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1 Ú ó

1999 c, �'J� [1,2] ÏL·bXÚ����
uy
��ÚÍ¶ Lorenz XÚ [3] �q�ÿÀØ
�d�#·báÚf —–Chen XÚ. Cc5, Chen
XÚ�ÄåÆA5!���ÓÚ��IS	Æö
?1
2�ïÄ [4,5]. ©z [5] ©Û
±Ï-y
e Chen XÚ�quy�.

y¢.¥�Nõy�´¥G�âC�, XÄ
ÔN¥�%9aÄ!)Ô ²�äÚ¾nÆ¥�
¿u!û�. ù
âC�±Y�m���$ÄL§
�±Y�m�'´�~á6�, �±@�´]mu
)�, <�JÑ
óÀXÚ±£ãù
A�. ,�
�¡, ÄuóÀXÚnØ�óÀ��Eâäk´u
¢�!��¤��é�$�`:, �k�U��
ûÐ���5U, ¤±óÀ��Eâ��
2��
A^, XA^u¥($1;��UC!)�XÚ�
+n���!·bXÚ�óÀ���ÓÚ� [6−10].

8c, ±Ï)�½59©
É�
NõÆö
�'5 [11−20]. ©z [11] ïÄ
±Ï-yeëYX
Ú�±Ï)�½59©
. duóÀXÚ��þ
´�1wXÚ, �ëYXÚ�±Ï)�©
©Û�
{Ø2·^. ©z [12] ïÄ
ÍÜ� Bonhoeffer-
Van der Pol (BVP) XÚ�E,ÄåÆ1�, Ù¥ü

� BVP XÚþ¹kóÀ. ©z [13,14] JÑ
�1
wXÚ�ÛÜN�{, ¿�Ñ
 Floquet ¦f�O
��{. ©z [15] ïÄ
�an«+ ÔóXÚ
3±ÏóÀ�^e�´LÄåÆ1�. ©z [16] é
�aÉóÀK��)ÔXÚ?1
©
©Û. ©
z [17,18] ïÄ
�a�5óÀXÚ�±Ï)9Ù
©
. ©z [19,20] é©ã�5·b>´?1
�
1w©
©Û. ,, �céóÀ�^e���5
XÚ�ÄåÆ1�ïÄ��. �©3©z [9—14]
Ä:þÌ�ïÄóÀ�^e Chen XÚ�E,Äå
Æ1�, ¿éd?1
�1w©
©Û, ÏL Flo-
quet nØ�«
TXÚ±Ï)��1w©
Ån.

Chen XÚ��§�

ẋ = a(y − x),

ẏ = (c − a)x − xz + cy,

ż = xy − bz,

(1)

Ù¥ a, b, c � Chen XÚ�ëê.
3 Chen XÚ�1���§þ\��±ÏóÀ,

XÚ�±L«�

ẋ = a(y − x) + h
∑
k∈N

δ(t − kτ),

ẏ = (c − a)x − xz + cy,

ż = xy − bz,

(2)
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Ù ¥ δ(·) � Dirac δ ¼ê, = δ(t) = 0, t 6= 0

�
∫ +∞

−∞
δ(t)dt = 1; h Ú τ ©O�óÀ�^�Ì�

Ú±Ï; k ∈ N, N �g,ê8. � t 6= kτ , k ∈ N�,
XÚ (2) �L«�

ẋ = a(y − x),

ẏ = (c − a)x − xz + cy, (3a)

ż = xy − bz;

� t = kτ , k ∈ N�, XÚ (2) �L«�

∆x(t) = x(t+) − x(t−) = h,

∆y(t) = y(t+) − y(t−) = 0, (3b)

∆z(t) = z(t+) − z(t−) = 0.

ùp

x(t+) = lim
h→0+

x(t + h),

x(t−) = lim
h→0−

x(t + h),

¿b�

x(t+) = x(t),

y(t+) = y(t),

z(t+) = z(t),

ã 1 XÚ (1) ��mS�9�ã (a)�mS�; (b) �ã

= X Ú � ) (x(t), y(t), z(t)) 3 kτ � � m
ëY.

ëê a, b, c ©O�½� a = 35, b = 3, c = 19.
d��\óÀ�^� Chen XÚ, =XÚ (1) ä
kn�²ï: A(0, 0, 0), B(3, 3, 3), C(−3,−3, 3),
Ù ¥ A � Q :, B � C �  ½ � :; � �
\ ó À � ^ � Chen X Ú ä k g , � é ¡ 5,
= § 3 C � (x, y, z) → (−x,−y, z) e � ± Ø
C. X Ú Ð � þ � � (−3.5,−3.5, 1). � \ ó À
� ^� Chen X Ú ��m S � 9 � ã X ã 1
¤«.

2 ©
9·b

Äk�½±Ï τ = 1.57, � h ��©
ëê,
|^ªðN�ïÄÌ� h éXÚ�K�. �é h �
,�Cz��¥�z���, ¦ÑXÚ�ê�),
,��ÑXÚG��ªðN��:, �� h éXÚ
�K�. éz�� h ��, ¦Ñ�Ý� 1000 �óÀ
±Ï�ê�). ,�éz�� h ��, xÑTG�
��� 200 �ªð:. XÚ (2) � h Cz�©
ã
Xã 2¤«.

ªðN�´ Poincaré N���«AÏ�/. |
^ Poincaré N��5�9Ù��AXÚ�'X, �
�ªðN���XÚäkXe'X [15]: ªðN�
�ØÄ:éAu�XÚ�3��±óÀ±Ï T �
±Ï�±Ï), = 1T ±Ï); ªðN�� k ±Ï:
éAu�XÚ�3��± k �óÀ±Ï�±Ï�
±Ï), = kT ±Ï); ªðN��ØC�éAu�
XÚ�[±Ï)½��¡.

lã 2 �±uy, � h 6 3.55�, XÚ (2) k 1T

±Ï). � h = 0.01 �, du C �½�:, X
Ú²L±Ï τ ��C�:, ,�ÉóÀ�^�
�lm�:, �ª/¤ 1T ±Ï), Xã 3 ¤«.
� h > 3.55 �, du A �Q:, B Ú C �½
�:, XÚ (2) äk 3T ±Ï), Xã 4 ¤«; ,�
² 6T ±Ï), 12T ±Ï)��±Ï©
��·
b, Xã 5 Úã 6 ¤«. 3·b«�¥k±ÏI�.
� h = 4.6718�XÚm©d·bG�âC� 2T ±
Ï), Xã 7 ¤«. � h = 9.3511�XÚm©d 2T

±Ï)âC�·bG�. 3·b«�¥�k±Ï
I�. � h = 10.7767�XÚm©d·bG�âC
� 1T ±Ï), Xã 8 ¤«. � h = 16.4755 �X
Úm©d 1T ±Ï)²�±Ï©
C� 2T ±Ï).
� h = 21.815 �XÚ²��±Ï©
C� 1T ±
Ï).
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ã 2 XÚ (2) �©
ã (a) 0 < h 6 25; (b) 3.5 6 h 6 4.8; (c) 9 6 h 6 11; (d) 15 6 h 6 23

ã 3 h = 0.01�XÚ (2) ��mS���ã (a)�m
S�; (b) �ã

o�, óÀ�^e� Chen XÚ�·b�üz
L§�U´�±Ï©
��·b, ��U´d±Ï

ã 4 h = 3.7�XÚ (2) ��mS���ã (a)�mS
�; (b) �ã

)����·b, ¥m��
u5·bÑy. 3·
b«�¥, ÑyØÓ�±ÏI�.
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ã 5 h = 3.72�XÚ (2) ��mS���ã (a)�mS�; (b) �ã

ã 6 h = 3.77�XÚ (2) ��mS���ã (a)�mS�; (b) x-y �ã; (c) x-z �ã; (d) y-z �ã

ã 7 h = 4.8�XÚ (2) ��mS���ã (a)�mS�; (b) �ã
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ã 8 h = 10.78�XÚ (2) ��mS���ã (a)�m
S�; (b) �ã

3 �1w©
©Û

duóÀ�^e� Chen XÚ��1wXÚ,
�ØU^ëYXÚ�©
©Û�{?1©Û. e¡
|^©z [9—11] ¤JÑ��1wXÚ�©
©
Û�{éóÀ�^e� Chen XÚ�©
1�?
1©Û.
�XÚ (2) �)�

x(t) = ϕ(t, x0, y0, z0, h, τ),

y(t) = φ(t, x0, y0, z0, h, τ),

z(t) = ψ(t, x0, y0, z0, h, τ),

�

ϕ(0, x0, y0, z0, h, τ) = x0,

φ(0, x0, y0, z0, h, τ) = y0,

ψ(0, x0, y0, z0, h, τ) = z0,

Ù¥ (x0, y0, z0) �XÚÐ�.
½ÂN� P1 �

P1 : (x, y, z) → (x + h, y, z),

P2 �

P2 : (x, y, z) → (ϕ(τ, x, y, z, h, τ ),

φ(τ, x, y, z, h, τ ), ψ(τ, x, y, z, h, τ )),

K��XÚ� Poincaré N� P �½Â�

P = P2 ◦ P1,

=

P : (x, y, z) → (ϕ(τ, x + h, y, z, h, τ ),

φ(τ, x + h, y, z, h, τ ), ψ(τ, x + h, y, z, h, τ )).

� Poincaré N� P k²ï: u(x, y, z), = u =
T (u). d�XÚäk±Ï τ �), = 1T ±Ï). �
A/, XJ Poincaré N�P k k �±Ï: u(x, y, z),
= u = T k(u) � u 6= Tm(u), m = 1, 2, · · · , k − 1,
d�XÚäk±Ï kτ �), = kT ±Ï).

N� P1 � Jacobi Ý
� DP1 = I3, Ù¥ I3

�n�ü Ý
. N� P2 � Jacobi Ý
 DP2 �Ï
L�1wXÚ�q{È©±Ï τ ��Ý
 DP2 �
ê�). Ï P = P2 ◦ P1, �� Poincaré N� P �
Jacobi Ý
��)Û)� DP = DP2×DP1. ,�
¦ Jacobi Ý
 DP �A��, ��XÚ� Floquet
A�¦f µ1, µ2, µ3. �â Floquet nØ, XÚ (2) ±
Ï)�½59©
^�Xe [13,14]:

(i) �¤kA����Ñ�u 1�, XÚ (2) �
±Ï)´ìC½�.

(ii) ���A��ÏL −1 BLü �, Ù¦
A����Ñ�u 1�, XÚ (2) �±Ï)�)�
±Ï©
.

(iii) ���A��ÏL 1 BLü �, Ù¦
A����Ñ�u 1�, XÚ (2) �±Ï)�)Q
(©
.

(iv) ��é�ÝEA��BLü �, Ù
¦A����Ñ�u 1 �, XÚ (2) �±Ï)�
) Hopf ©
.

e¡|^ Floquet nØ�«óÀ�^e� Chen
XÚ�©
Ån.

3.1 QQQ(((©©©




� 0 < h < 3.5480�, XÚ¤k� Floquet A
�¦fÑ3ü �S, 3 h = 3.5480 ?k� Flo-
quet A�¦fÏL 1 BÑü �, XL 1 ¤�. �
â Floquet nØ��ä, � 0 < h < 3.5480 �, X
Ú�½� 1T ±Ï)$Ä, 3 h = 3.5480 ?XÚ
u)Q(©
, XÚd½� 1T ±Ï)C�½
� 3T ±Ï), d(J�ã 2(b) ��.

� 4.6718 < h 6 9.2874 �, X Ú ¤ k �
Floquet A�¦fÑ3ü �S, 3 h = 9.2875
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?k� Floquet A�¦fÏL 1 BÑü �, X
L 2 ¤�. �â Floquet nØ��ä, � 4.6718 <

h 6 9.2874 �, XÚ�½� 2T ±Ï)$Ä,
3 h = 9.2875 ?XÚu)Q(©
, XÚd½�
±Ï)����·bG�, d(J�ã 2(c)��.

L 1 3.5480 6 h 6 3.5540�óÀ�^e Chen XÚ�
Floquet A�¦f

h µ1 µ2 µ3

3.5540 0.5241 0.0021 0

3.5530 0.5619 0.0020 0

3.5520 0.6057 0.0019 0

3.5510 0.6585 0.0017 0

3.5500 0.7269 0.0016 0

3.5490 0.8326 0.0014 0

3.5480 1.3613 0.0010 0

L 2 9.2776 6 h 6 9.2875�óÀ�^e Chen XÚ�
Floquet A�¦f

h µ1 µ2 µ3

9.2776 0.5505 −0.0050 0

9.2818 0.6522 −0.0043 0

9.2847 0.7530 −0.0038 0

9.2865 0.8542 −0.0034 0

9.2873 0.9500 −0.0031 0

9.2874 0.9927 −0.0030 0

9.2875 1.1304 −0.0027 0

o�, óÀ�^e� Chen XÚ²Q(©
�
Ud±Ï)C�,�±Ï), ��Ud±Ï)��
��·b.

3.2 ���±±±ÏÏÏ©©©




� 3.55 < h 6 3.7160�, XÚ¤k� Floquet
A�¦fÑ3ü �S, 3 h = 3.7169 ?k
� Floquet A�¦fÏL −1 BÑü �, XL 3 ¤
�. �â Floquet nØ��ä, � 3.55 < h 6 3.7160
�, XÚ�½� 3T ±Ï)$Ä, 3 h = 3.7169 ?
XÚu)�±Ï©
, XÚd 3T ±Ï)C�½
� 6T ±Ï), ??\·b, =d�±Ï©
��
·b, d(J�ã 2(b) ��.

� 4.0150 < h 6 4.0500 �, X Ú ¤ k �
Floquet A�¦fÑ3ü �S, 3 h = 4.0150
?k� Floquet A�¦fÏL −1 BÑü �, X
L 4 ¤�. �â Floquet nØ��ä, � 4.0150 <

h 6 4.0500 �, XÚ�½� 4T ±Ï)$Ä,
3 h = 4.0150 ?XÚu)��±Ï©
, XÚ

d 8T ±Ï)C�½� 4T ±Ï), d(J�
ã 2(b) ��.

L 3 3.7000 6 h 6 3.7169�óÀ�^e Chen XÚ�
Floquet A�¦f

h µ1 µ2 µ3

3.7000 −0.8045 −0.0013 0

3.7040 −0.8482 −0.0012 0

3.7090 −0.9054 −0.0011 0

3.7130 −0.9536 −0.0011 0

3.7160 −0.9912 −0.0011 0

3.7169 −1.0039 −0.0011 0

L 4 4.0150 6 h 6 4.0200�óÀ�^e Chen XÚ�
Floquet A�¦f

h µ1 µ2 µ3

4.0200 −0.6707 −0.0010 0

4.0190 −0.0881 −0.0008 0

4.0180 −0.7712 −0.0007 0

4.0170 −0.8668 −0.0006 0

4.0160 −0.9577 −0.0006 0

4.0150 −1.0442 −0.0005 0

� 10.7767 < h 6 15.9375 �, XÚ¤k�
Floquet A�¦fÑ3ü �S, 3 h = 15.9376
?k� Floquet A�¦fÏL −1 BÑü �, X
L 5 ¤�. �â Floquet nØ��ä, � 10.7767 <

h 6 15.9375 �, XÚ�½� 1T ±Ï)$Ä,
3 h = 15.9376 ? X Ú u)� ± Ï © 
, X Ú
d 1T ±Ï)C�½� 2T ±Ï), d(J�
ã 2(d)��.

L 5 15.0000 6 h 6 15.9376�óÀ�^e Chen XÚ�
Floquet A�¦f

h µ1 µ2 µ3

15.0000 −0.7604 −0.0073 0

15.3651 −0.8600 −0.0067 0

15.5205 −0.9000 −0.0065 0

15.7230 −0.9500 −0.0062 0

15.9375 −0.9999 −0.0060 0

15.9376 −1.0000 −0.0060 0

L 6 14.4970 6 h 6 14.5020�óÀ�^e Chen XÚ�
Floquet A�¦f

h µ1 µ2 µ3

14.4970 −0.6137 −0.0084 0

14.4980 −0.6140 −0.0084 0

14.4990 −0.6143 −0.0084 0

14.5000 −0.6146 −0.0084 0

14.5010 −0.6149 −0.0084 0

14.5020 −0.6152 −0.0084 0
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ã 9 XÚ (2) ���©
ã 0 < τ < 5, 0 < h < 5

o�, óÀ�^e� Chen XÚ�U=u)�
g�±Ï©
, =XÚ�±Ï)C�,�ü�±Ï
�±Ï), ��Uu)?é�±Ï©
, =XÚ�
±Ï)²�±Ï©
��·b. �A/, óÀ�^
e� Chen XÚ��3��±Ï©
.

lã 2 ��, XÚ�©
ã;,�3mä:.
~ X, 3 h = 14.5 N C, X Ú d  ½ � 1T ±
Ï)â,C¤,�½� 1T ±Ï). ·�O�

 h = 14.5 � Floquet A�¦f, XL 6 ¤�. dO

�(J��, mä:?� Floquet A�¦f¿�u
)���Cz.

±þÌ�?Ø
±Ï τ = 1.57 ��/, éuÙ
¦±Ï9óÀÌ�·���
ïÄ. ã 9 �Ñ
X
Ú'u±Ï9óÀÌ����©
ã, ã¥��Ý
� 1, 2, · · · �L 1T ±Ï)!2T ±Ï)!· · · . l
ã 9 �±w�, XÚ3Ù¦±Ï9óÀÌ��/
ekaq�E,ÄåÆ1�, �´²Lü«å»�
�·b, =²Q(©
��·bÚ�±Ï©
�
�·b.

4 ( Ø

�©ïÄ
óÀ�^e� Chen XÚ�E,Ä
åÆ1�. |^�1wXÚ�©
�{éóÀ�^
e Chen XÚ�©
1�?1
©Û, ÏL Floquet
nØ�«
TXÚ��1w©
Ån. óÀ�^e
� Chen XÚÌ�ÏLü«å»��·b, =²Q
(©
��·bÚ�±Ï©
��·b. ïÄL
², Floquet nØ´ïÄ�1wXÚ��«k��
{. ïÄ(Jéu�1wXÚ9)ÔXÚ�óÀ�
�Ú·b��äk�½�nØ¿Â.
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Non-smooth bifurcation analysis of Chen system
via impulsive force∗
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Abstract
The complex dynamics of Chen system via impulsive force is investigated in this paper. The non-smooth bifurcation of Chen

system via impulsive force is analyzed. The system can evolve to chaos by the cascading of period-doubling bifurcations. Besides,
the system can evolve to chaos immediately by saddle-node bifurcations from period solutions. Finally, the Floquet theory is used to
explore the non-smooth bifurcation mechanism for the periodic solutions.

Keywords: Chen system, impulse, non-smooth bifurcation, chaos
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