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Fig. 1. An example of state space.
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Fig. 2. Maximum matching in directed network and its bipartite representation: (a) A simple digraph
G(A); (b) the bipartite representation H(A) of digraph G(A); (¢) an maximum matching of H(A).
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Fig. 3. (a) An example network G with five vertices
and six edges, the dynamics takes place on the edges
of the network; (b) the line graph L(G) corresponds
to G.
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Fig. 4. an example network with nodal dynamics.
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Control-inducing structures in networks:

with an internal dilation; (c) directed path with an

external dilation.
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Fig. 6. Categories of driver nodes in a given network: (a) A network with five nodes that can be control via

three driver nodes, there are three distinct MDSs in the network; (b) node 1 is critical as it is in all MDSs,

node 2 is redundant as it does not participate in any MDS and nodes 3, 4, 5 are intermittent, participating

in some but not all MDSs.
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Fig. 7. (color online) An example network optimized by adding links: (a) Control path in

network; (b) control path in the optimized network.
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Fig. 9. (color online) An example network based on switching network: (a) An initial undirected
network Gj; (b) the symmetric directed network G’; (c) The switching network H(G').
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Abstract

The model, structure and dynamics of complex systems and networks are studied to control complex systems, which
reflects the ability to understanding complex systems. Recently, the research on controllability of complex networks by
using control theory and complexity science has attracted much attention. It has been investigated extensively by
many scientists from various fields, and many meaningful achievements have been obtained in the past few years. In this
paper, the process of controllability of complex networks is discussed, the framework of structural controllability based on
maximum matching is introduced in detail, and the relevant research status since 2011 is summarized. Controllabilities
of complex networks are introduced in the following aspects: different types of controllabilities, relationship between
controllability and network statistical characteristics, classification and measures based on controllability, robustness of
controllability, and optimization methods of controllability. Finally, the questions urgent to solve in controllability are
discussed, so as to give a help to the the study in this respect.

There are five sections in this paper, which involve with different aspects of controllability. In the introduction
section, the research work of controllability since 2011 is briefly mentioned, and the difference between controllability
and previous pinning controllability is clarified. In the second section, the concept of controllability and different types
of controllabilities are discussed in detail, including structural controllability, exact controllability, controllability with
edge dynamics and controllability with nodal dynamics. In the third section, the relationship between controllability
and network structure is investigated, especially the effects of common statistical characteristics and low-degree nodes on
controllability. In the fourth section, the measures based on controllability are introduced, which includes control profiles,
control range, control centrality, control capacity and control modality. In the fifth section, the research work about
control robustness is discussed from robustness measures to optimization methods. In the fifth section, the optimization

methods of controllability are introduced, which are classified into two different strategies: topology and edge direction.

Keywords: controllability, complex networks, robustness, controllability optimization
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