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��5ÄåÆXÚ�·bÓÚ, ��æ^ü��5ÍÜ����ª, éu¼êÍÜ�ªïÄ�'��. ùÒ�
3��¯K, éu��5ÄåÆXÚ, 3�5ÍÜ¢y·bÓÚ�, ´ÄÙ¦¼ê�ÍÜ�ªÑ�±¢y·bÓÚ?
�©éu�a��5ÄåÆXÚ, ïÄ
Ù�5ÍÜÓÚ�¼êÍÜÓÚ�'X, y²��5ÍÜ¢yÓÚ�, ¼
ê3÷v�½�^�e, �±ÏL¼êÍÜ¢yXÚ�·bÓÚ. ��éu Duffing XÚæ^ü«¼êÍÜ?1
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1 Ú ó

��5ÄåÆXÚÑy·b�A�, ÏL�5
ÍÜ�±¢yÙ·bÓÚ [1]. 8c, ù�¡�ïÄ
mÐ
éõ, �3Åì�\ [2−5]. k�
©z�Ä

æ^¼êÍÜ¢y·bÓÚ��¹ [6−8]. ùÒJ
Ñ
��¯K: ����5ÄåÆXÚ, XJ�5
ÍÜ�±¢y·bÓÚ, @où�(Ø´Ä�±í
2�Ù¦¼ê�ÍÜ�¹, =´ÄÙ¦?Û¼ê�
ÍÜÑ�±¢yXÚ�·bÓÚ. �©3ù�¡?
1
ïÄ, éu�a��5ÄåÆXÚ, 3�5Í
Ü¢y·bÓÚ�, éu?Û¼ê, XJ÷v�½
^�, KÏLd¼êÍÜ��±¢y��XÚ�Ó
Ú. Duffing XÚ��ýO�(Jy²
ù�(Ø.

2 nØí�

ïÄ��a��5ÄåÆXÚ�

ẍ + cẋ + f(x) = p(t), (1)

Ù¥, f(x) ���5�5å, p(t) �-yå.
e¡y²��(Ø, =XJ�±ÏL�5ÍÜ

¢yÓÚ, @oO\ÍÜ�pg�Ø¬K�XÚ�

ÓÚ. =XJXÚ

ÿ + cẏ + f(y) + k(y − x) = p(t) (2)

��§ (1) �±ÓÚ. @o

ÿ + cẏ + f(y) + k(y − x) + s2(t)(y − x)2

= p(t) (3)

���§ (1) ÓÚ. í
2�,

ÿ + cẏ + f(y) + k(y − x)

+
n∑

i=2

si(t)(y − x)i = p(t) (4)

�¬��§ (1) �±ÓÚ.
éuÓÚ�XÚ, �§ (2)− �§ (1), �±��

éA��OÄåÆXÚ

ë + cė + f(y) − f(x) + ke = 0, (5)

d?, e = y − x, ò (5) ª�¤G��§/ª, k ė1

ė2

 =

 0 1

−k −c

 e1

e2

−

 0

f(y) − f(x)

 . (6)

�§ (6) �6Ä�§� δė1

δė2

 =

 0 1

− df

de1
− k −c

 δe1

δe2

 . (7)
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Ï�®�XÚ�mÓÚ, ¤±6Ä�§ (7) �)�
ª¬­½�ØÄ:þ.

2 5 w O \ 
 p g Í Ü � � X Ú (3). (3)
ª −(1) ª, �A��O�§�

ëp + cėp + f(y) − f(x) + kep + s2(t)e2
p

= 0, (8)

d?, ep = y − x, ò (8) ª�¤G��§ ėp1

ėp2

 =

 0 1

−k −c

 ep1

ep2


−

 0

f(y) − f(x)

 +

 0

s2(t)e2
p1

 , (9)

(9) ª�6Ä�§� δėp1

δėp2

 =

 0 1

− df

dep1
− k −c


 δep1

δep2

 . (10)

�±wÑ, (7) ª� (10) ªü�6Ä�§���Ó,
ÏdXÚ (3) �ò�XÚ (1) �±ÓÚ. �þ¡�
L§aq, éu�§ (4) �±�Ñ�Ó�(Ø, =X
Ú (4) �¬�XÚ (1) ¢yÓÚ. ¤±éu�5ÍÜ
ÓÚ���5ÄåÆXÚ, O\pg�ÍÜ�Ø¬
K�XÚ�ÓÚ.

éu?¿¼ê (g(u)) ÍÜ��¹, =�)Äå
ÆXÚ�

ÿ + cẏ + f(y) + β(g(y) − g(x)) = p(t). (11)

òÍÜ¼êÐm¤�V?ê, k

ÿ + cẏ + f(y) + β
( dg

dx
e +

1
2!

d2g

dx2
e2 + · · ·

)
= p(t). (12)

dc¡y²�(Ø, �±��, ��e¡�XÚ:

ÿ + cẏ + f(y) + β
dg

dx
e = p(t) (13)

�XÚ (1) �±ÓÚ, @oXÚ (12) �ò�XÚ (1)
�±ÓÚ.

©Û (13) ª� (1) ªÓÚ�^�. (13) ª −(1)
ª, ��Ù�O�§

ër + cėr +
df

dx
er + β

dg

dx
er = 0, (14)

d?, er = y − x. �§ (14) � Lienard �§, XÚ
��A�oÑy4��, �oP~�­½�ØÄ:

þ. y35w�O�§ (5), ÙéA�´�§ (2) �
�§ (1) �m�Ø�, òÙÐm, k

ë + cė +
df

dx
e + ke = 0. (15)

Ï�XÚ (2) �XÚ (1) ÓÚ, �§ (15) ¥ e �)Ø
¬Ñy4��, �A�¬­½�ØÄ:þ. Bendix-
son ½n�Ñ, éu��g£XÚ, X3,�«� D

¥�ÑÝ ∇f =
∂f1

∂x1
+

∂f2

∂x2
ØUCÎÒ, K3 D ¥

Ø�U�34�� [9]. Uì Bendixson ½n, éu
�§ (15), A�k

1 − k − df

dx
< 0. (16)

XJ�¦�§ (14) ��A�ª�P~�²ï:
þ (=XÚ (13) �XÚ (1) ÓÚ), @oI�÷v

1 − df

dx
− β

dg

dx
< 0. (17)

ò (17) ªU�

1 − df

dx
− β

dg

dx
=

(
1 − df

dx
− k

)
+

(
k − β

dg

dx

)
, (18)

�Ä (16) ª, ��

k − β
dg

dx
< 0, (19)

Ò�±�y (17) ª¤á. éu (19) ª, du β �±

ÀJ, Ïd��
dg

dx
ØUCÎÒ, Ò�½�±é�

~ê β, ¦ (19) ª¤á.
ù� (14) ª�)Ò¬�ª­½�ØÄ:þ, =

XÚ (13) �XÚ (1) ¬�±ÓÚ, ?
�y
X
Ú (11) ��XÚ (1) �±ÓÚ. =ÏL¼ê g(u) �
ÍÜ��±�y��ÄåÆXÚ�ÓÚ.

3 �ýO�

ÀJ��ý�.� Duffing �§

ÿ + aẏ + by + cy3 = f cos(ωt). (20)

� a = 0.2, b = 1.0, c = 1.0, ω = 1.0, f = 27 �, X
Ú¬Ñy·b�A. d� y ∈ (−6, 6), ®²y², 3
�5ÍÜ�¹e, XÚ¬¢y·bÓÚ [10]. e¡é
u 2 «ÍÜ¼ê?1
�ýO�.

1) ÍÜ¼ê� g(u) = 3
√

10 + u.
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éud� Duffing XÚ�·b�A, du
dg

du
=

1
3(10 + u)2/3

> 0, ÏdÏL g(u) �±¢y¼êÍ

ÜÓÚ. d��)XÚ�§�

ÿ + aẏ + by + cy3 + β( 3
√

10 + y − 3
√

10 + x)

= f cos(ωt). (21)

ã 1 �ã 2 ��ýO��(J, �±wÑ�)XÚ
��XÚ¢y
·bÓÚ.

ã 1 ÍÜ¼ê� g(u) = 3√10 + u XÚ�Aé'ã

ã 2 ÍÜ¼ê� g(u) = 3√10 + u �XÚ�A�Oã

ã 3 ÍÜ¼ê� g(u) = sin(u) �XÚ�Aé'ã

2) ÍÜ¼ê� g(u) = sin(u).

d�du
dg

du
= cos(u), ØU÷v

dg

∂u
ØUC

ÎÒ�^�, K�)XÚ

ÿ + aẏ + by + cy3 + β(sin(y) − sin(x))

= f cos(ωt), (22)

��XÚÃ{¢y·bÓÚ, O�(J (ã 3) �±
²ww�ù�:.

ã 4 ÍÜ¼ê� g(u) = −1.2u + sin(u) �XÚ�Aé'ã

ã 5 ÍÜ¼ê� g(u) = −1.2u + sin(u) �XÚ�A��Oã

ã 6 ÍÜ¼ê� g(u) = 1.2u + sin(u) �XÚ�A��Oã
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�XJòÍÜ¼êU� g(u) = −1.2u+sin(u),

@odu
dg

du
= −1.2 + cos(u) < 0, dÍÜÒ�±

¢y�)XÚ

ÿ + aẏ + by + cy3 + β(−1.2y + sin(y)

+1.2x − sin(x)) = f cos(ωt), (23)

��XÚ (�§ (20)) ÓÚ. dO�(J (ã 4 �
ã 5) �±wÑ, ü�XÚ��Aªu��, ¢y

ÓÚ (d� β = −17). ,	, XJ�ÍÜ¼ê

� g(u) = 1.2u + sin(u), K
dg

du
= 1.2 + cos u > 0,

@o�)XÚ

ÿ + aẏ + by + cy3 + β(1.2y + sin(y)

−1.2x − sin(x)) = f cos(ωt) (24)

�ò��XÚ (�§ (20)) ¢yÓÚ (d� β = 10),
� ý ( J y ² 
 ù � : (ã 6). ù ` ² 
 �

� dg/du ØUCÎÒ, Ò�½�3 β, �±�y
¢y��XÚ�·bÓÚ. 
l¢S��ý5w,
XJ3�5ÍÜ�, U
¢y·bÓÚ���ÍÜ
Xê� kmin. @o¼êÍÜXê β �ÀJ���
y ||β(g(y) − g(x))|| > ||kmin(y − x)|| Ò�±÷v
�¦.

4 ( Ø

d±þ�nØ©Û��ýO�(J�±wÑ,
éu~���a��5ÄåÆXÚ, XJÏL�5
ÍÜ�±¢yXÚm·b�ÓÚ, @o��¼ê÷

v�½�^� (=
dg

du
ØUCÎÒ), ÏL¼êÍÜ,

XÚ�±¢y·bÓÚ. du��5ÄåÆXÚ�
·b�A��´k.�, Ïdd��¼ê g(u) �À
J���´é°�.

[1] Pecora L M Carroll T L 1990 Phy Rev Lett. 64 821
[2] Han Q, Li C, Huang T 2009 Chaos 19 023105
[3] Monetti R, Bunk W, Aschenbrenner T 2009 Phys. Rev. E 79

046207
[4] Ge Z, Yang C 2008 Chaos 18 043129
[5] Zhou P, Cheng X, Zhang N 2008 Acta Phys. Sin. 57 5407 (in

Chinese) [±², §È¸, Üc= 2008 ÔnÆ� 57 5407]
[6] Yu H, Zheng N 2008 Acta Phys. Sin. 57 4712 (in Chinese) [uö

', xw 2008 ÔnÆ� 57 4712]

[7] Yu H, Peng J 2006 Chin. J. comput. Phys. 23 626 (in Chinese) [u
ö', $ïu 2006 O�Ôn 23 626]
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Abstract
To realize the synchronization of nonlinear dynamical system, the general control method is unidirectional linear coupling. Re-

search on function coupling of chaos synchronization is not enough, so there arises a question: for nonlinear dynamical system, if
chaos synchronization is realized by linear coupling, whether can any type of function coupling always make the system go to chaos
synchronization? In this paper, a class of nonlinear dynamical system is considered and the relation between linear coupling and func-
tion coupling is investigated. It is proved that if linear coupling can make chaos synchronization, then any function satisfying some
conditions can do so too. The condition is given and proved. Finally for Duffing system, three coupling functions are used to prove the
analytical result. The simulation results show that the conclusion is correct.
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