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1 Ú ó

lnØþïÄ�C�¬�XÚ�N�©�ü
a. �a´äkS�é¡ (*Ðé¡) �©/¬
�, ,�a´äk²£é¡(��¬�. æ^C�
�CnØ��{ [1−4], é©/¬�þlÑg^�
. (X Ising �., Potts �., Heisenberg �.) Úë
Yg^�. (X Gauss �., S4 �.) ��C?1

2��ïÄ, ¼�
�õ�(J [5−15]. é²£
é¡¬�þg^�.��CïÄ, ;.
kK��
´ 1944 cé��¬�þØ¹	^|��� Ising

�.3O9�C��p�^�¹e�Ñ� Onsager

) [16]. d�, <�qî�¦)
Ù¦�f (XO
��ó9n�!8��f�) þ�g^XÚ [17,18].

Lackova Ú Horiguchi[19] 3��¬�þ�Ä 3 g^
Ú 5 g^ Ising �p�^, �Ñ3,
�¹e��
ulº��.�(Ø. Wang Ú Kong[20] î�¦)

 d� (d = 1, 2, 3) �á�¬�Ú��n�¬�þ
äk�§�^� Gauss �., ��
�§�p�^
éXÚ�.§Ý�K��ÙP~¯úk'�(Ø.

Cc5, é�i¬��ïÄÉ�<�­À. 3
ùa¬�¥, �i��¬� [21] ´�«²£é¡¬
�. T¬�U�NÑg,.�2�!����A�,

��Cäk²£é¡¬��¢S, U
�Ð/�[

¢S¬�XÚ�E,�p�^, �NÑ¢S¬N
E,�p�^���A�, ´g,.äk²£é
¡¬N�n�z¬�. Ï
, éT¬�þg^XÚ
�C¯K�ïÄäk�©­��nØ¿Â. 3®
k�ó�¥, ég^�©á��lÑg^�.�
�.5��
�
ïÄ, ��
�
k¿Â�(
J [21−23], �éÙþ�ëYg^�.�ïÄ%��
��. �©|^��C�Úg^­I�(Ü��
{, ?Ø�i��¬�þg^�ëY�� Gauss �
.��.1�, ?�ÚïÄ
T¬�XÚ��C
5�.

2 � .

éuXã 1 ¤«���¬�, e3ü���:
�m�i���:, 3z��:þ��g^Cþ,

�Äg^Cþ�m��C��p�^ÚgC��
p�^, ¿b�gC��p�^3�f¥�O�3,

=�¤
�©¤�ïÄ��i��¬�. w,, ù
«¬�d�� A Ú�� B ��ÁÐ
¤, äk²£
é¡(�, Xã 2 ¤«. �� A ¥�3�C�Úg
C��p�^, �� B ¥�k�C��p�^. e
Ã	|�3, �Ä�� A �¤�fXÚ, Gauss �.
�k� Hamilton þ� [24]
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ã 1 ��¬�(�

ã 2 äkü«����i��¬�þ�:g^m��p�^

HA
eff =K1

∑
〈i,j〉

SiSj + K2

∑
〈m,n〉

SmSn − b

2

∑
i

S2
i

(−∞ 6 Si, Sj , Sm, Sn 6 +∞). (1)

(1) ª¥, Si L«?¿�: i þ� Gauss g^Cþ, b

´ Gauss ©Ù~ê, K1 =
J1

kBT
L«ü�� C� �

: 〈i, j〉 g^ Si Ú Sj � � p �^, K2 =
J2

kBT
L

«ü�gC��: 〈m,n〉 g^ Sm Ú Sn ��p�
^, Ù¥ kB ´ Boltzmann ~ê, T ´9åÆ§Ý, J1

Ú J2 ©O��C�g^ÚgC�g^���È©.

Ï
�i��¬�XÚ�k� Hamilton þ�

Heff = HA
eff . (2)

�XÚ��©¼ê���

Z =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∏
i

dSi exp(Heff). (3)

3 �:g^��C�

�	?��� A ¥�:g^�p�^, ��
B, �:IPXã 3 ¤«. é�� A �¤�fX
Ú, HA

eff ½�L«�é¬�¥¤k�� A �k
� Hamilton þ Hcell

eff ¦Ú, 


Hcell
eff = H1 + H2 + H3. (4)

ùp

H1 =K1(S1S5 + S5S2 + S2S6 + S6S3

+ S3S7 + S7S4 + S4S8 + S8S1), (5)

H2 =K2(S5S6 + S6S7 + S7S8 + S8S5), (6)

H3 = − b

2

[1
2
(S2

1 + S2
2 + S2

3 + S2
4)

+ S2
5 + S2

6 + S2
7 + S2

8

]
. (7)

ã 3 �� A ¥�:9Ùg^�p�^

Ï��: 1, 2, 3, 4 ´­�z�{¥�	:, � (7)

ª¥ (S2
1 + S2

2 + S2
3 + S2

4) ¦þ
 1/2 Ïf. æ^Ü
©�:g^��C� [25], ò�: 5, 6, 7, 8 ?�g
^Cþ��, K�� A C��Xã 4 ¤« (ã 4 ¥
�: P1, P2, P3, P4 ©OéAã 3 ¥�: 1, 2, 3, 4)

�����.

ã 4 �� A C���g^�p�^
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éëYg^Cþ Si È©, ÙÈ©$�deª
�Ñ:∫ +∞

−∞
· · ·

∫ +∞

−∞
exp(Hcell

eff )dS5dS6dS7dS8

=C exp(H ′), (8)

ª¥, C ´C�~ê, H ′ ´C�������k
� Hamilton þ, H ′ �L«�

H ′ =L′
1(S

′
1S

′
2 + S′

2S
′
3 + S′

3S
′
4 + S′

4S
′
1)

+ L′
2(S

′
1S

′
3 + S′

2S
′
4)

− b

4
(S

′2
1 + S

′2
2 + S

′2
3 + S

′2
4 ). (9)

ùp, S′ �C���g^Cþ, L′
1 Ú L′

2 ©OL«
C����C�ÚgC��p�^ëê, §�ke
�'X:

S′
i = ξSi (i = 1, 2, 3, 4), (10)

L′
1 =

K2
1

(b − 2K2)ξ2
, (11)

L′
2 =

2K2
1K2

b(b − 2K2)ξ2
, (12)

Ù¥

ξ =

√
1 − 2K2

1

b2
− 2K2

1

b(b − 2K2)
. (13)

¢Sþ, þãL§´��g^­IL§, 
 (11)

Ú (12) ª ´ ò � Hamilton þ ¥ � � p � ^ ë
ê K1, K2 C�#��p�^ëê L′

1, L′
2 ¤?

1���C�.

éu�� B, �� A ��� B ��ÁÐ, �:
g^´ú��, 3�� A ��:g^��C��,

�� B þ��:g^�X�� A ���C�
g
,/C�¤Xã 5 ¤«�����.��±XÚ3
C���þ!5, �Ä�)� Gauss g^�^�/,

C���� B þ�C��:g^m��p�^Ó
�´ L′

1, 
gC��:g^m��p�^� L, �
÷v [21]L = L′

2. 3ù«�/e, �� A �¤�fX
ÚÚ�� B �¤�fXÚÑC�¤äk�Ó�C
��p�^ L′

1 Ú�ÓgC��p�^ L′
2 ���

¬�, ½=äk K1, K2 �p�^��i�� Gauss

¬�C�¤����äk L′
1 Ú L′

2 �p�^��

� Gauss ¬�.

ã 5 �� B C���g^�p�^

4 �.§Ý

�¬�~ê� a, ��oê� N , K ad � d�
�á����NÈ, V = Nad �oNÈ. d��á
�¬�þ Gauss �.��©¼ê� [26]

Z(K) =
∏
k

[ 2πV ad

b − B(k)

]1/2

. (14)

ùp, K =
J

kBT
��C��: g^ �� p� ^ ë

ê, J ���È©, k = (k1, k2, · · · , kd)�Äþ�m
Å¥, 


B(k) =
∑
i,j

K(ri − rj) exp[ik · (ri − rj)], (15)

ª¥ (ri − rj)��: i ��: j �¥þ. � i, j �
�C��:�

B(k) =
∑
〈i,j〉

K(ri − rj) exp[ik · (ri − rj)]. (16)

(16) ª ¥ ¦ Ú é � C � � : ? 1, (16) ª � �
±��

B(k) =K[exp(ik1a) + exp(−ik1a)

+ exp(ik2a) + exp(−ik2a)

+ · · · + exp(ikda) + exp(−ikda)]

=2K(cos k1a + cos k2a + · · · cos kda). (17)

�XÚ�gdU�

F = − kBT lnZ(K)

=
1
2
kBT

∑
k

ln[b − B(k)]

− 1
2
kBT

∑
k

ln(2πV ad). (18)
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(18) ª=�g^m��3�C��p�^�, d�
�á� Gauss ¬�gdU�î�), d�XÚ�9
åÆ5�Ñ�d F �Ñ. (18) ª´ééê¼ê¦
Ú, �é?¿ k ÑA�y b − B(k) > 0, 
1��
¦Ú�� kÃ', ÛÉ57Ñy3 B(k) → b ?, =

b = Bmax(k) = B(k = 0). (19)

d (19) ªB�(½XÚ��.§Ý. |^þã(J
�±��äk�C�ÚgC��p�^ Gauss �
.�î�).

é�� Gauss ¬�, d = 2. 3O9�C�Úg
C��p�^�, z��:k 4 ��C��:Ú 4

�gC��:. �C��:må |ri − rj | = a, gC
��:må |ri − rj | =

√
2a. U (15) ªò��C�

��#�p�^ëê� Fourier C�, k

L′(k) =
∑
i,j

L′(ri − rj) exp[ik · (ri − rj)], (20)

u´k

L′(k) =L′
1[exp(ik1a) + exp(−ik1a)

+ exp(ik2a) + exp(−ik2a)]

+ L′
2{exp[i(k1a + k2a)]

+ exp[−i(k1a + k2a)]

+ exp[i(k1a − k2a)]

+ exp[−i(k1a − k2a)]}

=L′
1(2 cos k1a + 2 cos k2a) + L′

2[2 cos(k1a

+ k2a) + 2 cos(k1a − k2a)]. (21)

� k1 = k2 = 0 �, L′(k) = L′
max(k), k

L′
max(k) = L′(0) = 4L′

1 + 4L′
2. (22)

d (19) ª � �, X Ú � � . : d L′
max(k) = b

(½, =

4L′
1 + 4L′

2 = b. (23)

ò (11), (12) �< (23) ª, �Ä� (13) ª, =���
�i�� Gauss ¬�XÚ�.:�p�^ëêm
�'X�

bK2
1c + 2K2

1cK2c

b3 − 2b2K2c − 4bK2
1c + 4K2

1cK2c
=

1
4
. (24)

�n��
K2c

b
=

1 − 8(K1c/b)2

2 + 4(K1c/b)2
, (25)

Ù¥,

K1c =
J1

kBTc
,

K2c =
J2

kBTc
,

Tc =�î�¦���i��¬�þ Gauss �.�
�.§Ý.

5 � ã

± K1c =
J1

kBTc
�p�I, K2c =

J2

kBTc
�î�

I�ã, ���i��¬�þ Gauss �.��ã,

(ã 6).

ã 6 �i�� Gauss ¬�XÚ��ã

l�ã�±wÑ, � T < Tc �, gu^zr
ÝØ�", XÚ?uc^�, éAu�ã­��þ
Ü�m. � T > Tc �, gu^zrÝ�u", XÚ
?u^^�, éAu�ã­�9­��eÜ�m.

� K2c = 0 �, ��3 K1c, éA�O9�C��p
�^�¹, d���.:�K1c =

√
2b/4.

6 ( Ø

�:g^���{´�«°(�­�z+�
{, 3�
S�.¬� (hierarchical lattice) ¥~�
æ^, 
é�
²£é¡¬�  ØUÏL{ü/
È©K�
g^¢yIÝC� [26]. �©æ^T�
{¤õ¢y
ò�i�� Gauss ¬�C�¤��
��� Gauss ¬�, du��¬�þ� Gauss XÚ
�î�¦), Ï
����i��¬�þ Gauss �
.�î�).

086802-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 8 (2012) 086802

[1] Ma S K 1976 Modern Theory of Critical Phenomena (London:
Benjamin)

[2] Goldenfeld N 1992 Lectures on Phase Transitions and the Renor-

malization Group (Massachusetts: Addison-Wesley)
[3] Cardy J 1998 Scaling and Renormalization in Statistical Physics

(London: Cambridge University)
[4] Stanley H E 1999 Rev. Mod. Phys. 71 5358
[5] Yang Z R 1996 Fractal Physics (Shanghai: Shanghai Scientific

and Technological Education Publishing House) (in Chinese) [

ÐX 1996 ©/ÔnÆ (þ°: þ°�E��Ñ��)]

[6] Li S, Yang Z R 1997 Phys. Rev. E 55 6656
[7] Zhu J Y, Yang Z R 1999 Phys. Rev. E 59 1551
[8] Kong X M, Yang Z R 2004 Phys. Rev. E 69 016101
[9] Sun C F 2005 Acta Phys. Sin. 54 3768 ( in Chinese) [�S¸ 2005

ÔnÆ� 54 3768]
[10] Yin X C, Yin H, Kong X M 2006 Acta Phys. Sin. 55 4901 (in

Chinese) [ÙÔ�, Ù¦, ��7 2006ÔnÆ� 55 4901]
[11] Li Y, Kong X M, Huang J Y 2002 Acta Phys. Sin. 51 1364 (in

Chinese) [o=, ��7, �[× 2002ÔnÆ� 51 1364]
[12] Liu J, Kong X M, Li Y P, Huang J Y 2004 Acta Phys. Sin. 53

2275 (in Chinese) [4#, ��7, o[², �[× 2004ÔnÆ
� 53 2275]

[13] Kong X M, Lin Z Q, Zhu J Y 2000 Sci. Chin. A 30 661 (in
Chinese) [��7, ���, Áï� 2000 ¥I�Æ A 30 661]

[14] Lin Z Q, Kong X M 2001 Chin. Phys. Lett. 18 882
[15] Zou W K, Kong X M, Wang C Y, Gao Z Y 2010 Acta Phys. Sin.

59 4874 (in Chinese) [q��, ��7,�S�, p¥� 2010Ô
nÆ� 59 4874]

[16] Onsager L 1944 Phys. Rev. 65 117
[17] Baxter R J 1982 Exactly Solved Models in Statistical Mechanics

(New York: Academic)
[18] Zhang S J, Jiang J J, Liu Y J 2008 Acta Phys. Sin. 57 531 (in

Chinese) [Ütd, öï�, 4P� 2008ÔnÆ� 57 531]
[19] Lackova L, Horiguchi T 2003 Physica A 319 311
[20] Wang C Y, Kong X M 2005 Acta Phys. Sin. 54 4365 (in Chinese)

[�S�, ��7 2005ÔnÆ� 54 4365]
[21] Sun C F, Kong X M, Yin X C 2006 Commun. Theor. Phys. 45 555
[22] Strecka J, Jascur M 2002 Phys. Rev. B 66 174415
[23] Strecka J, Jascur M 2003 J. Magn. Magn. Mater. 260 415
[24] Berlin T H, Kac M 1952 Phys. Rev. 86 821
[25] Hu B 1982 Phys. Rep. 91 233
[26] Yang Z R 2007 Quantum Statistical Physics (Beijing: Higher

Education Press) pp298, 299, 313 (in Chinese) [
ÐX 2007 þ
fÚOÔnÆ (�®: p���Ñ��) 1 298, 299, 313 �]

The phase diagram of the Gauss model on a
decorated square lattice∗
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Abstract

Using equivalent transformation and spin-rescaling methods, the Gauss model on a decorated square lattice is studied. It is found

that the square decorated Gauss lattice could be transformed into a regular square Gauss lattice with nearest-neighbor, and next-nearest-

neighbor interactions. By calculating the regular square-lattice Gauss model, the critical temperature of the Gauss model is obtained

on a decorated square lattice, and the exact phase diagram of this system can also be obtained.
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