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i () 25 5 20 mT 5 Ak R AR A 1 ) . SR [12]
FaHh, 1% 0] R f AL AR AR VE AE A 5 1) B O [A] {8
B AR (discrete time Fourier transform, DTFT)
R IEEAL, SR DTET 75 0 75 /)N AT R H 40 41 4
AR B FL S o L TR S

H BT A TH 7k B 20 PR 3s: SARk
(iterative approaches) Fil B #72; (direct approach-
es) 131 3 AR9Z (4 Rife 32 H (A= 00% AQ )7 i [141),
i B R B 4 e — 5 B SR IR W I A%
1B, P2 I8 — 5 BB AR (A STk [15] 32 t i) v
AT A SR ) R A0 Ak VB S B2 S R, AT 3R
RS B R A F; B R U 55 A5 Bh A OE 110210
PY A (2227240 S it — M A AR A T A L
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SCHR [2) F8 H: BUA B B EURAG TS K 2 AR
AWM, 11 Quinn AHEE 2% 2227, Macleod P
Jfh i 8% Y Provencher P#fH it 2% %), Candan
PG 8% 1290 DL R (s iz 1B P B B EL O IE
10 POl S IR e A SR B AR T BRI (R
2P il B AR 4 (Fast Fourier Transform, FFT)
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T RS RIA S, BOUHAASOE.

TR A, ML 2 AL IE vk 173031 1
Mg LR, HAN TR IR Z 80, T FERILH &2 K
7 2032 28 % A8 SOk (1) P 8 4 A AL FET (all-
phase FFT, apFFT)/FFT #A7 Z A5 1H%, H
ZITEH FET AR, AU T — R, Sk
FIHZEASTE T 7 BORKIFE FEIR T2 8], PRt
LT 4% ey A AR AL ZE Ak V2 AT ) HE T
WAL TR ZE T 2 A RIS, 5 IA 1A
B AL T (A HHT 1 Candan Y38 4l 2% 221 1
R BEFISCHR [14) 1R M b 2 F IRAELL AL, R
SER TAE. ASCAERT AW 7R3 aE L, i $EH
BTG A 74 BCFET FIAHAL 205 B, $EH—Fh
RS FEARAL ZEARAGTHE, HHE T TR TR
ZEJ7 Z A A E R IE .

2 ¥ B B F BFFTAR G £ 37 % f5
it i

4o W R RS B {e(n) —
aexplj(won + 6p)],—N +1 < n < N —1}, K
B wo AT R s NI R

wo = (K*+0)Aw, k*e2t, 16]<05, (1)

K Aw =21/ N, k* NFFT I EE E.

NG THIR R wo, ASCE S 1A 5 0k
o (0) FHORHIARALAG 12X, T B IZAH S HEAT A
A, TRBKEN2N — 1HHNT 5 # S
JIA AL ME— FE[RIFE 22 2 (0) PIRT JE AN T B, B
{z(n),0 <n < N—-1} 5 {z(n),-N+1 < n <0},
WX AN T B FET Hr o BUR A2 45 8 (SCRR (1] 1%
AT AT F B FFT M ALE S, 28 T )5 W
FFT MALAE S, WA 7870 A B m sz 1 s
).

4 Ry(n) An €l0,N—1] TR &, 77 {8l
HH, AR RGBT HI R FEAAR, K 5 B 51 3EAT #
L el

x¢(n) = x(n)Rn(n),
xp(n) = x(—n)Ry(n). (2)
X TAECHT 1 57 51 (), H DTFT 484y

X(jw) = a - 218 (w — wp) !, (3)

AHEHES, JEE A DTFT 254t Ry (jw) N
oy sin(Nw/2) _jwv-n
Ry(jw) = ~n(w/2) © ! : (4)

VU4 B 430 0 -5 30 AR 0 L DG 2R, T I
FP3I ) DTFT A8 #e X¢(jw) M

Xi(jw) = 5 X (o) * Ry (1)
sin[(w — wo) N /2]

" sinf(w — wo)/2]
i[= 72 (w—wo)+60] (5)

X e

HFFFT ADTFTfEw = kAw, k € [0, N—1]
L BRFE, W FET 3% Xe(k) M
sin[(kAw — wp)N /2]
*sin[(kAw — w)/2]

(N-1)(kFAw—wq)
e ]

Xf(k‘) =a

x el (6)
RNk = k*, FIEERIEE A E W FFTHE
Xi(k*) N
sin[6Aw - N /2] g, W=Dt Aw—wn),
" sinfd - Aw/2]
B sin(d - )
~ Y sin(8 - Aw/2)
I e % A5 B PO A 7 1 £
@i(k™) = 0o + 6T (N — 1)/N. (8)
FKAeth, a(—n) B BLIHAS 4R
X(—jw) =a - 2nd(—w — wp) %
= - 21(w + wp) . (9)
H 18 B AR k5T, 490 R 71 B £ L A 4
X (jw) A
Xp(jw) = %X(—jw) * Ry (jw)
. sinf(w + wo) N /2]
B sin[(w + wp)/2]
« eilfo— T (wtwo)] (10)

Xt e R B AR e X (jw) R =

kAw, k € [0,N — 1§38 51K+, W5 7 FFT i
Xp (k) H

Xf(k*) =a

e e I

_sin[(kAw 4 wo) N /2]
sin[(kAw + wp) /2]

_ (Nfl)(kAw«}»wO)]
2 .

Xb(k‘) =a

x el (11)

FH e B P A 48 5 R HE RO R S ) FET 1 U4
MEFEARSS, F %A BT &k = N /26K, Bl
| X¢(E")| = [ Xp(N — k)]
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_‘ ~ sin(ém) ‘ 12)

- sin(6Aw/2) |’

H (14) AN AL AR R, AT A0 A 115
5o [pr(k*) — (N — k*)] 1

¥k =N — kRN (1), Ak im ey 145 3L (N —1) 2m/N° (15)
i R Sy (1) 2R, IATHE U R OIS i 2
ou(N = k) =6y — on(N —1)/N.  (13) (4 6)Aw
W (8) K5 (13) K PRI 2 Gk 2T1C\ 0 BT
N -1 '

k*) = 6 + om(N — 1)/N ‘ "
wi(k") = b0 +6m(N —1)/N, HRE H, 01 TR R 2 45 At 37 72
op(N — k") =6y — én(N —1)/N. (14) B 1

e 7B i) oi(k") KAw
2(=N+1) ~a(N-1)| g —’I = H i LU &
e ’gl;g; Xy(N— k) /(N=1) D>
Em FPT [ i I—N "

K1 i 5 B AL R i

3 MR E 0T
3.1 FRIER

M (5) :—(16) XFTFE Y, AT %R —
AL TR, WA M B BT
B, WA STV R e AR AR AL T (SR [21, 22, 24,
27—29] #& tH 1) & AR Al TH 8, B T B,
AR T At T ), ToRRE I AR 2y 0. AR JE
H, Ad A8 B35 77 % 22 (mean square error, MSE)
T T7 25 oM R ZE T &N, BRI A ST
MSE Ry 75 7.

3.2 FRRIFA

1) ¥HE M
M AT iR T At T, SO N v 3 e
P R, HEMESE T E SR E R

2) J5 25K

WAL (16) X, b, AwBINE R, A
or(k*), po(N — k%) N, T EIR &4 E
PN N B T 53 B e 5 o, R 2(0) & E
B, BT op(k*), op(N — k) IELE 1E A0 H
MALFENLAZ & HAE, or(k*), pn(N — k*) T A
PR T R A [E] A R R, O (16) A EX
JiE, A

var[pe(k*)] + var[pop (N — k7))
(N —1)?
vl ()
(N —1)

BRI SR B g (k™) BRI 7 22 22 AR

BB w(n) AFBMAE . TT 209 o 15 1w 7 1 g
7, WE SN 2(n) = aexplj(won+6o)] +w(n),
AHNEHL {FEELE (signal to noise ratio, SNR){H p &
RN

var(wp) =

(18)

p=a*/o>. (19)
AWK EEE = k4 wn) M FFT R

7‘]1\1

W (k*)

OMZ

=rel? =rcosp+ jrsin g, (20)

A, v, o RN IR E A A R RENLAZ & X
(20) PNILEUT 26

VaI‘

e

Tnk*

‘ e IW Var[w(n)]

n=0
= No?. (21)
XA (20), (21) K, A

var(r - cos ) = var(r - sin ¢)

= var[W(k*)]/2 = No?/2. (22)
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H1 (7) A1 (20) 3K, 7T H AT )7 B FET W ff

. sin(d - )
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+rel?, (23)

¥ (23) Xk — S H

Xe(k")
B sin(d - 1)
- sin(d - Aw/2) ¢
I (6—00—3(N—1)m/N)
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Xi(k*) =a ilbo+8 S ]

j[%-%%n}

x{l—k

ilo+0 L]

rsin(p — 0y — dn(N —1)/N)
- (sin(d - 1) /sin(d - Aw/2)) ] (24)
H1 (24) AT HHE H R RS 5N B0 [ B e 1
FAAL oe(K*) A

N -1
or(k*) = B + 04 - )

rsinfe — 60y — 0T(N — 1)/N]
a- (sin(d - m)/sin(d - Aw/2))
rcosfp — 6y — om(N —1)/N|"
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(25)

M p NGRS, (25) X arctan(-) TUH 7> ¥ L
SENG 2 MR arctan(x) oo @ M T TS5 /N K
]

-+ arctan

1+

N -1
or(k*) %90—#5( N )T(

rsinfp — 0y — dn(N —1)/N]
a- (sin(é-m)/sin(d - Aw/2)) "
(26) e, FA 7, o FBEHLA R, TURE (26) 5
PN 2, A
var[pg(k”)]

var(rsin ¢)

wa2 - (sin(d - 1) /sin(d - Aw/2))2" (27)

(26)

BROL (22), (23), (27) 2F
o 1/2 - var[W (k)]
varler k)~ a0 ) im0 - Aw2)?
B N
~ 2p- (sin(6 - m) /sin(6 - Aw/2))2’
(28)
YN E% R, Msin(6Aw/2) = sin(dn/N) o
S1/N, L (28) AT — B itk Ay
_Nsin®(6-Aw/2)  N§*n?/N?

E")] ~ ~
varlpe(k”)] 2p - sin?(§ - m) 2p-sin®(6 - m)
1

= S N ) (29)
Beor (18), (29) X, A
var (W) %72\/&1‘[%(/6*)]
(N —1)
: (30)

T pN(N —1)Zsin2(5)
SCHR [14] 25 ) N A FEAAE LT B8R A Al 17

ZEH RIS D RN
CRLB = 6/[pN(N? — 1)]. (31)

BT AT T 2N-1 AR, 80k
2N 18R (31) A ) N, T HE HO R 1 e 56 2
BR N

CRLB = 3/[2pN(N —1)(2N —1)].  (32)

4 FRER

4 N =16, X {z(n) = 2exp[j(4+8)2n/Nn+
n/3)] +w(n), =N +1<n <N -1}, 2hl AT
] 7 BOAR A 223 apFFT /FFT M1 47 2 2. Candan
R AL (BEABON 2N — 1) #EAT AR AL i,
€ FATRAE 0 75 0—0.5 (A8 4k, % TR F i % 100,
i 1000 X Monte-Carlo WIS, IHSE 3477 iR %
MSE.

T 14 THIR S = 0.15 I AR 5 R AG
TR,

F 1 SR 6 = 0.15 B ASERAL TH4 7 % 7% (MSE)

SNR/dB
Jrik SNR = —10 SNR =0 SNR = 20 SNR = 40 SNR = 60
B Ja 7B 3.702984 0.013957 2.93 x 10~6 2.89 x 10—8 3.03 x 10~10
ApFFT/FFT 3.689817 0.012631 4.54 x 106 4.19 x 10~8 4.45 x 1010
Candan 3.186868 0.000367 3.43 x 10~ 3.45 x 10~8 3.47 x 10~10
CRLB 0.002016 0.000202 2.02 x 10~6 2.02 x 10~8 2.02 x 10~10
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Candan W% (‘v #5id) X2, apFFT/FFT AHAL
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(a) § = 0.05; (b) § = 0.15; (c) 6 = 0.25; (d)

BEE 6 M 0.05 3 F 0.45, 1 J& 17 7 B Candan
W idiik 5 apFFT/FFT AHAL 22 7% 1) MSE i 4 #5 2
i B CRLB k.

3) M 2 (a)—(f) W& Hi, 7EA5 B LA AR
X 3k, B 5 7 BOAR A7 2 925 1 S2 I MSE #h 2k 5
(30) ST BRI 5 22 4R (— Anid) FF A3
WUF, IXUER T (30) RIS T ZE HES IE R

4) % F Candan W 1 V% (‘v #rid), 7E SNRE
X, AP 2 (f) & = 0.45 IS, 24 SNR > 50
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LT ES LM RZETJTEN, 2 SNRAR &,
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AR, A SO R Ak T B X O R A
FTIE W, X T 2 ARy, HO Rk B4 A
BAFE G, IBRSZ AN 75 T3040, B AF1E &0
oy Z A AR B AR Bk, X A () -t
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A novel phase difference frequency estimator based on
forward and backward sub-segmenting”
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Abstract

In engineering applications, many measurements of physical quantities can be converted into the problems of
frequency estimation. The current frequency estimators are mainly divided into two categories: iterative approaches
and direct approaches. However, iterative approaches are not suitable for rapid physical measurement occasions due to
its complicated process. But most of the direct approaches are the biased estimators, which are incapable of providing
quantitative estimates of variance expression. To enhance the accuracy of the direct frequency estimator and derive the
closed-form theoretic expression of the estimated error variance, this paper proposes a novel phase difference frequency
estimator based on the forward and backward sub-segmenting. This estimator implements forward and backward fast
Fourier transform (FFT) on the given samples separately, and then extracts the phase difference from the peak FFT
bins of these two sub-segments to estimate the frequency. And it is emphasized that the proposed method is an unbiased
frequency estimator, whose closed-form theoretic expression of the frequency estimated error variance is also derived.
Moreover, simulation not only verifies the correctness of this closed-form expression but also proves that the proposed
frequency estimator’s mean square error is closer to the Cramer-Rao lower bound than that of apFFT/FFT phase
difference estimator and Candan estimator. In conclusion, the proposed estimator has higher accuracy in measuring

frequencies and has a wide application prospect.

Keywords: frequency estimation, forward and backward sub-segment, phase difference, CRLB
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