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�©©O^þf�{Ú�²;�{O�
�eaÚ��f�m�5-E� s ÅÑ��Ý, k�å§Ú p ÅÑ�
�Ý�Ñ�ëê. �e§Ýe 39K-133Cs �fm��5Ñ��¡Ì�� s Å�z, �X-EUþ�O\Ñ��¡k
´L�/G��Ñy, O�uyü­�Ún­��¡©O�3wÍ� g ÅÚ d Å/G��. ,	, �©A^{¿S
�Cq�{¼�
 41K-133Cs �°[��p�^�� s ÅÑ��Ý.

'�c: e�f-E, Ñ�ëê, �5Ñ��¡, /G��

PACS: 34.10.+x, 34.20.cf, 34.50.Cx

1 Ú ó

Ï3�)ÀÚ - OÏd"và (BEC) Ú{¿¤
�íN (DFG), ±9/¤ÓØÚÉØ�ew7á�
àÔÚV|©ÀÚ - OÏd�và (TBEC) ¥åX
��'���^, eÚ�e§Ýe�f�m�-E
3nØÚ¢�þþÚå
2��'5ÚïÄ [1,2].
d	, $§�f-E��þ´��þfy�, Ù�
�Ò´��ék��ïÄ�K [3]. ���¹e, e
-E��´-EUþ (E/kB) 3 1 µK—1 mK «�,

�e-E�-EUþ�u 1 µK �«�. �e§
Ýe, -EâfUþØv±�Ñ�Äþ�l%³^,
��É5�p�©ÅÑ��Ü��, ��e s ©Å
Ñ�. éu 39K−133Cs Ù d Å³^pÝ� 683.1 µK,
�=�-EUþpu 683.1 µK �â¬u) d ÅÑ
�, 
éu p Å³^Uþ� 131.5 µK, ¦+T§Ý
Epu�)ÀÚvà��.§Ý, ��f3^1²
¥Ú¢��ue%�¬k�z. ¤±éue�f¢
�, =�Ä s Ú p Å®²v
, �e§Ýe�f�m
��5Ñ�Ì�d s ÅÑ��Ý (a), k�å§ (re)
Ú p ÅÑ��Ý (ap) 5L�, �p�Äþ��z�
±�Ñ. ~X, s ÅÑ��Ý��Kû½XvàN�

­½5, éuÓ«ÀÚ�fXJ a > 0 L²/¤�
vàN´­½�, �� a < 0 ÒØ�U/¤­½�
vàN, d�3Ó¼²¥=k��ê8��f?u
vàG�. e�/¤­½�V|©ÀÚ - OÏd�
vàK�¦ÓØÚÉØ�m��p�^Ñ�ü½
�p�^ [4].

akn«­½�Ó � 39K, 40K Ú 41K, Ù
¥ 39K Ú 41K ´ÀÚf, 40K ´¤�f, 
éu��
f, ��3�«­½�Ó �ÀÚf 133Cs. �e§
ÝeÓØa (½�) �f�m�-EA5®k�þ
�nØÚ¢�ïÄ [5−9], d	, �ea�fÚ��
fíþ3¢�¿¢y
þf{¿ [10−13]. �éa�
fÚ��f�meÚ�e-EA53¢�ÚnØ
þïÄ��, ©z [14] Äu�ï�ü­�Ún­�
³U­�©OA^C�{Ú�²;{O�
 s Å
Ñ��ÝÚ p ÅÑ�NÈ, ©z [15] Äup°Ý�
©f1Ì¢��ï
��°(�©f³U­�, �
=�Ñ
 s ÅÑ��Ý��, �?1XÚ�-Eï
Ä. �Xé�eÉØw7áXÚïÄ�?�Ú�\,
�~I�ée-E5�?1XÚ�ïÄ. �©Äu
©z [15] �ï�°(�ü­�Ún­� 39K133Cs
©f³U­�, ïÄ 39K Ú Cs �f3eÚ�e§
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Ýe��5Ñ�A5, °(O� s ÅÑ��Ý, k
�å§Ú p ÅÑ��Ý�Ñ�ëê, ±9eÚ�e
§Ýe�ü­�Ún­��5Ñ��¡. d	, |
^�þIÝ{ïÄ
 40K(41K) Ú Cs �fm�e�
5-EA5, ?Ø/¤V|© 41K-133Cs ÀÚ - À
ÚvàN��U5. ©z [16, 17] |^{¿��C
q [18] ©OO� K-K Ú Na-Rb �fm�Ñ��Ý,
��
�Ð�(J. �©�|^{¿��CqO�

 41K-133Cs ?3¢�þa,���°[�� s Å
Ñ��Ý. ©¥Ø�AO�Ñ, þ¦^�fü .

2 e�f�5Ñ�nØ

3�%�IXe, a�fÚ��f�m�-E
÷vÅ½��§[

d2

dr2
+ k2 − l(l + 1)

r2
− U (r)

]
ul (r) = 0, (1)

Ù¥Åê k =
√

2µE/~2, µ ´�z�þ, U (r) =
2µV (r)/~2, ª ¥ V (r) � � f m � p � ^ ³.
� r → ∞, T�§�)Cq�

µl(r) ∝ Al [jl(kr) + tan δlnl(kr)] , (2)

ª ¥ Al � 8 � z ~ ê, jl (x) Ú nl (x) © O ´
¥ Bessel ¼êÚ¥ Neumann ¼ê; δl ´©Å�£,
�deª¦Ñ [19]:

tan δl =
Kjl (kRa) − jl (kRb)
Knl (kRa) − nl (kRb)

, (3)

Ù ¥, Ra, Rb � ì ? « � � � � ü :; K =
Raul (Rb) /Rbul (Ra). ü�?uÄ���fg^
ü­� X1Σ+ Úg^n­� a3Σ+ �p�^³©
O^ VS Ú VT L«. ü­�Ún­��5Ñ��¡
�L«�

σ
S/T
el =

4π

k2

∞∑
l=0

(2l + 1) sin2 δ
S/T
l , (4)

Ù¥ δS
l Ú δT

l ©OL«ü­�Ún­� l ©Å�
£. d	, s ÅÑ��£ δs Ú p ÅÑ��£ δp ©O
÷vk�å§Ðmª [20]

k cot δs = −1
a

+
1
2
rek

2 + o(k4) (5)

Ú
k−3 tan δp = −V + o(k2), (6)

ª¥ V ´ p ÅÑ�NÈ, � p ÅÑ��Ý�'
X� V = a3

P . éu�f�m�§�p�^³
� V (R) = −C6/R6 �³, �-E�fé��z�
þ µ '���, �^�²;{?1ïÄ. Gribakin

Ú Flambaum[21,22] A^�²;þfnØ�Ñ: �f
� s ÅÑ�A5=�6u³��²;�  Φ Ú�
^³��§ì?1� −C6/R6. 3�²;=ò: R0

? V (R0) = 0, �²;�  Φ d"Uel�²;=
ò: R0 �Ã¡��È©O�¦Ñ

Φ =
∫ ∞

R0

√
−2µV (R)dR. (7)

s ÅÑ��Ý=��²;� Ú�§ Van de
Waals Xêk'

aSC = ā
[
1 − tan

(
Φ − π

8

)]
, (8)

Ù¥ ā �²þÑ��Ý

ā =
√

2γΓ

(
3
4

)
/Γ

(
1
4

)
, (9)

ª¥ γ =
√

2µC6, C6 ´�§ Van de Waals Xê. 

k�å§Ú s ÅÑ��Ý���'

rSC
e =

ā

3

[
Γ

(
1
4

)
Γ

(
3
4

)]2 [
1 − 2

ā

a
+ 2

( ā

a

)2
]

. (10)

Dickinson[23] � Ñ 
 O � p Å Ñ � N È � � ²
;úª

V SC = − γ3/2Γ (1/4)
12
√

2Γ (7/4)
ā − aSC

2ā − aSC
. (11)

3 ³U­�

3�e§Ýe, -EUþ�~$, �fmÑ�
A54Ù¯a��6u§��m��p�^³ [24],
ÏdO�Ñ�ëê�I��~°(��fm�
p�^³. 1��nO�éuØ
 H, Li �Ø	
>f(���{ü��fm�p�^³�O�
'�°(	, éu KCs Ä�©f, 1��nO�
¤���^³UÙ°(Ý�ØU^ue�f-E
�°(O�. ¤±�©æ^ Ferber � [15] |^F
p�C�1ÌEâ°(¼�� 39KCs ©fü­�
Ún­��³U­�. 3ü�f�p�^�¥§
« (Ri 6 R 6 Ra), �fm��p�^³�Ðm�
)Û¼ê�/ª

V (R) =
i=n∑
i=0

ai

(
R − Rm

R + bRm

)i

, (12)

ª ¥ ai, b, Ú Rm � � ½ ë ê. é u R 6
Ri,V (R) = A + B/Rn, R > Ra, V (R)LR =
U∞ − C6/R6 − C8/R8 − C10/R10 ± Eexch, ª¥
���p�^³ Eexch = AexR

γ exp(−βR), éu
ü­�� “–” Ò, n­�� “+” Ò. ¤^�ëêÚ~
êþ3©z [15] ¥�Ñ, �A� 39KCs ©fü­�
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Ún­��³U­��ã 1.

ã 1 39KCs ü­�Ún­�³U­�

4 O�(J�?Ø

4.1 ÑÑÑ���ëëëêêê

�©ÄkÏLA^ Numerov �{ê�¦)"
U4�e l = 0 ���§ (1), ¦Ñì?«�S
��ü:�Å¼ê u0 (Ra) Ú u0 (Rb), 2d (3) ª
�¼� s ÅÑ��£ δs. ÏLr s ÅÑ��£ δs

[Üuk�å§Ðmª (5), l
¦Ñ s ÅÑ��
Ý a Úk�å§ re. Ï�°(��f�þé°(
O�Ñ�~ê�~­� [25], �©O��æ^�
#��f�þí�� [26]. ¦^�ÓO��{N
´¼� p ÅÑ��£ δp, ÏLr p ÅÑ��£ δp

�\ (6) ª�¦Ñ p ÅÑ��Ý ap. é�²;�

{, �
¦�U~�O�Ø�, �²;�  Φ �
L«�üÜ©�Ú Φ = Φ1 + Φ2. l�²;=ò
: R0 ^ Simpson È©È��ä: Rc ¤��²
;� � Φ1; éu R > Rc, ©f³U�CqL«
� V (R) = −C6/R6, �²;�  Φ2 = γ/(2R2

c). s
ÅÑ��Ý a Úk�å§ re �±ÏL (8) ªÚ (10)
ªO���, dd(J|^ (11) ª½�O�Ñ p Å
Ñ��Ý, (JXL 1 ¤«. lL 1 �±wÑ, þf
�{Ú�²;�{(JÎÜ�Ð, �Ä�Ñ�ëê
¯a��6u Φ �, �²;�{¤�(J-<�Í.

ü�¥5�fm��p�^Ì�3u>f!
�fØ�m��p�^, Ï�>fÚ�fØ�'�
þ�±�Ñ, ÏdUC�fØ¥�¥fê¿ØUC
�f�m�p�^³�5�, T�{=��þIÝ
{ [27]. ÏL�þIÝ{, �©$^þf�{Ú�²
;�{�O�
 40K(41K)-133Cs � s ÅÑ��Ý,
k�å§Ú p ÅÑ��Ý, (J�L 1. du�z�
þ�UCò¬���^³¤|±���åP�U
? ��£Ä, ¤±Ñ�ëê4Ù¯a��6u�
z�þ�Cz, ùlL 1 �±wÑ. O�¤� KCs
n­�Úü­� s ÅÑ��Ý���©z [15] �
~��. Ï�¤æ^©f³U­�ØÓ, �©¤�
� s ÅÑ��ÝÚ p ÅÑ��Ý�©z [14] ��
��, �Ä��©¤^³U­�dp°Ý©f1Ì
¢�¤�, °Ý�p, ¤±�©�Ñ�ëê(J�
���.

L 1 �e§Ýe 39,40,41K-Cs �fm�5-E�Ñ�ëê

s ÅÑ��Ý k�å§ p ÅÑ��Ý

þf{ �²;{ þf{ �²;{ þf{ �²;{

(a) ü­�
39K133Cs –15.4 –15.8 10477.9 11581.1 –76.3 –77.6
40K133Cs –46.8 –47.4 2057.8 1947.2 –78.4 –81.3
41K133Cs –66.9 –67.5 1146.2 1226.3 –79.7 –83.1

(b) n­�
39K133Cs 84.8 84.4 170.3 166 52.4 49.6
40K133Cs –32.5 –32.3 3371.2 3479 –79.8 –79.9
41K133Cs 216.4 217.9 129.7 119.5 –123.2 –123.9

4.2 ���555ÑÑÑ������¡¡¡

ã 2 ´O��ü­� 39K Ú 133Cs �fm3e
Ú�e§Ýe l = 0 ©Å±9o�5Ñ��¡. 3

�e§Ýe, du-EUþ�u�$�l%³^�
pÝ, d��kÌ�´ s ÅÑ�, oÑ��¡��
~ê, Cq�u σ = 4πa2. ü­� s ÅÑ��Ý´
��K�, �X-EUþ�O\, s ÅÑ��£òÅ
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ì~�, l
�� s ÅÑ��¡C�, dul%³
^��3, d��p�ÄþéÑ��¡��z�~
�, ��3-EUþ� E = 1.7 × 10−10a.u. NCÑ
��¡Ñy��4���. �=�3 s ÅÑ��, �
§ (4) �C�

σs
el =

4π

k2
sin2 δo

=
4π

k2 + k2 cot2 δ0
. (13)

2|^k�å§Ðmªk

σs
el ≈ 4πa2

[
1 + ak2 (re − a)

]
. (14)

du s ÅÑ��Ý´��K�, (re − a) ´��,
¤±o�¡�5��, �fm s ÅÑ��Ý�K
�� 39K[6] Ú 88Sr[28] 3�e§Ýe�Ñ��¡
Ñk�Ó�~�1�. 
éun­�Ñ��¡, Ï
� (re − a) Ú s ÅÑ��ÝÑ´��ê�, �X-
EUþ�O\�¡òO\, (JXã 2 ¤«. �X
-EUþ�?�ÚO\, p�©ÅéÑ��¡�
�zC��5��, l
oÑ��¡ÅìO\. d
�, Ñ��¡kNõkb�¸Ñy, T¸´Ï�-
E�fé6��l%³^¤Ð¯
/¤OåP�
��«�5Ñ���, =/G��. /G��3e
-EÔnÆ¥�~­� [29], Ï�=¦éu�$�
�"©Å, -EUþ���$uÙ¤�)�l%³
^�pÝ. O�uyü­�Ún­�©Ou) g Å
Ú d Å/G��, ��U©O u 1.2 × 10−8a.u.
Ú 5.7 × 10−9a.u.

ã 2 39KCs g^ü­�Ún­� s ©ÅÚo�5Ñ��¡

4.3 {{{¿¿¿������CCCqqq

�X¢�Eâ�?�ÚJp, �5�õ�Ø
Ó«�f¢y
V|© BEC. ^²¥ K-Cs V|
© BEC ��p�^Ì�d aK, aCs, aK−Cs n�

ëêL�, �3^²¥¢yV|© BEC[4], �¦n
�ëêþ���. Ï� 39K �n­�Ñ��Ý´
K� [7], ÷vù�^���k 41K-Cs ·ÜÔ. �
Ä 41K-Cs ·Ü, K Ú Cs �f©O?3 |FK,mfK〉
Ú |FCs,mfCs〉 �°[�, Ù¥, F ´�f�o�þ
fê, mf ´^þfê. {¿��Cq [18] �Ñ?3
�°[���Ñ��Ý�

a = asPs + atPt, (15)

ª¥ Ps Ú Pt ©O��f?3ü­�Ún­�
� V Ç. A ^ d C q, · � O � 39K-Cs © O ?
3 |1,1〉 Ú |3,3〉 �°[��� s ÅÑ��Ý, d
� Ps = 5/32, Pt = 27/32, O���Ñ��Ý
� 69.2a0, �°(� [15] �'Ø�Ø�L 3.5%, L
²�éu��E,
qpÑ���Í{, {¿�
�Cq´�«O�Ñ��Ý�~�B¯$��{.
L 2 ´�Ñ
¢�þa,��$||Ï��Ñ�
�Ý. ¦+ü­� s ÅÑ��Ý´K�, �dun­
�� s ÅÑ��Ý�'��, lL¥(J�±wÑ,
?3ü­��VÇ�un­��VÇ, ¤±�°[
�� s ÅÑ��Ýþ´'�����.

L 2 41K-Cs ©O?3�°[�
∣∣FK, mfK

〉
Ú

∣∣FCs, mfCs

〉
� s

ÅÑ��Ý∣∣FK, mfK

〉 ∣∣FCs, mfCs

〉
Ps Pt a

| 2,2〉 | 4,4〉 0 1 216.4

| 2,2〉 | 3,3〉 7/16 9/16 92.5

| 2,2〉 | 3, - 3〉 1/16 15/16 198.7

| 1, - 1〉 | 4,4〉 1/8 7/8 181

| 1, - 1〉 | 3,3〉 11/32 21/32 119

| 1, - 1〉 | 3, - 3〉 5/32 27/32 171.2

5 ( Ø

�©©O^þf�{Ú�²;�{°(O�

�e 39K-133Cs �f�m-E�� s ÅÑ��Ý,
k�å§Ú p ÅÑ��Ý�Ñ�ëê, ¤�(J'
���. �e§Ýe 39K-133Cs �f�m��5Ñ
��¡Ì�� s Å�z, uydu s ÅÑ��Ý�
ØÓÑ��¡3�$§eLy�ØÓ�ª³, ��
X-EUþ�O\�¡þk´L�/G��Ñy,
ü­�Ún­�©O�3 l = 4 Ú l = 2 ©Å/G
��, Uþ©O3 1.2 × 10−8a.u. Ú 5.7 × 10−9a.u..
�©|^�þIÝ{�¼�
 40K(41K) Ú Cs �f
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m�e�5-Eëê, du�p�^�U/¤ 41K-
133Cs VvàN, ¿|^{¿��CqO�
 41K-
133Cs ?3¢�þa,���°[��Ñ��Ý.
¢�þ�'5�´	\^|��e�fíN�

) Feshbach ��� �±9��°Ý [30], ·�e
�Ú�ó�Ò´lnØþïÄ�� �9°Ý.
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[7] Falke S, Knöckel H, Friebe J, Riedmann M, Tiemann E, Lisdat C
2008 Phys. Rev. A 78 012503

[8] Leo P J, Williams C J, Julienne P S 2000 Phys. Rev. Lett. 85 2721

[9] Sun J F, Du B G, Zhang J C, Li W, Zhu Z L 2009 Chin. Phys. B
18 1019

[10] Roati G, Zaccanti M, D’Errico C, Catani J, Modugno M, Simoni
A, Inguscio M, Modugno G 2007 Phys. Rev. Lett. 99 010403

[11] DeMarco B, Jin D S 1999 Science 285 1703

[12] Modugno G, Ferrari G, Roati G, Brecha R J, Simoni A, Inguscio
M 2001 Science 294 1320

[13] Weber T, Herbig J, Mark M, Näerl H-C, Grimm R 2003 Science
299 232

[14] Zhang J C, Jia G R, Sun J F, Liu Y F 2010 J. Low Temp.Phys. 159
484

[15] Ferber R, Klincare I, Nikolayeva O, Tamanis M, Knöckel H, Tie-
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Abstract

In this paper, we calculate the scattering parameters for collision between potassium and cesium atoms at ultracold temperatures,

such as s-wave scattering length, effective range and p-wave scattering length, by the quantum method and semiclassical method,

respectively. The singlet and the triplet elastic scattering cross sections between 39K and Cs atoms at ultracold temperatures are

dominated by s-wave scattering, and shape resonance occurs with the increase of collision energy. There exist pronounced g-wave and

d-wave shape resonances for the singlet and the triplet cross sections, respectively. In addition, s-wave scattering lengths are calculated

by using the degenerate internet state approximation for selected hyperfine states of 41KCs.

Keywords: cold atom collision, scattering parameters, elastic scattering cross section, shape resonance
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