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p
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1 Ú ó

·by�´�(½5XÚ�Ø5K$Ä, ·b
�mS�Ï~´d(½5��5XÚ�)�, ÷
*þLy�,ÏÃS,�*þKäkÃ¡i@�g
�q5. ·by�ÊH�3ug,.¥, X)ÔX
Ú!í�XÚ�, Ïdé·b�mS��ï�Úý
ÿäk­�¿Â [1,2]. �´·b�mS�äkE,
5!��Å59Ð�¯a5, ù¦�é·b�mS
��°(ýÿC��©(J.

8c, ·b�mS��ýÿ�{Ì�k�Ûý
ÿ{ [3]!Û�ýÿ{ [4] 9Äu ²�ä�ýÿ�
{� [5,6]. ù
�{�nØ�â´ Takens i\½n,

T½nÏL��m­���·bXÚ�é5K�
üz;,, ,�ÏL3��m¥�£8�%C¢y
é·b�mS��ýÿ [7], �´ùa�{�ýÿ°
ÝÉ�õ�¡���. 1�, éuéõ¢S�·b
�mS� (XM>&Ò!í�êâÚ�¦�ê�),

Ùò´�mÚi\�ê¿ØUO((½, ��m­
��O(5��
�mS�ýÿ�°Ý; 1�, é
up�·b�mS�, ��m�ê�p, ­��·
bXÚ�;,��E,, ÆS�{J±O(%C.

,	, ·b�mS��°Ý�É�ýÿ�.g�"

����, X ²�ä� “L[Ü” Ú�äÆS²�
z�¯K.

Jaeger Ú Haas[8] u 2004 cJÑ
�«#�·
b�mS�ýÿ�., =£(G��ä (ESN). ESN

´�«#.��5�48 ²�ä, ÙÏL;�
³�äSÜDÕë�¦�ää�PÁUå. ESN

dÑ\&Ò-u�ä “£(&Ò”, ÏL£(&Ò
��5|Ü, ¢y·b�mS�ýÿ. ù«#.
��O�YØ=7m
DÚ·b�mS�ýÿ
�´¶ —— ��m­�, Ó��r ²�äÔ
ö�{l�à`z�(¸¥)øÑ5 [9]. 3é
Mackey-Glass ·b�mS� 84 Úýÿ�ÿÁ¥,

T�{3°Ýþ�Ñ�c·b�mS�ýÿ�{
þZ�. ESN �Ñy�·b�mS�ýÿïÄ5\

#�¹å, Ù3·b�mS�ýÿ°Ýþ�â»
��
¯õïÄö�'5 [10−12].

¦+Xd, ESN ��3Xg��"�, 3éõ
�¹e ESN �G�Ý
¬¥y¾�, ù¬��Ñ
Ñ���Ì�L�, ?
K��.�ýÿ°ÝÚ�
zUå, ù�¯K(6
�) Jaeger 3S�Nõï
Äö. �éù�¯K,©z [13] JÑÏL\\�Å
D(��{�Ñ¾�Ý
�K�, ©z [11] ÏL
*£8!ÛÉ�©)��{�Ñ ESN G�Ý
�
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¾�¯K,©z [12] æ^DÕ��d{¦)ÑÑ�
�5)ûT¯K. ,
, ù
�{��þÑ´ÏL
Ú\Z6�5ü$G�&Òg�'Ý
A���
lÑÝ, Z6��Ú\Ø=O\
Ø�'�&E,

�O\
ÆS�{�E,Ý. �©Äu�Å©)
nØÚ ESN, JÑ�Å£(G��ä�. (WESN).

WESN ÏL�Å©)ò�mS�©)¤pª©þ
Ú$ª©þ, ,�Ó�Ñ\� ESN. ù«�OüÑ
�Ð©k±eü:: 1�, ÏLò�mS�©)¤
pª©þÚ$ª©þ, ü$¯K�ÆSJÝ, Jp
�äýÿ°Ý; 1�, ��­��´pª©þ�±
å��Kz��^, ?
k��ÑDÚ ESN ¥Ê
H�3�Ø·½¯K, ¿�T�{ÃIÚ\�	�
Z6�, Ï
k"���p�ýÿ°Ý. �©òÏ
Lé Lorenz ·b�mS�!¹D( Lorenz ·b�
mS�±9ó�¥¢SS��ýÿ�y¤J�{
�k�5.

2 WESN 9Ùýÿ�.

2.1 ���ÅÅÅ©©©)))

�mS�U���ÅÐm�©)�{Ú­
��{�å¡� Mallat �{. T�{aqu¯
� Fourier C�,´�«Xêi�¯�4í�{, §
äk�O{ü!$�¯$�A:, Ï
��
2�
�A^. �©æ^ Mallat �Å¯�©)�{ [14] ò
&Ò©)�ØÓª�©þ, l
�±��\©Û&
Ò�A:. b� CJ �I�©)��mS�&Ò, �
â©)�{k

Cj = LCj+1,

Dj = HCj+1,
(1)

Ù¥, L �$ÏÈÅXê, H �pÏÈÅXê, Cj

Ú Dj(j = 0, 1, · · · , J) ©O��©&Ò3©EÇ
� 2−(j+1) e�$ª©þÚpª©þ, =�©&Ò
3ü�ØÓª�þ�©þ. J �©)����ê,

�ò�©)&Ò CJ ©)� CJ−1, CJ−2, · · · , C0

Ú DJ−1, DJ−2, · · · , D0.

T©)�{æ^Å?�¿©¦�z�©)�
'©)c�&Òêâ�Ý~�, �´Ñ\êâ&
Ò CJ ��Ý�oÑÑêâ&Ò�Ý�±��.

2.2 ESN

ESN´�«#.�48 ²�ä, ÙØ%´�
��5�!�Å)¤9DÕë��;�³�ä, X
ã 1 ¤«. T�ä¥Ñ\��!SÜë���ÚÑ
Ñ�"��Ñ´�Å)¤�, ��²)¤ÒØ2U
C, 3;�³�ä�ÔöL§¥�I�N�ÑÑ�
�=�. ESN �Ä�g�´ÄkÏLÑ\&Ò-y
;�³�ä�G��A&Ò, ,�d��G��A
&Ò��5|Ü%CÏ"ÑÑ&Ò [15].

ã 1 ESN ó��n«¿ã

ESN G�üz�§�

x(k + 1) = tanh [Wx(k)

+Winu(k) + Wbacky(k)] , (2)

Ù¥, tanh(·) �;�³SÜ ²��-¹¼ê,

u(k) �Ñ\-y&Ò, x(k) � ESN �G��þ,

y(k)�Ï"ÑÑ&Ò, Win, W Ú Wback ©O�Ñ
\ë���Ý
!SÜë���Ý
ÚÑÑ�"
��Ý
. ESN ^u�mS�ýÿ�, Ï~ØI�
ÑÑ�", = Wback = 0.

ESN �ÑÑL�ª�

y(k + 1) = g {Wout[x(k + 1),u(k + 1)]} , (3)

Ù¥ g(·)�ÑÑ¼ê. g(·) Ï~�ð�¼ê½ÎÒ
¼ê, ��ð�¼ê�,ÑÑ�� Wout �ÏLG�
Ý
��_¦), =

Wout ≈ A†Y , (4)

Ù¥ A = {x(n + 1),x(n + 2), · · · ,x(m)}�G�
Ý
, x(1),x(2), · · · ,x(n)��ï��ãÐ©G�
�þ.

ESN 3ÆSL§¥~~�3Ø·½¯K (ill-

posed problem), Ø·½¯K´�G�Ý
 A �A
��Ì�Lp½A��©ÑÝ��. �G�Ý
 A

ÑyØ·½¯K�, ÑÑ�� Wout �Ì�  
L�, ?
K��ä��zUåÚ�mS��ý

080506-2



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 8 (2012) 080506

ÿ°Ý.

2.3 WESN ýýýÿÿÿ���...

(Ü�Å©)nØÚ ESN, �©JÑ
 WESN,

Ùó��nXã 2 ¤«. WESN Ä�g�´ÏL�

Å©)ò�mS�©)¤$ª©þÚpª©þ, Ù
¥$ª©þ�±éÐ/�N�mS��ª³&E,


pª©þ�±k��ÑDÚ ESN �.¥�3�
¾�Ý
¯K. ò$ªÚpªü�©þÓ���Ñ
\&Ò-u ESN �G��A&Ò, ¿ÏL��G�
�A&Òm��5|Ü%CÏ"ÑÑ.

ã 2 WESN ó��n«¿ã

WESN �G�üz�§�

x(k + 1) = f [Win1d10(k) + Win2d11(k)

+Wx(k) + Wbacky(k)] , (5)

Ù ¥, Win1 Ú Win2 © O�Ñ\ & Ò © þ d10

Ú d11 �Ñ\ë���Ý
, d10(k) Ú d11(k) ©
O��©&Ò u ²�Å©)��$ª©þÚpª
©þ.

Jaeger[15] �Ñ, æ^D(ËÄ (noise wobble)

�{�wÍ~�G�Ý
 A �A��©ÑÝ, l

3�½§Ýþ�)
Ø·½¯K. D(ËÄEâ�
@�´�Ñ ESN Ø·½¯K�Ì�å», T�{
´�;�³��§¥\\D(� v(k), = [15]

x(k + 1) = f
[
Wx(k) + Winu(k)

+v(k) + Wbacky(k)
]
. (6)

Ï~�¹e, �ÅD( v Ñlpd©Ù.

D(ËÄ�±3�½§Ýþ�Ñ;�³�Ø
·½¯K, Uõ ESN �5U, T�{�±w¤´�
«²��Kz�{. �´�ÅD( v´�â²�<
�V\�, ��mS�g��&EÃ', Ïd v �
Ú\3�½§ÝþO\
Z6&E.

'� WESN �G�üzúª (5) ÚD(ËÄ
úª (6) �±uy, ²�Å©)�� (5) ª¥�$
ª©þ d10 ��u (6) ª¥�Ñ\&Ò u, (5) ª
¥�pª©þ d11 ��u (6)ª¥�6Ä� v. d
u d10 U
�Ð/�N�©·b�mS��Cz

ª³, 
 d11 K�±å�6Ä���^, � d11´�
mS�g�&E�|¤Ü©, Ïd WESNÃIV\
�	��ÅD(Ò�±éÐ/�ÑDÚ ESN Ôö
L§¥�Ø·½¯K, ?
�k�Jp�mS��
ýÿ°Ý.

� D Ú 4 8 ²�ä � ', ESN �Ñ\ �
� Win ÚSÜë��� W Ñ´�âA½ëê
�Å)¤�, ¿��²)¤Ò�½ØC, 3ÔöL
§¥==I�N�ÑÑ��. Ïd, �ä�ÄåÆ
5�!­½59�;UåÑ´d;�³ëêû½
�, ¿�3ÔöL§¥Ø2UC. )¤;�³�ä
�Ì�ëêk;�³G��ê N!Ñ\ �X
ê Sin!SÜë����DÕÝ c 9Ì�» r �.

Ù¥;�³G��ê N û½
;�³�5� (;
�³�ä¤�¹� ²��êþ), Ó��û½;�
³�ä�ï�Uå, =�äU
[Ü���5Äå
Æ�§�E,§Ý. SÜ�"ë���3¦�;�
³�ääk6�PÁõU, Ù�;UåÓ�´d;
�³G��ê N û½� [15]. Ñ\ �Xê Sin �
;�³�ä���5§Ý�', � Sin Ì����,

;�³�ä��5§ÝO\, 
� Sin Ì����,

;�³�ä��C�5XÚ. SÜë����DÕ
Ý c´�SÜë���Ý
 W �DÕ§Ý (= W

¥�"����ê� N2c). SÜë���Ý
�
Ì�» r �óÀ�A&Ò�P~�ÝÚ�ä�­
½5k', ESN ÏLò r �����u 1 �ê, �
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y�ä�­½5. 3 WESN ¥, ;�³�ä�)¤
Ån�DÚ ESN �{´���, Ïd WESN �Ä
åÆ5�!­½5Ú�;Uå�Ñ´d)¤;�
³�ä�ëêû½�, ¿�3Ó�ëêe, WESN

� ESN �ù
5�A�´���.

nþ��, WESN U«
DÚ ESN �Ì�`
:, ¿��Ñ
DÚ ESN ¥ÊH�3�Ø·½¯
K. e¡�Ñæ^ WESN �.é·b�mS�?1
ýÿ�Ä�Ú½.

Ú½ 1 ÀJ;�³�ä�G��ê N , SÜ
ë����DÕÝ c 9Ì�» r �ëê, ¿�âù

ëê�Å)¤;�³�ä.

Ú½ 2 À½�ã·b�mS���Ôö�
�, ¿éÙ?1�Å©).

Ú½ 3 ò©)���$ª©þ d10 Úpª©
þ d11 Ó�Ñ\;�³, -u;�³�ä�£(�
A&Ò, �â;�³G�Ý
 A Ú8I&Ò y ¦
)ÑÑ��Ý
 Wout.

Ú½ 4 Ñ\#�*ÿ�¿ÏL£(�A&Ò
��5|Ü��ýÿ�.

3 �ý¢�

3.1 µµµddd���III

�
µd WESN �.�ýÿ5U, �©òæ^
þ��Ø� ERMS ��5U�Ié ESN Ú WESN

ü«ýÿ�.?1'�. þ��Ø� ERMS �N

ýÿ��éu¢S*ÿ�� l§Ý, ERMS ½Â
�

ERMS =

[
1

M − 1

M∑
i=1

(ti − yi)
2

]1/2

, (7)

Ù¥, M �ÿÁ�mS�ã��Ý, ti �¢S*ÿ
�, yi��A�ýÿ�.

3.2 Lorenz êêêâââ���ýýý¢¢¢���

Lorenz XÚ´��;.�·bXÚ, éÙïÄ
p0��·b�Æ�uÐ, ÙXÚ�§�

ẋ = a(y − x),

ẏ = (r − z)x − y, (8)

ż = xy − bz,

Ù¥, a, b Ú r Ñ�~ê. �� a = 10, b = 8/3,

r = 28, x(0) = 10, y(0) = 1 9 z(0) = 0�, XÚ�
)·b. |^o� Runge-Kutta �{¦) Lorenz X
Ú�ê�), �È©�mÚ�� 0.01 ?1 6000 g
S�, ¿� x ¶�mS� x(k), k = 1, 2, · · · , 6000

?1ê�¢�. c 2000�Ú^u�äÔö, � 4000

�Ú^uÿÁ.

Jaeger[15] Q�Ñ, c ��;�³�ä�£(�
A&Ò�´L, ��kÆö@��ë��;�³
�ä5U¿ØæuDÕë��;�³�ä. �©
� N = 200, r = 0.98,�
�	 c é WESN �.ý
ÿ5U�K�, - c l 0.1 Cz� 0.9.

Ä�;�³�ä´�â�½ëê�Å)¤�,

�
�	�Å5é WESN ýÿ5U�K�, �©é
uz|;�³ëêÑ)¤ 10 ��ä, ¿ò 10 ��
ä�ýÿþ��Ø��²þ�ÚIO���ýÿ
5U�µdIO. � N = 200, c l 0.1 � 0.9 Cz
�, ESN Ú WESN é Lorenz ·b�mS�ýÿ�
þ��Ø�Xã 3 ¤«.

ã 3 ESN Ú WESN é Lorenz ·b�mS�ýÿ�þ��Ø
� ERMS

dã 3 ��, éu Lorenz ·b�mS�,ÃØ
´ WESN �´ ESN, ýÿþ��Ø� ERMS � c

CzØ²w, = c é ESN Ú WESN ýÿ5U�K
�Ø�. 
ÃØ c �Û�, WESN �ýÿ5Uþ�
`u ESN �ýÿ5U (90 � ESN � ERMS �²þ
�� 0.002853, 
 90 � WESN � ERMS �²þ�
� 0.000958, WESN �ýÿ°Ý' ESN �ýÿ°
ÝJp
�!n�). ,	, WESN �ýÿþ��Ø
��IO��$u ESN, ù`² WESN �ýÿ(
JÉ�Å5�K���.
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3.3 ¹¹¹DDD(((��� Lorenz êêêâââ���ýýý¢¢¢���

¢S · b�m S � � Ñ ¹ k D(, �
 µ
d WESN é¹D(·b�mS��ýÿ5U, �
©æ^¹k 5%pdD(� Lorenz ·b�mS�
é ESN Ú WESN ?1'�. E,æ^ x ¶·b
�mS� x(k), k = 1, 2, · · · , 6000, ¿\\ 5%�p
dD(?1�ý¢�, c 2000�Ú^u�äÔö,

� 4000 �Ú^u�äÿÁ. � N = 200, c l 0.1

� 0.9 Cz, WESN Ú ESN é¹D( Lorenz ·b
�mS�ýÿ�þ��Ø�Xã 4 ¤«.

ã 4 ¹D( Lorenz ·b�mS��þ��Ø� ERMS

dã 4 ��, éu¹D( Lorenz ·b�mS
�, WESN �ýÿ°Ý'DÚ ESN Jp
òC
ü� (90 � ESN � ERMS �²þ�� 0.082572,


 90 � WESN � ERMS �²þ�� 0.044714), ¿
� WESN �ýÿ(Jäk�Ð�­½5 (WESN

� ERMS � I O � � �, ý ÿ ( JÉ� Å 5 K
���).

þã(J�Ø¹D(� Lorenz ·b�mS�
�ýÿ(J���, ù`²ÃØéu¹D(·b�
mS�, �´éuØ¹D(�·b�mS�,WESN

�ýÿ°ÝÑ�'DÚ ESN�äJp��±þ, ¿
�ýÿ(J��­½.

3.4 mmm���ªªª���AAA;;;§§§ÝÝÝêêêâââ���ýýý

�
ÿÁWESN é¢Só�êâ�ýÿ5U,

�©æ^��m�ª�A;�;S§Ý?1�ý,

é WESN Ú ESN �ýÿ5U?1'�.
À��ã�¹ 6700 ��m:�;§�mS�,

�Ù¥c 3000�ã^u�äÔö, � 3700�ã^
u�äÿÁ. 3ÔöÚÿÁ�c, é;§êâ?1


²wzÚ8�z?n. Ó�� N = 200, c l 0.1

� 0.9 Cz�, ESN Ú WESN é;§�mS�ýÿ
�þ��Ø�Xã 5 ¤«.

dã 5 ��, éu;§�mS�, � c � 0.2

�, WESN � ESN �ýÿ°Ý��. Ød�	,

é u ? Û c �, WESN � ý ÿ ° Ý Ñ � ² w `
u ESN(90 � ESN � ERMS ²þ�� 0.048436,


 90 � WESN � ERMS ²þ�� 0.026734). d
d��, WESN �ýÿ°Ý' ESN Jp��±þ,

ù`² WESN �±éÐ/é¢Só��mS�?
1ýÿ.

ã 5 �A;;§�mS��þ��Ø� ERMS

é¢Só��mS��ýÿ(J� Lorenz ·
b�mS�!¹D( Lorenz ·b�mS��ýÿ
(J����, `²ÃØé¢Só�êâ, �´n
Øêâ, WESN �ýÿ°ÝÑ�'DÚ ESN Jp
��±þ, ¿�ýÿ(J�\­½.
�
?�Ú©Û ESN Ú WESN é¢Só��

mS��ýÿ5U, *	 c� 0.3�é¢Só��
mS��ýÿ(J, ©Oæ^ ESN Ú WESN é;
§�mS�?1ýÿ, (JXã 6 ¤«.

dã 6 ��, WESN Ú ESN é 3001—4950 s�
ã�ýÿÑ��
�p�°Ý. �A;;§�mS
�3 4800—5200 s Ú 5800—6100 s�ãÑ´ëY
þ,�, ù��
 WESN Ú ESN é 4951—5400 s

Ú 5900—6300 s �ã�ýÿÑÑy
�½§Ý�
 l. du WESN �.�3$ª©þÚpª©þü
�Ñ\Cþ, pªÑ\��u�Kz�L§ (X (5)

ª), Ïd3 WESN �ýÿ(J¥�Ñy
��Ì
Ý� l, 
3 ESN �ýÿ(J¥Ñy
��Ì
Ý� l, ù`² WESN � ESN �'äk�Ð�
�zUå.
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ã 6 �A;;§�ýÿ(J (a) *ÿ�Ú ESN �ýÿ�; (b) *ÿ�Ú WESN �ýÿ�

4 ( Ø

�©Äu�Å©)nØ� ESN JÑ
�«#
�·b�mS�ýÿ�. ——WESN. T�.Äk
é�mS�?1�Å©), ,�ò$ª©þÚpª
©þÓ���;�³�ä�Ñ\, Ù¥pª©þ�
±å��Kz��^, Ï
 WESN U
k��ÑD
Ú ESN �.¥�3�Ø·½¯K, ¿��DÚ�
{�'ÃIÚ\�	�Z6&Ò. ,	, WESN ò

U
�N�mS�Czª³�$ª©þ©lÑ5,

�±k�ü$ýÿ��ÆSE,Ý, Jpýÿ°Ý.

3é Lorenz ·b�mS�!¹D( Lorenz ·b�
mS�9�A;;§�mS��ýÿ¥, WESN �
.�DÚ� ESN �.�', ýÿ°ÝþJp��±
þ, ¿�LyÑ�Ð�²­5Ú�z5. ÏLéù
n��mS��ýÿ, `²
 WESN 3·b�mS
�ýÿ¥�k�5.
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[9] Lukoševičius M, Jaeger H 2009 Comput. Sci. Rev. 3 127
[10] Song Q S, Feng Z R, Li R H 2009 Acta Phys. Sin. 58 5057 (in

Chinese) [y�t, ¾y;, o<þ 2009ÔnÆ� 58 5057]
[11] Shi Z W, Han M 2007 Control Decis. 22 258 (in Chinese) [¤�

�, ¸¯ 2007 ���ûü 22 258]
[12] Han M, Mu D Y 2010 Control Decis. 25 531 (in Chinese) [¸¯,

;�� 2010 ���ûü 25 531]
[13] Jaeger H 2005 Proceedings of the International Joint Conference

on Neural Networks (Montreal: IEEE) p1460
[14] Xu C F, Li G K 2001 Practical Wavelet Method (Wuhan:

Huazhong University of Science Press) pp75—78 (in Chinese) [M
�u, oI° 2001¢^�Å�{ (ÉÇ: u¥�E�ÆÑ��)

1 75—78 �]
[15] Jaeger H 2007 Scholarpedia 2 2330

080506-6



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 8 (2012) 080506

Chaotic time series prediction based on
wavelet echo state network

Song Tong† Li Han

( Faculty of Electronic Information and Electrical Engineering, Dalian University of Technology, Dalian 116023, China )

( Received 13 July 2011; revised manuscript received 22 December 2011 )

Abstract

Chaos is widespread in nature and human society, so the prediction of chaotic time series is very important. In this paper, we

propose a new chaotic time series prediction model — echo state network based on wavelet, which can effectively overcome the

ill-posed problem that exists in traditional echo state networks. And it also has a good generalization ability. Three time series are

used to test the new model, i.e., Lorenz time series, Lorenz time series with added noise and Batch reactor vessel temperature time

series. Results suggest that the new proposed method can achieve a higher predictable accuracy, better generalization and more stable

prediction results than traditional echo state networks.

Keywords: wavelet decomposition, echo state networks, echo state networks based on wavelet, chaotic time series
prediction
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