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1 Ú ó

��5·b�mS�ýÿ´�8�ÆïÄ+
�Úó§A^+�¥���ïÄ9:, ¿®3&Ò
?n!gÄ����¡��
2��A^ [1]. �,
�âi\ò�nØ=IüCþ�mS����
m=�£ãXÚÄ�, �¢SE,XÚ  dõ�
Cþ£ã, æ^õCþ�mS�ï���¹�õ�
XÚÄ�&E, ¿����p�ýÿ°Ý [2]. Ïd,
õCþ·b�mS�ýÿ¤�8c·b�mS�
ýÿ����ïÄ�� [3]. 3·b�mS�ýÿ
+�, äkr����5N�Uå� ²�ä®¤
�·b�mS�ýÿ��«k��{ [4−6]. �´,
DÚ ²�äÄuFÝeü�ÆS�{Âñ�Ý
ú, ´�\ÛÜ�`, ù
"���
Ùýÿ°Ý,
��
Ù�2��A^.

4àÆSÅ [7] ´�CAcuÐå5��«k
��c" ²�äÆS�{,�äÑ\��ÚÛ¹
� ���Å)¤, ¿3ÔöL§¥�±ØC, =
IÔö�ä�ÑÑ��, {ü��5£8�{=�
�?Ôö?Ö. 4àÆSÅ�Ñ
DÚ ²�ä�
"�. �©/Ï4àÆSÅ�Ï^%CUå [7] [Ü
���m¥�õCþ�mS��Ñ\!ÑÑê
â, �ï4àÆSÅõCþ·b�mS�ýÿ�..

Ó��Ä�õCþ·bS���m�Cþ
�3P{½Ø�'Cþ¯K, �©Äké�Cþ
Äup&E�{?1Ñ\CþÀJ, �3ÚýÿÑ
Ñäk��ÚO�'5��Cþ, ±~�ýÿ�
.Ñ\, Jpýÿ�.°Ý.
�?�ÚJp4àÆSÅõCþ·b�mS

�ýÿ�.�ýÿ°Ý¿k�)û4àÆSÅ�
Û¹�!:ÀJ¯K, �©Ú\�«ÄuÏ"ºx
��z��.ÀJ�{ [8], �ïäk�`ýÿ°Ý
�4àÆSÅõCþ·b�mS�ýÿ�..

2 ��m�ÚÑ\CþÀJ

b� M ��õCþ�mS� x(1),x(2), · · · ,

x(N), Ù¥

x(i) = (x1(i),x2(i), · · · ,xM (i)) (i = 1, 2, · · · , N).

éTõCþ�mS�?1��m�, k

D(n) ={x1(n),x1(n − τ1), · · · ,

x1(n − (d1 − 1)τ1),

x2(n),x2(n − τ2), · · · ,

x2(n − (d2 − 1)τ2), · · · ,

xM (n),xM (n − τM ), · · · ,
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xM (n − (dM − 1)τM )}, (1)

Ù¥ τi Ú di(i = 1, · · · ,M) ©O´éA�mS
��ò´�mÚi\�ê. �â Takens �i\
ò�½n [9], XJ d ½ di v
�, �3��N

� F : Rd → Rd
(
d =

M∑
i=1

di

)
,¦�

D(n + 1) = F (D(n)). (2)

(2)ª����

x1(n + 1) = F1(D(n)),

x2(n + 1) = F2(D(n)),
...

xM (n + 1) = FM (D(n)).

(3)

d (3) ª��, �ÀJÐÜ·�i\�ê di

Úò´�m τi(i = 1, · · · ,M)�, �^���m
S�õCþêâ?1ï�ýÿ. kNõØÓ��
{ (X&E��{ [10] �) �±ÀJ d Ú τ .

�,õCþ�mS��éüCþ�mS��
¹�õ�XÚÄ�&E, �éõCþ�mS�?1
��m�ýÿ�, Ø�'!P{½Ã^�Cþ 
 �¬?\�ýÿ�.¥, ¿¬ùX�Cþ��
^, K�ýÿ(J.�
ü$±þØ|Ï��K�,
Jp�.�ýÿ°ÝÚ�Ç [11]§�©òp&E�
{ [12] A^uõCþ�mS�ýÿ�.�Ñ\Cþ
ÀJ¥, |^p&E�{�k�ÿþCþm�ÚO
�65�A:, ÀJ�ýÿÑÑ�mÚO�'Ý�
��Ñ\Cþ.

3 4àÆSÅýÿ�.

4àÆSÅ´�«#�c" ²�äÆS�
{, ¿®¤õ/A^u¼ê%C!�mS�ýÿ±
9�ª©a�+�. 4àÆSÅAÏ�ÆSÅn�
k��ÑDÚ ²�äÄuFÝÆS�{�"�,
æ^{ü��5£8=���-<÷¿�).

3.1 444àààÆÆÆSSSÅÅÅ

4àÆSÅ´�«#.�üÛ�c" ²�
ä, Ù(�Xã 1 ¤«,êÆL�ªXe:

ok = wTg(Win · xk + b) (k = 1, 2, · · · , N), (4)

Ù¥ xk�Ñ\�þ, ok��äÑÑ, Win�ë�Ñ
\�ÚÛ¹��Ñ\��, b�Û¹� ��, w�

ë�Û¹�ÚÑÑ��ÑÑ��, g�-¹¼ê, �
�� Sigmoid ¼ê, N ���ê.

3Ôöm©�, Win Ú b �Å)¤¿�±�½,
=IÔö(½ w. Ï~æ^�_�{�ÚO�

w = H†T , (5)

Ù¥

H=


g(Win · x1 + b1) · · · g(Win · x1 + bn)

...
. . .

...

g(Win · xN + b1) · · · g(Win · xN + bn)


N×n

�4àÆSÅ�Û¹�ÑÑÝ
, n�Û¹�!:
ê; T = [t1, t2, · · · , tN ]T�Ï"ÑÑ�þ.

ã 1 4àÆSÅ(�«¿ã

4àÆSÅ�Ñ
DÚ ²�äÔö�Ý
ú!N´�\ÛÜ���":. �DÚ ²�ä�
�, 4àÆSÅ�Û¹�!:ê�I3Ôö?Öm
©c<��½. Û¹��!:ê��û½X4àÆ
SÅ�ÆSUå, XJ!:L�, ò���äØU
k�/ÆSÔöêâ; XJ!:Lõ, Kék�U
E¤L[Ü, K��ä��zUå.

3.2 ���...ÀÀÀJJJ

�¼��Ð�ýÿ�J, ùpòé4àÆSÅ
ýÿ�.?1�.ÀJ. ¤¢�.ÀJ, ´�ÀJ
·���.5�, l¦��.��zØ� (Ï"
ºx) ��, ±�y�.äk�Ð��z5U.

�4àÆSÅ���¼êÀ��g���, Ù
Ï"ºx�±©)� ��Ú���. �X�ä5
��O�,  ��Åì~����ÅìO�. �
�ä5����, duäk��� ��, �ä5
�Ø´�`, ¡�j[Ü. ��ä5����, du
äk������, �ä5��Ø´�`, ¡�L
[Ü. Ïd, I3j[ÜÚL[Ü�m?1,«ò
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¥,¦��ääk�`�5�.
� � ½êâ 8 Ü (x1, y1), · · · , (xN , yN ), Ù

¥ xi �Ñ\��, yi = f(xi,w0) + εi �ÑÑ��,
εi �D(, xi Ú εi ´�pÕá�, �©Od��©
Ù P (xi) Ú P (εi) �). ïáýÿ�. f(x,w∗)¦
�Xe�Ï"ºx��:

R(fn) =
∫

L(y, f(x,w))dP (x)dP (ε), (6)

Ù¥ R(fn)�ýÿ�.Û!:ê� n��Ï"º
x. L(y, f(x,w)) ´�½���¼ê, Ï~��g
�� L(y, fn(x)) = (y − fn(x,w))2. 34àÆSÅ
ýÿ�.¥, fn �L�ª�

fn(x,w) =
n∑

i=1

wig(Win · x + bi). (7)

�¦ýÿ�.�Ï"ºx��, I�E£©
Ù P (x) Ú P (εi), � Ù Ï ~´�� �. 3¢S
¥, ���ÏLéeª¤L«ýÿ�.�²�º
x Remp(fn) ��z�� fn:

Remp(fn) =
1
N

N∑
i=1

L(yi, fn(xi,w)), (8)

Ù¥ Remp(fn) �ýÿ�.Û!:ê� n ��²
�ºx.

�XÛ!:ê n �O�, ²�ºx Remp(fn)
~�, ýÿ�.� �~���O�. ,ïá
ýÿ�.�8�´é��êâ?1ýÿ, =A��
zÏ"ºx. Ïd, 7L3 �Ú���m?1Ü
n�ò¥±��zÏ"ºx. ÀJÜ·� n =��
.ÀJ¯K. ������Ï"ºx, Iée��
¼ê?1��z:

R∗
emp(fn) = Remp(fn)T (n,N), (9)

Ù ¥ T (n,N) �? 1 � . À J � � � Ï f,
R∗

emp(fn)�ýÿÏ"ºx.
b�

f̂n =
n∑

i=1

wiφi(x) =
n∑

i=1

wig(Win · x + bi),

Ù¥

φi(x) = Win · x + bi.

f̂n�¦�²�þ�Ø����ýÿ�., =

f̂n = arg min
f∈Fn

Remp(f). (10)

b�D( ε Ñlþ��"!��� σ2 �Õá
Ó©Ù, Kýÿ�. f̂n �Ï"ºx�±��

R(f̂n) =
∫ (

f(x) + ε − f̂n(x)
)2

dµ(x)dP (ε)

=σ2 +
∫ (

f(x) − f̂n(x)
)2

dµ(x)

=σ2 +
n∑

i=1

(wi − ŵi)2 +
∞∑

i=n+1

w2
i . (11)

� φi(x) �p��������Ò¤á. (11) ª
�Òmà1����uý¢ýÿ�.�Ï"º
x R(f), 1��´�OØ�, 1n�´CqØ�,
��

rd =
∞∑

i=n+1

w2
i . (12)

é�OØ�Ú\�þ βi = ŵi − wi, ¿ò²�
ºx Remp L«� β �¼ê, =

Remp(β) =
1
N

N∑
i=1

(
yi −

N∑
j=1

(wj + βj)φj(x)

)2

=
1
N

N∑
i=1

ỹ2
i − 2

N

N∑
j=1

βj

N∑
i=1

ỹiφj(xi)

+
N∑

j,k=1

βjβk
1
N

N∑
j,k=1

φj(xi)φk(xi),

(13)

Ù¥

ỹi = εi +
∞∑

j=n+1

wjφj(xi).

Ú\ N × n Ý
 Φ, Ù¥ Φi,j = φj(xi)�1 i ��
�3ýÿ�.1 j �Û!:�ÑÑ, Kýÿ�.²
�ºx���k

β =
(
ΦTΦ

)−1

ΦTỸ ,

Ù¥ Ỹ = [ỹ1, · · · , ỹN ]T. ²�ºx�����

Remp(f̂n) =
1
N

Ỹ T
(
I − Φ(ΦTΦ)−1ΦT

)
Ỹ . (14)

Ý 
 Φ � Û É � © ) (SVD) � �� Φ =
USV T, Ù¥ U Ú V ©O�N ×N Ú n× n ��
�Ý
, S � N × n �é�
. Ïk

Φ
(
ΦTΦ

)−1

ΦT = UInUT,

Ù¥ S(STS)−1ST = In ´ N × N �é�
, Ù
c n �é���� 1, Ù{� 0. Ïd, (14)ª��
�

Remp(f̂n) =
1
N

Ỹ T(IN − In)Ỹ

=
1
N

N∑
j=n+1

(
n∑

i=1

ỹiUij

)2

. (15)
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b� Ỹ Ú Φ´ÚOÃ'�, K Ỹ Ú U ´ÚOÃ
'�, Ï ỹiUij �Ï" EỹiUij = EỹiEUij = 0.
d (15)ª��

Remp(f̂n) =
1
N

N∑
j=n+1

n∑
i=1

Eỹ2
i EU2

ij

=
(

1 − n

N

)
(rd + σ2). (16)

(16) ª�1���Òd εi Ú xi �Õá5!Ä.
���5 (Eỹ2

i = (rd + σ2)) ±9Ý
 U ���

5
( N∑

i=1

EU2
ij = 1

)
�Ñ.

3 (11)ª¥, I�O
n∑

i=1

(wi − ŵi)2 =
n∑

i=1

(βi)2.

�?1�O, k

‖β‖2 = Ỹ TΦ(ΦTΦ)−2ΦTỸ .

¿^ (λ1, · · · , λn) L«���Ý


C =
1
N

ΦTΦ

�A��.

Cjk =
1
N

N∑
i=1

φj(xi)φk(xi). (17)

Ón, k

E

n∑
j=1

β2
j =

n∑
i=1

E(1/λi)

N
(rd + σ2).

��, d (11) Ú (17)ª��

ER(f̂n) =ERemp(f̂n)
(

1 − n

N

)−1

×

(
1 +

n∑
i=1

E(1/λi)

N

)
. (18)

duéýÿ�.?1�.ÀJ�8I´ÀJ
äk��Ï"ºx�ýÿ�., dþ¡�©Û, Ø
�?�� T (n,N) ���

T (n,N) =
(

1 − n

N

)−1
(

1 +

E
n∑

i=1

(1/λi)

N

)
, (19)

Ù¥ λi´���Ý
 (17)ª�1 i �A��. �©
æ^�«��A���O (DEE) �{éA��?

1O�. �ÔöêâÚÿÁêâþ®���, �O
�Ôöêâ���Ý
 Cemp ÚÿÁêâ���Ý

 Ctest.

�3���Ý
 P ÷v

P TCtestP = I,

P TCempP = Λ,

Ù ¥ Λ �é � Ý 
, � é � � �� λ1, · · · , λn.

ò (19)ª¥� E
n∑

i=1

(1/λi) ^Xe�²���O:

n∑
i=1

1/λi = trace
(
P−1C−1

emp(P T)−1P TCtestP
)

= trace
(
C−1

empCtest

)
. (20)

(20) ª�?n���Ä., Ù¥ trace(C−1
empCtest)

´� � I � ² � � � � Ý 
 Cemp � Ù Ï"
� Ctest �O��I.

ò (20) � (19)ª�(Ü, �±k�/�OÑ4
àÆSÅ�ä�Ï"ºx (ÿÁºx) , ÀJ¦�ý
ÿ�.�OÏ"ºx����.5�Ò���ä
k�`ýÿ5U�ýÿ�..

4 �ý(J9©Û

��y�{�k�5, ò�©JÑ�ÄuCþ
ÀJÚ4àÆSÅ�õCþ·b�mS�ýÿ�
{©OA^u Lorenz Ú Rössler nCþ·b�mS
�ýÿ±9 Rössler �·bõCþ�mS�ýÿ¥,
¿Ú\þ��Ø� ERMS 5½þ`²ýÿ5U.

ERMS =

(
1

S − 1

S∑
t=1

[Pi − Oi]2
)1/2

,

Ù¥ S �ÿÁ��ê, Oi ´,�¢S*ÿ�, Pi �
éAýÿÑÑ.

4.1 Lorenz ···bbb���mmmSSS���

Lorenz ·b�§Xe:

ẋ = a(y − x),

ẏ = (c − z)x − y, (21)

ż = xy − bz.

�� a = 10, b = 8/3, c = 28, x(0) = y(0) = z(0) =
1.0�, XÚ�)·b. |^o� Runge–Kutta {S
��)·b�mS� (ã 2),¦^ x(t), y(t) Ú z(t)
S��Óýÿ x(t + η).
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ã 2 Lorenz nCþ·b�mS�

� ò ´�m Ú i \�ê© O� τ1 = 19,
τ2 = 13, τ3 = 12, m1 = 3, m2 = 5, m3 = 7, �
A� 15�ò´�I�þ�

d(t) ={x(t), · · · , x(t − 2τ1), y(t), · · · , y(t − 4τ2),

z(t), · · · , z(t − 6τ3)}

={xT,yT,zT}T.

�S��Ý� 2501, � η = 1 �, ²��m�
�±�) 2428 |êâ. - u(k) = d(k), ýÿÑÑ
� x(t + η). ¢SÔö���Ý� 2000, ÿÁ�Ý
� 428.
ÄkÏLp&E�{éÑ\Cþ d(t) ?1Ñ

\CþÀJ. l 15 �Ñ\Cþ¥ÀJ
 6 ���
ýÿÑ\Cþ, /Ïu4àÆSÅ�Ï^%CUå,
ïáõCþ�mS�ýÿ�., ÏL DEE �{À
Jäk���OÏ"ºx�ýÿ�.±¼��Ð
�ýÿ°Ý.¢SýÿºxÚ�©�{�O�Ï"
ºxXã 3 ¤«. lã 3 �±wÑ, �©¤J�{
�±éÐ/�OÑýÿ�.�Ï"ºx. æ^�©
�{�ýÿ�Xã 4 ¤«. lã 4 �±wÑ, �
©�{�ýÿ��±�Ð/[Ü¢S�. ýÿ
Ø�Xã 5 ¤«, °(�ýÿØ�� 3.0991×10−8.
L 1 �Ñ
�©�{�©z [10] ¥J��Ù¦~
^õCþ�mS�ýÿ�{�ýÿ(J'�. l
L 1 ��, �éuÙ¦�{, �©¤J�{3ýÿ

°Ýþk
é�Jp, y²
�©òÑ\CþÀJ
Úýÿ�.`z�(Ü�õCþ�mS�ýÿ�
{�k�5.

ã 3 Lorenz ·b�mS�ýÿÏ"ºxÚ¢SÿÁºx

L 1 �© Lorenz ·b�mS�ýÿ(J�©z [10]
¥(J�'�

� { ERMS

Äuî¼ål�Ñ\ K þ�àa 1.23 × 10−2

ÄupdÄål�Ñ\ÑÑ K þ�àa 8.5 × 10−3

�
äï��{. 7 × 10−4

�
äï��{/ 3 × 10−4

g·A�
ínXÚ 5 × 10−4

�
>.�¬z ²�ä 2.046 × 10−5

��m�ëê�&E�`z�{ 1.0537 × 10−5

�©�{ 3.0991 × 10−8
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ã 4 Lorenz ·b�mS�ýÿ�

ã 5 Lorenz ·b�mS�ýÿØ�

4.2 Rössler ···bbb���mmmSSS���

Rössler ·b�§Xe:

ẋ = −y − z,

ẏ = x + ay, (22)

ż = b + z(x − c).

� � a = 0.2, b = 0.2, c = 5.7, x(0) = 1.0,
y(0) = z(0) = 0 �, X Ú �)· b. | ^ o
� Runge-Kutta {S��)·b�mS� (ã 6),
¦^ x(t), y(t) Ú z(t) S��Óýÿ x(t + η).

� ò ´�m Ú i \�ê© O� τ1 = 30,
τ2 = 15, τ3 = 12, m1 = 3, m2 = 5, m3 = 7, �
A� 15�ò´�I�þ�

d(t) ={x(t), · · · , x(t − 2τ1), y(t), · · · , y(t − 4τ2),

z(t), · · · , z(t − 6τ3)}

={xT,yT,zT}T.

�S��Ý� 2000, � η = 1 �, ²��m�
�±�) 1927 |êâ. - u(k) = d(k), ýÿÑÑ
� x(t + η). ¢SÔö���Ý� 1400, ÿÁ�Ý
� 527.

æ^p&E�{éÑ\Cþ d(t) ?1Ñ\
CþÀJ, l 15 �Ñ\Cþ¥ÀJ
 6 ���ý
ÿÑ\Cþ, ¿æ^ÏL DEE �{?1�.ÀJ�

ã 6 Rössler nCþ·b�mS�
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4àÆSÅïáýÿ�., ýÿ�Xã 7 ¤«.
lã 7 �±wÑ, �©�{�ýÿ��±�Ð/

[Ü¢S�. ýÿØ�Xã 8 ¤«, °(�ýÿ
Ø�� 2.9431 × 10−5.

ã 7 Rössler ·b�mS�ýÿ�
ã 8 Rössler ·b�mS�ýÿØ�

ã 9 Rössler �·boCþ�mS�

4.3 Rössler ���···bbb���mmmSSS���

�·bXÚäk�r���5A5, Ù$Ä1
��\J±ýÿ. Rössler �·bXÚXe:

ẋ = −y − z,

ẏ = x + ay + w,

ż = b + xz,

ẇ = −cz + dw.

(23)

�� a = 0.25, b = 3, c = 0.5, d = 0.05�, XÚ�

)�·b. |^o� Runge-Kutta {S��)·b
�mS� (ã 9). ¦^ x(t), y(t), z(t) Ú w(t) S�
�Óýÿ x(t + η).

� ò ´�m Ú i \�ê© O� τ1 = 30,
τ2 = 15, τ3 = 12, τ4 = 10, m1 = 3, m2 = 5, m3 = 7,
m4 = 5, �A� 20�ò´�I�þ�

d(t) ={x(t), · · · , x(t − 2τ1), y(t), · · · , y(t − 4τ2),

z(t), · · · , z(t − 6τ3), w(t), · · · , w(t − 4τ4)}

={xT,yT,zT,wT}T.
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ã 10 Rössler �·b�mS�ýÿ�

ã 11 Rössler �·b�mS�ýÿØ��

�S��Ý� 2000, � η = 1 �, ²��m�
�±�) 1927 |êâ. - u(k) = d(k), ýÿÑÑ

� x(t + η). ¢SÔö���Ý� 1400, ÿÁ�Ý
� 527.

æ^p&E�{éÑ\Cþ d(t) ?1Ñ\C
þÀJ, l 20 �Ñ\Cþ¥ÀJ
 6 ���ýÿ
Ñ\Cþ, ¿æ^ÏL DEE �{?1�.ÀJ�
4àÆSÅïáýÿ�., ýÿ�Xã 10 ¤«.
lã 10 �±wÑ, �©�{�ýÿ��±�Ð
/[Ü¢S�. ýÿØ�Xã 11 ¤«, °(�ý
ÿØ�� 0.0541.

5 ( Ø

�éõCþ·b�mS�ýÿ¯K, �©JÑ
�«ÄuÑ\CþÀJÚ4àÆSÅ�ýÿ�{.
éõCþ·b�mS�?1��m��, ÀJ
�ýÿÑÑ�¹p&E�õ��Cþ��ýÿ
�.Ñ\. ,�æ^�«k�� ²�ä —– 4
àÆSÅ, ïáõCþ·b�mS�ýÿ�.. �
?�ÚJpýÿ°Ý, Ú\��A���.ÀJ
�{, ÀJäk��Ï"ºx�4àÆSÅýÿ
�.. Äu Lorenz Ú Rössler õCþ·b�mS�
9 Rössler �·b�mS���ý(Jy²¤J�
{�k�5. �©òÑ\CþÀJÚýÿ�.��
.ÀJ�{k�(Ü,�õCþ·b�mS�ýÿ
Jø
�«#�{.
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Abstract
For multivariate chaotic time series prediction problem, a prediction based on input variable selection and extreme learning

machine is proposed in this paper. The multivariate chaotic time series is reconstructed in phase space, and a mutual information based
method is used to select the input variables, which have high statistics information with the output variables. The extreme learning
machine is conducted to model the multivariate chaotic time series in the phase space by utilizing its approximation capability. In
order to improve the prediction accuracy, a model selection algorithm is conducted for extreme learning machine to choose an expected
minimum risk prediction model. Simulation results based on Lorenz, Rössler multivariate chaotic time series and Rössler hyperchaotic
time series show the effectiveness of the proposed method.

Keywords: chaotic time series prediction, input variables selection, extreme learning machine, model selection
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