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Fig. 1. Geometry and constant boundary conditions

of the rectangular plate with a hole.
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Fig. 2. Boundary element method model of the

rectangular plate with a hole.
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Fig. 4. Relative truncation error versus the number of

POD mode.
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Fig. 5. (color online) Temperature versus time at dif-

ferent points under constant boundary condition 1.
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Fig. 6. (color online) Temperature on the up side of
the plate at different time under constant boundary

condition 1.

2) Je i B Dy A AR ¢ = —500000[1 —
cos(wt)] W/m? (Hiw = n/24)0f, t = 2,4,
6,---,100 s B PR EEAA, S5 K7 (B8 FIER 2;

3) Jr il Bm N A AR ¢ = —500000[1 —
cos(wt)] W/m? (Hw = n/24), 41l i
N AR ¢ = 100000[1 — cos(wt)] W/m? (H
w=T/24) I}, t =2,4,6,---, 100 s I (RREE AR, 45
RIOLE9 B 10 figk 3

4) Fe AR BN A AR ¢ = —500000[1 —
cos(wt)] W/m? (HHw = 7/24), HIAHREEN
LA ¢ = 2500t W/m? I, t = 2,4, 6,---,100 s
I AR AR, AR LI 11 12 sk 4

ARICTTERE 1924 H i o T AR ALK
fige i) 2, BRI 2 5 AN B EREE AR R G o0 7 R SR ]
AL B gt TR EOL SR LT, PR o BT 1)
SR ATIIECAN T AR B BE R R 1 A2 4. AL 5 7T A
B, R, 9, 2RO e T A, I H
e R B R B B 18] . XA B A 10 B
JERN, Hofth i S48 i AL i, B 6 4t TR
() b3 FRAEA [F I 2 BT EIR . N  — AN
Z0 A% HEBOL AT, BN WA E A
K, I HAR b 2% s HR B I R] PR A% B ki, B,
BEM %o I 5 ik B k43 1) 45 3, POD &R H
AR H I POD BB J7 0 121 57 o B ok =X Fe
B Ja, BB FERT AR BT RAFRIAE R, R 1B TR
(R 30 5 T B A 10 Ak R AE AN I 2 T SRR
FE, LLJ4TT POD 5 B B i 84 25 X BEM 25

FRAR X 5 22

MBS B 6 LA 1R LE ), B TR I 18
B (x = 0) FEWIIAIT B (020 s) R ZE 8 KA (X
HH T 7 3 5 B WT AR T FE R 0 B S8R it in— AN
THREE g = 5 x 10° W/m?, ZHLF et 5
B, B[R] 5K B RN M SR WA i B 5 45
FIREE, — AT 45 AR I LR /MR )25 K
AT DACKCE 120 ST W AR B Berh 54 RS B2, VR4
TH LI 22 30wk [13]), Bk b, R EOL AT,
t=4,812,---,100 s B Z 136 35 45 FAE R
FERE S, FRAGHIRT 5 B POD BLASHE [, PRI 170 iy
R RGHFICES T R SRR I

700

600

500

4001

3001

Temperature/C

2001

100}

Time/s
K7 (FITIRE ) TR o B 77 10 A9 e IR B B S (A A
W (2D %A 2)
Fig. 7. (color online) Temperature versus time at different

points under time-varying boundary condition 2.
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Fig. 8. (color online) Temperature on the up side of the

plate at different time under time-varying boundary

condition 2.
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Table 1. Computed temperatures and relative errors on the left side, midline and right side of the plate

under constant boundary condition 1.

Time/s z=0 T =175 z=15
POD BEM  Errors/% POD BEM  Errors/% POD BEM  Errors/%
2 102.127  82.516 23.766 20.107  20.157 0.245 20.179 20.070 0.542
6 158.670 149.879 5.865 22.103  22.646 2.395 20.030  20.111 0.402
10 198.813 192.180 3.451 29.732  29.519 0.723 20.253  20.343 0.443
14 231.842 226.255 2.469 40.557  39.758 2.012 20.815  21.093 1.315
18 260.836 255.879 1.937 52.994  51.821 2.264 22.306  22.735 1.887
22 287.154 282.619 1.605 66.209  64.805 2.166 25.038  25.515 1.869
26 311.497 307.274 1.374 79.791  78.248 1.971 29.076  29.512 1.478
30 334.284 330.310 1.203 93.544  91.920 1.767 34.359  34.698 0.975
50 432.611 429.497 0.725 162.923 161.191 1.075 75.253  74.896 0.477
70 515.849 513.287 0.499 232.410 230.672 0.753 131.000 130.095 0.696
90 591.923 589.704 0.376 301.891 300.160 0.576 193.902 192.655 0.647
®2 PRAIDG P AL T TSR B KA R 2 (AL Sk 2)

Table 2. Computed temperatures and relative errors on the left side, midline and right side of the plate

under time-varying boundary condition 2.

=0 x=17.5 x =15
Time/s
POD BEM  Errors/% POD BEM  Errors/% POD BEM  Errors/%
10 94.065  98.152 4.163 20.885  21.529 2.993 20.106  20.072 0.169
20 316.121 322.422 1.954 37.773  40.856 7.545 20.801  21.250 2.115
30 474.106 476.133 0.426 87.430  91.290 4.229 26.620  28.577 6.849
40 423.700 420.817 0.685 146.225 147.842 1.093 44.898  48.078 6.616
50 316.832 315.426 0.446 178.295 177.882 0.232 74.766  77.469 3.489
60 381.085 385.258 1.083 187.579 188.332 0.400 105.857 107.217 1.268
70 584.921 590.504 0.945 211.817 215.194 1.569 131.396 132.541 0.864
80 686.127 686.911 0.114 266.581 270.151 1.321 156.589 158.916 1.465
90 592.025 588.984 0.516 322.190 323.240 0.325 189.750 192.836 1.600
100 497.657 497.505 0.031 347.707 347.267 0.127 229.181 231.408 0.962
700
600
8 500 o)
[ >
2 400f 5
g 300 E
s 2
& 200 E’
100 |
0 F
—100 . . . . —100
0 20 40 60 80 100
Time/s z-coordinate/cm
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Fig. 9.

different points under time-varying boundary condi-

(color online) Temperature versus time at

tion 3.

014701-9

AR FEA 3)
Fig. 10. (color online) Temperature on the up side of
the plate at different time under time-varying bound-

ary condition 3.
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Table 3. Computed temperatures and relative errors on the left side, midline and right side of the plate

under time-varying boundary condition 3.

z=0 =175 =15
Time/s
POD BEM  Errors/% POD BEM  Errors/% POD BEM  Errors/%
10 92.928  98.137 5.308 22.156  21.223 4.397 12.245 4.441 175.705
20 312.659 322.172 2.953 39.093  36.685 6.566 —17.964 —39.234 —54.214
30 469.173  474.417 1.106 79.696  77.032 3.459 —42.128 —62.649 —32.755
40 417.081 415.201 0.453 124.139 122.273 1.526 —25.573 —32.085 —20.296
50 305.648 303.932 0.565 147.960 146.306 1.130 18.632 18.384 1.352
60 362.614 367.814 1.414 157.418 154.665 1.780 45.623 34.165 33.536
70 559.613 567.996 1.476 180.077 176.155 2.227 42.485 18.440 130.392
80 656.230 659.128 0.440 223.932 220.121 1.731 45.426 25.534 77.903
90 557.763 554.416 0.604 265.552  262.592 1.127 84.728 79.040 7.196
100 456.560 455.223 0.294 284.819 281.813 1.066 138.908  135.907 2.208
700 T T T T 600
600 500
o 900F o oo
~
2 400t ¢
5 2 300
g 300f g
<% [
g S 200
@ 200 E':D
100
100
ol 0
—100 . . L . —100 . .
20 40 60 80 100 5 10 15
Time/s z-coordinate/cm
11 (PRI TS 2 o7 o KA 5 L B 12 (RITIRE) AR L3t R I 206 B (vt

[ AR (B AR 261 4)
Fig. 11.

different points under time-varying boundary condi-

(color online) Temperature versus time at

tion 4.

AT A 4)
Fig. 12. (color online) Temperature on the up side of
the plate at different time under time-varying bound-

ary condition 4.
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Table 4. Computed temperatures and relative errors on the left side, interior point and right side of the

plate under time-varying boundary condition 4.

Time/s z=0 z =10 =15

POD BEM  Errors/% POD BEM  Errors/% POD BEM  Errors/%
10 93.656  98.144 4.573 19.385  19.598 1.087 16.643 13.871 19.989
20 315.149 322.312 2.222 20.383  21.861 6.757 9.433 4.018 134.759
30 472.203 475.533 0.700 34.156  36.933 7.518 4.185 —2.998 —239.564
40 420.143 418.980 0.278 61.630 64.038 3.760 8.743 —0.608 —1537.687
50 310.612 311.315 0.226 87.300  88.183 1.001 22.548  9.227 144.365
60 370.993 377.625 1.756 99.929  100.138 0.209 35.442  17.193 106.143
70 569.601 577.952 1.445 107.898 108.846 0.870 40.789  18.657 118.633
80 664.127 667.940 0.571 125.921 127.338 1.113 43.896 19.196 128.667
90 561.825 562.022 0.035 152.644 152.855 0.138 53.146  25.379 109.409
100 457.688 460.931 0.703 172.248 170.544 0.999 66.886 34.360 94.661
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Fig. 13. Geometry and boundary conditions of the
cylinder parts.
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Fig. 14. BEM model of the cylinder parts.
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Fig. 17. (color online) Temperature versus time at

different points under constant boundary condition 1.
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Fig. 18. (color online) Temperature along z-direction
axis of the cylinder parts at different time under con-

stant boundary condition 1.
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Table 5. Computed temperatures and relative errors at the points A, B and C of the cylinder parts under

constant boundary condition 1.

Time/s A b ¢
POD BEM  Errors/% POD BEM  Errors/% POD BEM  Errors/%
10 0.248 0.484 48.762 12.089 11.420 5.858 96.048 91.931 4.478
20 4.905 5.045 2.770 38.330  36.972 3.672 143.910 140.922 2.120
30 14.825  14.739 0.583 64.823  63.355 2.318 181.831 179.321 1.399
40 28.400  28.136 0.937 90.056  88.618 1.623 214.368 212.168 1.037
50 44.487  44.067 0.953 114.191 112.816 1.219 243.432 241.475 0.810
60 62.299  61.741 0.904 137.533 136.221 0.963 270.146 268.388 0.655
70 81.295  80.618 0.839 160.323 159.066 0.790 295.254  293.656 0.544
80 101.104 100.329 0.773 182.734 181.522 0.668 319.259 317.787 0.463
90 121.472  120.615 0.711 204.884 203.709 0.577 342.506 341.133 0.403
100 142.223 141.300 0.653 226.855 225.709 0.508 365.233  363.935 0.357

AR CTTIENG 2310 4N F BH BE I B0ay 7 FR LR
fiff ) L, B SR 5 AN L BB SRR I . 1T 4
THEBOD TR LE, B =AY SR
i[RI AR A, B 17 AT LA ) TR — B Z1 B A
T R P B v T N T T R IR, HL, % AU
LB R BA T (0] T . XA S R AR A B SR A AR
RN, oAbl R AR R, B I8GH T
[ A Ak P — 2R A R AE AN RIS 20 SRR . I 5
— AN B 2 R UL TR, TR R
AR, LA A P S B R ] I ) A A
A, R 5HIH T BRI = AN SRS A ZI
THELR B LUK HT POD 5 B BB AR L 45 S X BEM
SE R RRZE.

BT B 18 FIZR 5 AT LLE Y, B T R4 SR

450

4001
3501
300
250
200
150

Temperature/C

100
501

0
—50

0 2.0 4.0 6.0 8.0 100
Time/s

K19 (MFIR ) 5 I BRI R 324l (N3l At

%1 2)

Fig. 19.

at different points under time-varying boundary

(color online) Temperature versus time

condition 2.
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Fig. 20. (color online) Temperature along z-direction
axis of the cylinder parts at different time under time-

varying boundary condition 2.

014701-13


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

) I % R Acta Phys. Sin.

Vol. 65, No. 1 (2016) 014701

Table 6. Computed temperatures and relative errors at the points A, B and C of the cylinder parts under

#6 [HtER A, B, C mab ik S FARK R ZE (AR 2% 2)

time-varying boundary condition 2.

A B C
Time/s
POD BEM  Errors/% POD BEM  Errors/% POD BEM  Errors/%
10 —0.063  0.064 198.991 1.968 2.898 32.089 48.851  51.865 5.812
20 1.516 2.302 34.142 26.615  29.604 10.094 186.066 189.736 1.934
30 10.905  12.523 12.923 74.668  76.388 2.252 237.111 236.557 0.234
40 28.845 30.250 4.644 102.775 102.036 0.724 176.557 174.888 0.955
50 46.384  47.205 1.739 105.229 105.574 0.327 190.950 193.264 1.197
60 60.464  61.604 1.850 125.452 128.192 2.137 309.849 313.189 1.067
70 78.444  80.180 2.165 169.729 171.377 0.961 349.030 348.390 0.184
80 102.284 103.663 1.331 195.120 194.390 0.376 280.445 278.827 0.580
90 123.874 124.596 0.580 195.688 196.077 0.198 289.340 291.770 0.833
100 140.735 141.747 0.713 214.613 217.408 1.286 404.466 407.941 0.852
350 350
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—* —BEM 100 s
250 250
2 s»
E 200 o 200}
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Fig. 21. (color online) Temperature versus time at

different points under time-varying boundary condi-

tion 3.
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Fig. 22. (color online) Temperature along z-direction

axis of the cylinder parts at different time under time-

varying boundary condition 3.
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Table 7. Computed temperatures and relative errors along the radial line on the bottom surface of the

cylinder parts at different time under time-varying boundary condition 3.

Radius/m 50 s 70 s 90 s
POD BEM Errors/% POD BEM Errors/% POD BEM  Errors/%
0.02 37.650 38.266 1.611 63.315 64.668 2.092 100.019 100.382 0.361
0.022 37.412  38.033 1.633 63.047 64.399 2.100 99.719  100.086 0.367
0.024 36.771  37.407 1.700 62.360 63.709 2.117 98.905  99.288 0.386
0.026 35.778  36.438 1.811 61.298 62.640 2.143 97.643  98.052 0.417
0.028 34.517 35.207 1.960 59.949 61.282 2.176 96.043  96.483 0.456
0.03 33.105 33.830 2.142 58.438 59.761 2.214 94.253 94.729 0.503
0.032 31.690 32.450 2.341 56.921 58.234 2.254 92.458  92.971 0.551
0.034 30.427 31.218 2.534 55.567 56.871 2.291 90.857  91.402 0.596
0.036 29.448 30.263 2.694 54.519 55.815 2.322 89.615  90.185 0.632
0.038 28.835 29.666 2.800 53.864 55.155 2.342 88.837  89.424 0.656
0.04 28.725  29.557 2.817 53.752 55.044 2.346 88.696 89.284 0.659
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Fig. 23. (color online) Temperature along the radial
line on the bottom surface of the cylinder parts at dif-

ferent time under time-varying boundary condition 3.
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Abstract

Boundary element method (BEM) is widely used in engineering analysis, especially in solving the transient heat
conduction problem because of the advantage that only boundary of the problem needs to be discretized into elements.
The general procedure of solving the variable-coefficient transient heat conduction problem by using the BEM is as follows.
First, the governing differential equations are transformed into the boundary-domain integral equations by adopting the
basic solution of the linear and homogeneous heat conduction problem—Green function. Second, domain integrals in the
integral equation are converted into boundary integrals by the radial integral method or the dual reciprocity method.
Finally, the time difference propulsion technology is used to solve the discrete time differential equations. A large number
of practical examples verify the correctness and validity of the BEM in solving the variable coefficient of transient heat
conduction problem. However, two deficiencies are encountered when the system of time differential equations is solved
with the time difference method, i.e., one is the stability of the algorithm, which is closely related to the time step
size, and the other is time-consuming when the freedom degree of the problem is large and all specified time steps are

considered, because a system of linear equations needs to be solved in each time step. Therefore, in this paper we present
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a reduced order model analysis method of solving the variable-coefficient transient heat conduction problem based on
BEM by using the model reduction method of proper orthogonal decomposition (POD). For variable-coefficient transient
heat conduction problems, the discrete integral equations which are suitable for order reduction operation are deduced
by using the BEM, the reduced order model is established by using the model reduction method of POD, and a low-
dimensional approximate description of the transient heat conduction problem under time-varying boundary condition
is obtained by projection of the initial discrete integral equations on some few dominant POD modes obtained from
the problem under constant boundary conditions. First, for a variable coefficient transient heat conduction problem,
boundary-domain integral equations are established and the domain integrals are transformed into boundary integrals
by using the radial integration method. Second, the time differential equations with discrete format which is suitable for
order reduction operation are obtained by reorganizing the integral equations. Third, the POD modes are developed by
calculating the eigenvectors of an autocorrelation matrix composed of snapshots which are clustered by the given results
obtained from experiments, BEM or other numerical methods for transient heat transfer problem with constant boundary
conditions. Finally, the reduced order model is established and solved by projecting the time differential equations on
reduced POD modes. Examples show that the method developed in this paper is correct and effective. It is shown
that 1) the low order POD modes determined under constant boundary conditions can be used to accurately analyze
the temperature field of transient heat conduction problems with the same geometric domain but a variety of smooth
and time-varying boundary conditions; 2) the establishment of low order model solves the problem of heavy workload
encountered in BEM where a set of large linear equations will be formed and solved in each time step when using the

time difference method to solve the large time differential equations.

Keywords: boundary element method, variable coefficient of transient heat conduction, proper orthogo-

nal decomposition, reduced order model
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