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{ïá
SBªÚ	Bª��{|)Û�.. Ï�.¹k�Jmþ Bessel ¼êk'�È©, ÏLïÄ¼êA5, J
ÑÄupdÈ©�{�ê�O��{. ±Ô++9~��~?1�ýïÄ, ¿� Dodd �.!k���.?1
é
'. '�L², n«�{��ý(JÄ���, �y
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1 Ú ó

hí+�!�ðu)ì+!��§�+��
+á�A^�~2� [1−4], �Ï¦^�+�¬Ï@
¡!�N��Ï�)�«, ?
���N�¦�¯
��u), E¤²L��Ú�¸À/. Ïd, +��
«�9�uÿ�µ�´��)û�­�¯K.

äk¤�$!�Ý¯!ÃL�>�`:�>
µ6uÿ�{�2�A^u�a+áÚ�á�Ã
�uÿ�µ�. 3ó§¢�¥(6ïÄ<
ÚEâ
<
���JK´XÛ¯�ÀJÚ`z&Þ9u
ÿëê, ��{|��ýï�´)ûþã¯K��
«$¤�p�Ç�Ãã [5,6]. Dodd � [7] A^©l
Cþ{ïá
ü�+á(���µ6|�)Û�
.; ��, A^ Cheng Ý
{ò�.í2���S
	þk?¿�(��µ6|¦) [8]. I��Ñ�
´, Dodd �.±+á�Ã���cJ, ¦���{
|)ÛL�ª¹kJmþ Bessel ¼ê�2Â�­

È©. È©�.L�ª�Øv´È©þ�(½(J,

O�(J°ÝØ´N� [9].

� 
 ) û Dodd � . ¥ � 3 � ¯ K,

Theodoulidis � [9] 3�.»��,� �<��
�>., ¿3>.?�\^ý�^�, A^A�¼
êÐm{ïáÃ�þ+áSBªuÿ��{|)
Û�., ¿òT�{·¶��ä«�A�¼êÐ
m (TREE) {. T�.Ø2´2ÂÈ©, 
´Ã¡?
êÚ. TREE {®²2�A^u¦)>µ6uÿ¯
K, X+áÚ�áàÜ�A!²�¥�.�«±9
n��«�)Ûï� [10−12]!õ�k��ÎN(
� [13,14]!+�Øþ!~� [15]. � Dodd �.�',

TREE �{�A^3�.¥Ú\
¦)«��äØ
�ÚÃ¡?ê¦ÚØ�, �ùü«Ø�ÏLN�<
�>. �Ú¦Ú�ê�¦�Ã��, l
¦?ê
�.Ã�%CÈ©�..

Theodoulidis � [9] �ïÄ=Û�uÃ�þ+á
SBªuÿ��{|ï�. 3ó§¢�¥, éõ+

* I[pEâïÄuÐOy (1OÒ: 2008AA062202)!¥IÆ¬��ÆÄ7 (1OÒ: 20090460086, 201003606) Ú¥I¶��Æ�cg,
�ÆÄ7 (1OÒ: 2009A018) ]Ï��K.

† E-mail: wuzhi3495@yahoo.com.cn

c© 2012 ¥¥¥IIIÔÔÔnnnÆÆÆ¬¬¬ Chinese Physical Society http://wulixb.iphy.ac.cn

088105-1



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 8 (2012) 088105

á�õ�(� (X�k�@�½�§�) +�. éu
+áÚ�á�>µ6uÿ, &Þuÿ�ªkSBª
Ú	Bªü«. SBª&Þ·^uuÿ+�S9@
¡, 
	Bª&Þ·^u�+»�+á!�á!�
áL¡�æL¡"��½þuÿ. Ï TREE {3þ
ãµ6uÿ¯K¦)¥�A^ïÄÿ�mÐ, ¦�
õ�+á(���{|�.E,æ^DÚ� Dodd

È©�.. �d, �©A^ TREE {©OïÄSB
ªÚ	Bªuÿ��{|�)Ûï�¯K, ¿ïÄ
�.�ê�O��{.

2 SBª��{|)Û�.

2.1 üüü���+++áááÁÁÁ���

+9�Ã�þ�ü�+áÁ�3¢Só§¥
´Ø�3�, ��,uÿªÇe+9þÝ��u'
ß�Ý�, �òuÿÁ�w�ü�+áÁ�. ü�
+áÁ�´ï�ïÄ�;.¯K, �.Xã 1 ¤«,

ã¥ r1 Ú r2 ©O����S	�», z1 Ú z2 ©O
���� z ¶�I �, h ��.¦)«��pÝ,

d1 �+áS�».

ã 1 ü�+á(�SBª���.

ü ª � u Å - y �, � â ¶ é ¡ ^ � e
� Maxwell �§|, ¿Ú\¥Õ5�k

∇2Ȧ = −µJ̇s + jωµσȦ, (1)

ª¥, J̇s ����\�-y>6�Ý, Ȧ �¥þ^
 , ω �-y&Ò�ªÇ, µ �á��^�Ç, σ �
á��>�Ç.

�â©z [9], �3 z = h Ú z = 0 ?�\^ý
�>.^��, A^©lCþ{Ú TREE {���

�{|CzþL�ª�

∆Z = Kc

∞∑
i=1

I(αir2, αir1)2
A2

α6
i

R′
i. (2)

ùp,

Kc =
jω4πµ0N

2

h(r2 − r1)2(z2 − z1)2
,

A = sin(αiz1) − sin(αiz2),

αi =
iπ

h
,

I(αir2, αir1) =

αir2∫
αir1

xI1(x)dx,

R′
i = [αiK0(αid1)K1(α1id1)

−α1iK1(αid1)K0(α1id1)]

× [αiI0(αid1)K1(α1id1)

+α1iI1(αid1)K0(α1id1)] ,

Ù¥, Im Ú Km ©O�1�aÚ1�a m �Jm
þ Bessel ¼ê, α1i =

√
α2

i + jωµ1σ1, µ1 Ú σ1 ©O
�«� 1 ¥7á+áÁ��^�ÇÚ>�Ç.

2.2 õõõ���+++áááÁÁÁ���

ó§A^¥, Ü©+áÁ�dõ�á��¤,

X�§�+�d¾�!�§á�!�@Ö±9+
9|¤. Ïd, 3ü�+áÁ�ïÄÄ:þ?�Ú
ïÄõ�+áÁ���{|�.´�~7��, �
.Xã 2 ¤«.

ã 2 õ�+áÁ�SBª���.

©z [16] ïÄL², �m>^|d��-y|
Ú�N¥�µ6|�5U\|¤. éu�>²�u
ÿ��{|Czþ�L�ª, ��>á�á5Ú�
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êCz�, L�ª=�N32Â��Xê�O�Ø
Ó, ¿A^ Cheng Ý
{¦).

éuõ�+áÁ�, ��{|Czþ�È©L
�ªäkÓ��5Æ. âd, d (2) ª¿A^ TREE

{����{|Czþ ∆Z �)ÛL�ª�

∆Z = Kc

∞∑
i=1

I(αir2, αir1)2
A2

α6
i

R′
i, (3)

ª¥,

R′
i =

Ui 12

Ui 22
,

Ui = Ti (k, k − 1) Ti (k − 1, k − 2) · · ·Ti (2, 1) .

ùpÝ
 Ti (n + 1, n) ´ 2×2 Ý
, ���Xe:

Ti 11 (n + 1, n) = [K0(α(n+1)irn)I1(αnirn)

+(βni/β(n+1)i)

×I0(αnirn)K1(α(n+1)irn)]

×(α(n+1)irn),

Ti 12 (n + 1, n) = [K0(α(n+1)irn)K1(αnirn)

−(βni/β(n+1)i)

×K0(αnirn)K1(α(n+1)irn)]

×(α(n+1)irn),

Ti 21 (n + 1, n) = [I0(α(n+1)irn)I1(αnirn)

−(βni/β(n+1)i)

×I0(αnirn)I1(α(n+1)irn)]

×(α(n+1)irn),

Ti 22 (n + 1, n) = [I0(α(n+1)irn)K1(αnirn)

+(βni/β(n+1)i)

×K0(αnirn)I1(α(n+1)irn)]

×(α(n+1)irn),

Ù¥, βni =
αni

µnr
, µnr �1 n �+áÁ���é^

�Ç, αni =
√

α2
i + jωµnσn, µn Ú σn ©O�1 n

�á��^�ÇÚ>�Ç.

3 	Bª+�uÿ��{|)Û�.

SBª>µ6uÿkXé2��A^, ,
é
u�»���+á, Ï&Þº�����(¯Ý$,


é�á±9�á, SBªuÿÃ{¢y. 	Bª
uÿÏÁ�l��SÜBL, N´¢yp�1þu

ÿ, �2�^u��»�+á!�á9�á��þ
uÿ. 	Bª��uÿ�.Xã 3 ¤«.

ã 3 õ�+áÁ�	Bª���.

éu Dodd í��õ�+áÁ���{|È©
�., ÙL�ª�SBªuÿ��{|È©�.�
~�q, ØÓ:3uSBª��{|L�ª¥¹k
1�a��Jmþ Bessel È©, 
	Bª��{|
L�ª�éAÜ©´1�a��Jmþ Bessel È
©. Ïd, �â©z [8, 16] ¿'ì (3) ª��õ�+
áÁ�	Bª��{|CzþL�ª�

∆Z = Kc

∞∑
i=1

K(αir2, αir1)2
A2

α6
i

R′
i, (4)

ª¥

K(αir2, αir1) =

αir2∫
αir1

xK1(x)dx.

4 �.�ê�O�

ïá�SBªÚ	Bª��{|�.L�ª
'�E,, �¹kAÏ¼ê, ÏdI�ïÄê�O
��{. éu (3) Ú (4) ª, O��J:3uAÏ
¼ ê 9 Ù È ©. � � B O � Ú ã / w «, § S
3 Matlab ²�¥?�, Matlab Jø
 Bessel ¼ê I1
Ú K1, ©O� besseli Ú besselk.

� ° ( O � È © I(αir2, αir1) Ú K(αir2,

αir1), I�ïÄ�È¼êA5. È©Cþ αi ��
����l"�êZ, 
���»Ï~�eZÎ�
�A�Î�, �d, ���IïÄ�È¼ê xI1(x)

Ú xK1(x) 3 α = 0—50 ±S�A5=�, ¤�(
J©OXã 4 Úã 5 ¤«.
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ã 4 �È¼ê xI1(x) �A5

ã 5 �È¼ê xK1(x) �A5

lã 4 Úã 5 ��, È© I ÚÈ© K ��È¼
êÑ´üN�. âd, À^p�p°Ý�n�pd
È©�{ [17] O�È© I ÚÈ© K.

5 �ý�y

Ô+Úv+3�7!Å�1�¥�A^�~
2�, �ý±Ô++9~��ïÄé�, SBª�
	Bª��ëêXL 1 ¤�.

L 1 ��ëê

ëê¶¡ SBª 	Bª

S�» r1/mm 3 8

	�» r2/mm 5 10

¶�pÝ/mm 4 4

*ê N 600 600

� â Ansoft ^ � � á � ¥, Ô + � > � Ç
� 58 MS/m, Ô+S	�»©O� 5.5 Ú 7.5 mm.

�Ô+�S9~� 10%, 20%Ú 40%�, ©O�ý
SBª�	Bªuÿ^�e��{|�Cz.

��y�.��(5, æ^�©�.����
ý(J©O� Dodd È©�.Úk���.�O�
(J?1
é', XL 2 ¤�.

L 2 n«�.���SBª��uÿ+9~��ý(J (ü � Ω)

uÿ�ª +9~� Dodd �. k���. �©�.

SBª 10% –0.2845 + j 0.7274 –0.2849 + j 0.7294 –0.2817 + j 0.7118

20% –0.4858 + j 1.3937 –0.4855 + j 1.3943 –0.4820 + j 1.3635

40% –0.6802 + j 2.6371 –0.6814 + j 2.6394 –0.6803 + j 2.5781

	Bª 10% –0.3328 + j 1.6379 –0.3410 + j 1.6249 –0.3313 + j 1.6025

20% –0.6170 + j 3.2793 –0.6333 + j 3.2552 –0.6169 + j 3.2069

40% –1.1818 + j 6.7044 –1.2168 + j 6.6467 –1.1889 + j 6.5472

L 3 n«�.�O�Ñ� (ü � s)

gê Dodd �. k���. �©�.

1 0.04 1.58 0.01

10 0.14 9.67 0.02

100 2.59 54.1 0.09

d L 2 � �, � © ¤ ï � . � k � � �
.!Dodd �.���(JÄ���, L²¤ï
�.´�(�. �?�Úy²¤ï�.3O��
Ç�¡�`³, 3 Intel VØ CPU S�� 1 Gbit!
-yªÇ� 1 kHz ��¹e, A^þã�.�ýO

� 1, 10, 100 g�O�Å¤Ñ^��m, (JXL 3

¤�.

lL 3 ��, �©�.�O��Ç�puk�
��., 3õgO���ÇwÍpu Dodd �.. ¿
�, �©�.�Ã¡?ê, ê�¦)�äkÃI(
½È©þ�!°ÝN��B�`:.

6 ( Ø

±ü�+áSBª��{|�.�Ä:, ÏL
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�\^ý�>.^�, æ^a'©Û{ïá
õ�
+�SBªÚ	Bªuÿ��{|Czþ)Û�
.. ÏLïÄ�.¥¹k Bessel ¼ê�È©Ø¼ê
A5, JÑ
ÄupdÈ©�{�ê�O��{.

±Ô++9~��~?1�ýïÄ, (JL², �
©¤ïá��.� Dodd �.!k���.�(J

ÎÜûÐ, �y
¤ï�.��(5, ��.äk
�Çp!°ÝN��B�`:.

�©ïá�)Û�.�^u¤ìuÿëêÚ
&Þëê�`z�O. e�Úò±¤ïá�)Û�
.�Ä:, ïÄ¦)óÀµ6uÿ&Þ�A.

[1] Yusa N 2009 Nondestruct. Test. Evat. 24 39

[2] Huang S L, Xu C, Zhao W, Xu P 2011 J. Tsinghua Univ. ( Sci.

Techn.) 51 390 (in Chinese) [�t*, MÒ, ë�, N+ 2011 �
u�ÆÆ� (g,�Æ�) 51 390]

[3] Chen D Z, Huang Z H, Liao S S, Nie Y 2007 J. Huazhong Univ.

Sci. Techn. (Nat. Sci. Ed.) 35 41 (in Chinese) [���, ��u,


ã�, m] 2007 u¥�E�ÆÆ� (g,�Æ�) 35 41]

[4] Wu X J, Huang C, Ding X, Lin S Q, Shen G T 2010 Nondestr. Test.

32 127 (in Chinese) [É#�, �Ò, ¶R, �ä�, !õX 2010

Ã�uÿ 32 127]

[5] Hao K S, Huang S L, Zhao W, Wang S 2011 Acta Phys. Sin. 60
078103 (in Chinese) [Ï°�, �t*, ë�, �h 2011 ÔnÆ
� 60 078103]

[6] Xie L, Lei Y Z 2006 Acta Phys. Sin. 55 4397 (in Chinese) [�s,

XÕì 2006 ÔnÆ� 55 4397]

[7] Dodd C V, Deeds W E 1968 J. Appl. Phys. 39 2829

[8] Dodd C V, Cheng C C, Deeds W E 1974 J. Appl. Phys. 45 638

[9] Theodoulidis T P, Kriezis E E 2005 J. Mater. Process. Technol.

161 343

[10] Theodoulidis T P 2004 Int. J. Appl. Electromagn. Mech. 19 207

[11] Theodoulidis T P 2008 J. Appl. Phys. 103 024905

[12] Theodoulidis T P, Poulakis N 2010 NDT E Int. 43 13

[13] Bowler J R, Theodoulidis T P 2005 J. Phys. D 38 2861

[14] Sun H, Bowler J R, Theodoulidis T P 2005 IEEE Trans. Magn. 41
2455

[15] Skarlatos A, Theodoulidis T P 2010 IEEE Trans. Magn. 46 3885

[16] Fan M B, Huang P J, Ye B, Hou D B, Zhang G X, Zhou Z K 2009

Acta Phys. Sin. 58 5950 (in Chinese) [��	, �²$, �Å, û
&Å, Ü1#, ±LÀ 2009 ÔnÆ� 58 5950]

[17] Hu J H 2008 Numerical Method (Xuzhou: China University of

Ming and Technology Press) p119 (in Chinese) [�ïu 2008 ê
�O��{ (M²: ¥I¶��ÆÑ��) 1 119 �]

088105-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 8 (2012) 088105

Analytical modeling of coil impedance based on
truncated region eigenfunction expansion method

in eddy current tube inspection∗

Fan Meng-Bao1)† Yin Ya-Dan1) Cao Bing-Hua2)

1) ( College of Mechanical and Electrical Engineering, China University of Mining and Technology, Xuzhou 221116, China )

2) ( College of Information and Electrical Engineering, China University of Mining and Technology, Xuzhou 221116, China )

( Received 26 June 2011; revised manuscript received 26 December 2011 )

Abstract

In order to calculate theoretically the coil impedance, the separation of variables method and the Cheng matrix method are used

to establish the analytical model by applying the magnetic insulation condition in eddy current tube detection with encircling probes

inside and outside respectively. In the established model, there exists a definite integral related to modified Bessel function. Gaussian

integral algorithm is proposed to accurately perform the numerical calculation. Simulations are carried out on the thinning of a copper

tube wall thickness using the presented model, traditional Dodd model and finite element model. Their results are in good agreement

with each other, demonstrating that the derived analytical model is correct. Compared with the Dodd and finite element models, the

improved model has some advantages such as good efficiency, easy adjustment of accuracy and so on.

Keywords: conducting tubes, eddy current testing, coil impedance, truncated region eigenfunction expansion
method
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