1) + r11

(

A1 −
Ā1

2
e2iT0σ1

)

+ ir21

(

A1Ā1 e iT0σ1
−

A2
1

2
e−iT0σ1

)

+ ir31 e iT0σ1A3Ā3 +
iEA e iT0σ1x0

2M

×

(

sin η1N1

EAl1
−

2
∑

i=1

f cosϕ cos ηi

li(l1 + l2)

)

+
3iEA sin3 η1x

3
0

16Ml31
e iT0σ1 + r41 e−iT0σ1A2

3

+
3iEA sin η1x0A2Ā2

2Ml31
e iT0σ1 + r51A

2
1Ā1

+ r61A1A2Ā2 + r71A1A3Ā3,

R32 =iω2(A
′

2 + µ3A2) +
3EA sin2 η1

4Ml31
x2

0A2

+
iEA(πc1 − 3) sin η1x0

2Ml31

(

A1A2 e−iT0σ1

− A2Ā1 e iT0σ1

)

+ r52A
2
2Ā + r62A1Ā1A2

+ r72A3Ā3A2,

R33 =iω3(A
′

3 + µ3A3) + r12A3

+ ir13 e iT0(σ1+σ3)Ā3

+ ir22

(

e−iT0σ1A1A3 − e iT0σ1A3Ā1

)

+ r32 e iT0σ3A1Ā3 + r81A1Ā1A3

+ r82A2Ā2A3 + r91A
2
3Ā3. (13c)

Ù¥

r1i =
EA sin2 η1x

2
0(3 − πci)

4Ml31
(i = 1, 2);

r13 =
EAx0

2M

[

cosϕ

l1 + l2

2
∑

i=1

πc2i − 1

li

+ sin η1

(

f cos η1

l31
+

2ρAgc2

πl1N1

)]

;
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r2k =
EA sin η 1x0

2Ml31

[

π(3 − k)c1 + π(k − 1)c2

− 3 −
π

2c3−k
1 ck−1

2

2

]

(k = 1, 2);

r31 =
EA sin η1 x0

2Ml31

(

3 − 2πc2 +
π

2c2
2

2

)

;

r32 =
EA

M

[ 2
∑

i=1

f cos ηi

l3i
+

f cos η1π
2c1c2

2l31

+ 2ρAg

(

c1 + c2

πl1N1
+

c4

πl2N2
−

2c1c2

l1N1

)]

;

r41 =
EA

M

2
∑

i=1

[

f cos ηi(2 + π2c2
2i)

4l3i

+
2ρAg(c2i − πc

2
2i)

πliNi

]

;

r5i =
3EA

2M

( 2
∑

k=1

1

l3k
−
πc2i−1

l3i
+
π

2c2
2i−1

2l3i

−

π
3c3

2i−1

2l3i

)

;

r6i =
EA

M

( 2
∑

k=1

3

l3k
−

iπc1

l31
−

(3 − i)πc3

2l32

+
π

2c2
5−2i

2l33−i

)

;

r7i =
EA

M

( 2
∑

k=1

6 − 4πc2k + π2c2
2k

2l3k
−
πc2i−1

l3i

+
π

2c2i−1c2i

l3i
−

3π3c2i−1c
2
2i

2l3i

)

;

r8i =
EA

M

[ 2
∑

k=1

3 − πc2k

l3k
−

2πc2i−1

l3i

+
π

2

l3i

(

c2
2i−1

2
+ c2i−1c2i −

3πc2
2i−1c2i

2

)]

;

r9i =
3EA

2M

2
∑

k=1

1 − πc2k + π2c2
2i − π

3c3
2i

l3k
.

�§ (12) ��)5^� [8] �

B1nR1n + B2nR2n + B3nR3n = 0, (14)

Ù ¥ B1n = α22α31 − α21α32 − α31ω
2
n, B2n =

α11α32 − α12α31 − α32ω
2
n, B3n = α12α21 − (ω2

n −

α11)(ω
2
n − α22) (n = 1, 2, 3). ò�§ (13a), (13b)

Ú (13c)�\�§ (14),��XÚ�²þ�§:

iω1 (b11A
′

1 + b21A1) + b31

(

A1 −
e2iT0σ1

2
Ā1

)

+ ib41

(

e iT0σ1Ā1A1 −
e−iT0σ1A2

1

2

)

+ ib51 e iT0σ1Ā3A3 + b61Ā1A
2
1 + b71A2Ā2A1

+ b81A3Ā3A1 + ib̄1 e iT0σ1Ā2A2 + b̄2 e−iT0σ3A2
3

+ ib91 e iT0σ1 = 0,

iω2 (b12A
′

2 + b22A2) + b32A2

+ ib42

(

e−iT0σ1A1 − e iT0σ1Ā1

)

A2

+ b52A1Ā1A2 + b62Ā2A
2
2 + b72A3Ā3A2 = 0,

iω3

(

b13A
′

3 + b23A3

)

+ b33A3

+ ib43 e iT0(σ1+σ3)Ā3

+ b53 e iT0σ3A1Ā3 + ib63

(

e iT0σ1Ā1A3

− e−iT0σ1A1A3

)

+ b73A1Ā1A3

+ b83A2Ā2A3 + b93Ā3A
2
3 = 0. (15)

- An =
1

2
an exp(iθn) (n = 1, 2, 3), �\�

§ (15), ò¢JÜ©l, ��²þ�§�4�I/

ª:

− b11ω1a
′

1

=

(

b21ω1 +
b31

2
sin 2γ1

)

a1 +
b41

4
cos γ1a

2
1

+
1

2
cos γ1b̄1a

2
2 +

1

2

(

b51 cos γ1 − b̄2 sin γ2

)

a2
3

+ 2b91 cos γ1,

b11ω1a1θ
′

1

=b31

(

1 −
1

2
cos 2γ1

)

a1 +
3b41

4
sin γ1a

2
1

+
1

2

(

b51 sin γ1 + b̄2 cos γ2

)

a2
3 +

b61

4
a3
1

+
b71

4
a2
2a1 +

b81

4
a2
3a1 + b̄1 sin γ1a

2
2 + 2b91 sin γ1,

b12ω2a
′

2 = −b22ω2a2,

b12ω2a2θ
′

2 =b32a2 − b42 sin γ1a1a2 +
b52

4
a2
1a2

+
b62

4
a3
2 +

b72

4
a2
3a2,

−b13ω3a
′

3 =b23ω3a3 + b43a3 cos(γ2 − γ1)

+
b53

2
sin γ1a1a3,

b13ω3a3θ
′

3 = [b33 − b43 sin(γ2 − γ1)]a3

+
(b53

2
cos γ2 + b63 sin γ1

)

a1a3

+
b73

4
a2
1a3 +

b83

4
a2
2a3 +

b93

4
a3
3, (16)

Ù¥ γ1=θ1 − σ1T1, γ2 = θ1 − 2θ3+σ3T1.
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dXÚ­�)�3^� a′

1 = a′

2 = a′

3 =

γ′

1 = γ′

2 = 0, ��XÚ�ª��§:
(

b21ω1 +
b31

2
sin 2γ1

)

a1 +
b41

4
cos γ1a

2
1

+
1

2
cos γ1b̄1a

2
2 +

1

2

(

b51 cos γ1 − b̄2 sin γ2

)

a2
3

+ 2b91 cos γ1 = 0,

b23ω3a3 + b43a3 cos(γ2 − γ1) +
b53

2
sin γ2a1a3 = 0,

b11ω1a1σ1 = b31

(

1 −
1

2
cos 2γ1

)

a1

+
3b41

4
sin γ1a

2
1 +

1

2

(

b51 sin γ1 + b̄2 cos γ2

)

a2
3

+
b61

4
a3
1 +

b71

4
a2
2a1 +

b81

4
a2
3a1

+ b̄1 sin γ1a
2
2 + 2b91 sin γ1,

b13ω3a3(σ1 + σ3) = 2
{

[

b33 − b43 sin(γ2 − γ1)
]

a3

+

(

b53

2
cos γ2 + b63 sin γ1

)

a1a3 +
b73

4
a2
1a3

+
b83

4
a2
2a3 +

b93

4
a3
3

}

. (17)

Ù¥

b11 =

(

c1 −
2

π

)

B11 + B31;

b21 =B11c1µ1 +

(

B31 −
2

π

B11

)

µ3;

b31 =
B11Eπ

2c1 sin2 η1

4ρl41
x2

0 +

(

B31 −
2

π

B11

)

r11;

b41 =
B11Eπ

2c1 sin η1

ρl41
x0 +

(

B31 −
2

π

B11

)

r21;

b51 =
B11Eπ

2c2 sin η1

ρl41
x0 +

(

B31 −
2

π

B11

)

r31;

b61 =
3B11Eπ

2(2c1 + π2c3
1)

4ρl41

+

(

B31 −
2

π

B11

)

r51;

b71 =
B11Eπ

2c1

ρl41
+

(

B31 −
2

π

B11

)

r61;

b81 =
B11Eπ

2

ρl41

(

c1 + 2c2 +
3π2c1c

2
2

2

)

+

(

B31 −
2

π

B11

)

r71;

b91 =
B11ω

2
1 sin η1x0

π

+

(

B31 −
2

π

B11

)

×

{

3EA sin3 η1x
3
0

16Ml31
+

EAx0

2M

(

sin η1N1

EAl1

−

2
∑

i=1

f cos ϕ cos ηi

li(l1 + l2)

)}

;

b̄1 =

(

B31 −
2

π

B11

)

3EA sin η1x0

2Ml31
;

b̄2 =

(

B31 −
2

π

B11

)

r41 +
2B11EAgπc2

2

l21N1
;

b12 =

(

c1 −
2

π

)

B22 + B32;

b22 =B22c3µ2 +

(

B32 −
2

π

B22

)

µ3;

b32 =

(

B32 −
2

π

B22

)

3EA sin2 η1

4Ml31
x2

0;

b42 =

(

B32 −
2

π

B22

)

EA(πc1 − 3) sin η1

2M l31
x0;

b52 =
B11Eπ

2c3

ρl42
+

(

B32 −
2

π

B22

)

r62;

b62 =
3B11Eπ

2(2c3 + π2c3
3)

4ρl42

+

(

B32 −
2

π

B22

)

r52;

b72 =
B11Eπ

2

ρl42

(

c3 + 2c4 +
3π2c3c

2
4

2

)

+

(

B32 −
2

π

B22

)

r72;

b13 =B13c2 + B23c4 +

[

B33 −
2

π

(B13 + B23)

]

;

b23 =B13c2µ1 + B23c4µ2

+

[

B33 −
2

π

(B13 + B23)

]

µ3;

b33 =B13c2 sin2 η1x2
0 +

[

B33 −
2

π

(B13 + B23)

]

r12;

b43 = −

2
∑

i=1

Bi3Eπ
2c2i cosϕx0

2ρl2i (l1 + l2)

+

[

B33 −
2

π

(B13 + B23)

]

r13;

b53 =
4B13EAgπc1c2

l21N1
+

[

B33 −
2

π

(B13 + B23)

]

r32;

b63 =
B13Eπ

2x0 sin η1(c1 + c2)

2ρl41

+

[

B33 −
2

π

(B13 + B23)

]

r22;

b73 =
B13Eπ

2

ρl41

(

2c1 + c2 +
3

2
π

2c2
1c2

)

+
B23Eπ

2c4

ρl42
+

[

B33 −
2

π

(B13 + B23)

]

r81;
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b83 =
B13Eπ

2c2

ρl41
+

B23Eπ
2

ρl42

(

2c3 + c4 +
3

2
π

2c2
3c4

)

+

[

B33 −
2

π

(B13 + B23)

]

r82;

b93 =
3B13Eπ

2

4ρl41

(

2c2 + π2c3
2

)

+
3B23Eπ

2

4ρl42

(

2c4 + π2c3
4

)

+

[

B33 −
2

π

(B13 + B23)

]

r91.

du (17) ª¥Qk²��, qká��, õ�

��5�¦�ù��§|�~E,, Ïd·�æ�

ê��{éª�­�?1©Û.

4 ª�­�ê�©Û

ê�O��, ·�À� E = 200 GPa,ρ = 7800

kg/m3, x0 = 0.2 m, d = 25 mm, µ1 = µ2 = 5,

µ3 = 0.01, ω1 = 5.609, ω2 = 39.4, ω3 = 2.85,

l1 = 44 m, l2 = 6 m, H = 20 kN, ϕ = π/6, θ = π/6.

(17) ª¥���5�éõ, �
{zO�, �

Ñ�ª¥��þ, òþãëê��\Tª. ²LÐ

Úê�O���, b31, b23, b63 ���ª¥Ù¦Xê

�', ���þ?é�, ùA�Xê��ÑØO. Ó

�á¢��ÄÌ� a2 ��¢Ú8¥Ö1��ÄÌ

��'é�, �À�Ø�Ä, = a2 = 0. K (17)ª�

U��

b21ω1a1 +
1

4
b41 cos γ1a

2
1 +

1

2
a2
3

(

b51 cos γ1

−b̄2 sin γ2

)

+ 2b91 cos γ1 = 0, (18a)

b43a3 cos(γ2 − γ1) +
b53

2
sin γ2a1a3 = 0, (18b)

b11ω1a1σ1

=
3

4
b41a

2
1 sin γ1 +

1

2

(

b̄2 cos γ2 + b51 sin γ1

)

a2
3

+
b61

4
a3
1 +

b81

4
a2
3a1 + 2b91 sin γ1, (18c)

1

2
b13ω3a3(σ1 + σ3)

=b33 − b43 sin(γ2 − γ1)a3 +
b53

2
cos γ2a1a3

+
b73

4
a2
1a3 +

b93

4
a3
3. (18d)

�
¼�XÚ�ª��§, I�� (18) ª¥

� γ1, γ2. Äk�� (18b)Ú (18d)ª¥� γ2 − γ1,

�� cos γ2 �L�ª

cos γ2 = f1/f2, (19)

Ù¥

f1 = − 4b2
33 + 4b2

43 − b53a1 − 2b33b73a1 − b2
73a

3
1

− 2b33b93a
2
3 − b73b93a1a

2
3 − b2

93a
4
3

+ b13ω3

(

4b33 + b73a1 + b93a
2
3

)

(σ1 + σ3)

− b2
13ω

2
3(σ1 + σ3)

2,

f2 =b53a1

(

4b33 + b73a
2
1 + b2

93a
2
3

− 2b13ω3 (σ1 + σ3)
)

.

ò (19) ª�\ (18c)ª¥, �� sin γ1 �L�

ª:

sin γ1 = −
1

f3

(1

4
b61a

3
1 +

1

4
b81a1a

2
3 − b11a1σ1ω1

+
1

2
b̄2a

2
3

f1

f2

)

, (20)

Ù¥

f3 = 2b91 +
3

4
b41a

2
1 +

1

2
b53a

2
3.

2ò (19), (20)ª�\ (18a)Ú (18b)ª, �©

O�� cos γ1, sin γ2 �L�ª:

cos γ1 = −
b23a1ω1

f3
+

(

b21b43b̄2a1a
2
3ω1

f1

f2

)

×

{

2f3

[

1

2
b43b̄2a

2
3

f1

f2
+

f3

2
b53a1

− b43

(

b61

4
a3
1 +

b81

4
a1a

2
3 − b11a1σ1ω1

+
1

2
b̄2a

2
3

f1

f2

)]}

, (21)

sin γ2 =

(

b21b43a1ω1
f1

f2

)

×

[

1

2
b43b̄2a

2
3

f1

f2

+
f3

2
b53a1 − b43

(

b61

4
a3
1 +

b81

4
a1a

2
3

− b11a1σ1ω1 +
1

2
b̄2a

2
3

f1

f2

)]

−1

. (22)

ò (19)—(22)ª�\ (18d) ª, �� a1,a3 '

u σ1, σ3 �ª��§ 1; d (18a)Ú (18c) ª¥�

� γ2 �, ò (20) Ú (21) ª�\, �� a1, a3 '

u σ1, σ3 �ª��§ 2. - σ3 = 0, ��üª��§

ª¥� a3, �� a1-σ1 �ª��§; Ón, - σ1 = 0,

��üª��§ª¥� a1, �� a3-σ3 �ª��§.

|^ Mathematica§SéXÚ�ª��§?

1ê�©Û, �� a1-σ1 �ª�­�Xã 2 ¤«,
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σ3-a3 �ª�­�Xã 3 ¤«. ã¥¢�L«­½

��Ä), J�L«Ø­½��Ä).

lã¥�±wÑ, 8¥Ö1�^e�pe¢3

-yªÇ�CXÚ��kªÇ�, XÚòu)Ì�

�, XÚ�3õ�­½ÚØ­½�), Ñy
'�

E,�©�y�. )�ëê��C":, XÚÒ�

�CÌ��G�, XÚ)��¹�E,. ± σ3-a3 ª

�­�ã�~, 3":NCÑy
 3 �­�)Ú 1

��­�), 3�l":?K�k 1 �­�). d

u��5Ï��K�, Ø+´Ì��Cz§Ý, �

´©�:��ê, )�ëê σ3 é a3 �K�Ñ��

�u)�ëê σ1 é a1 �K�.

ã 2 ªÇ�A­� (σ3 = 0) ã 3 ªÇ�A­� (σ1 = 0)

5 ( Ø

�©nÜ�Ä
dÀÔg­Úåpe¢·�

�.�©ãA5!pe¢����±9uxàY

²$Ä�õ«Ï��K�, ïá
°þÊ1Ö�

L§¥©ãpe¢�ngdÝ��5ÄåÆ�..

ò.5�)Í���
ngdÝ~�©�§, ¿

|^õºÝ{éÙ?1
�Ä©ÛÚª�ê�©

Û, ��YmÐ�'���5ÄåÆïÄC½
n

ØÄ:.

[1] Lu Y J 1996Shipbuliding of China 37 17 (in Chinese) [©[<

1996 ¥IEE 37 17]

[2] He X J, Zhang L X, Ren A D 2010Acta Phys. Sin. 59 3088 (in

Chinese) [ÛÆ�, Üû!, ?Ol 2010 ÔnÆ� 59 3088]

[3] Zhang L X, He X J, Ren A D 2010Proceedings of the 2010 Inter-

national Conference on Application of Mathematics and Physics

V2: Advances on Applied Mathematics and Computation Mathe-

matics Nanjing, China, May 8–9, 2010 p104

[4] Ren A D, He X J, Zhang L X 2010The International Confer-

ence on E-Product, E-Service and E-Entertainment Henan, China,

November 4–6, 2010 p4662

[5] Rega G 2004Am. Soc. Mech. Eng. 57 443

[6] Jensen C N, Nielsen S R K, Svrensen J D 2002J. Sound Vib. 256

499

[7] Chen L Q, Yang X D 2005J. Sound Vib. 2 879

[8] Nayfeh A H, Mook D T 1979Nonlinear Osciallations (New York:

John Wiley and Sons) p72

060501-8



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 6 (2012) 060501

Inplane oscillation analysis of the highline system with
1 : 2 internal resonance and dominate resonance∗

Ren Ai-Di† He Xue-Jun Wang Xiao-Lin Zhang Liang-Xin

( Department of Logistics Command and Engineering, Navy University of Engineering, Tanggu 300450, China )

( Received 10 March 2011; revised manuscript received 10 July 2011 )

Abstract

A three-degree-of-freedom nonlinear dynamic model of piecewise highline system during underway replenishment is investigated

when the lumped mass swings in which the influences of piecewise characteristic of highline cable’s static profile due to cargo dead-

weight, the incline angle and the horizontal motion of the sending end are considered. Considering 1:2 internal resonance and primary

resonance, ordinary differential equations are gained by decoupling the inertial terms. Perturbation analysis and numerical analysis are

carried out by adopting the multiple-scale method, which will be the theoretical basis of the further research of nonlinear dynamics.

Keywords: piecewise, the highline system, swing, multiple-scale method
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