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U P AR R 2 BRI B AN E L, SR T — AT 2 T Huber BB A AR R R 2 08
Pk AR e [m R R D 2 M AR 1 B8Rtk E, FUH Huber M T SE SEELIRAS I 00 58
W, HE PG B BRI A 1 A A HE I AR S TR IS B 3E T Huber BB AR /K S8 BER VL. B
it 7 Huber AQHT B 5 V15 D7 X0 ST BR R VL RE (IR0 383 X 47 67 F AR R BR AR RAT SR ER BRI A58
BIUSAE 1 BB 5 R ER P BE UL T4 G i A AR /R B IR LI

KR Huber J5ik, BAR/RSIERA, HIRIRES, BEBAEE
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H A R R 2 18 T S B AR B A ik s — e 5
VAR E A r BRI L S O 5 A, R
B9y AT HAEA A 2N A, BT Hiris
ITRE AR LM BB R A ENE 2 HFRME
FRINEESE, 115 H bR R BE R 0 R 48 P4 58 A2 A
R EIVRTS

LRI T2 M TE A2, BHER
PRIEE I PR Ak UL B AR LR T R 4
XF 5 90 M2 B AN TE O R R A TH R IR AL A
TEPIR. B UG J7 8, Wikl 1R A% (praticle
filter, PF) =4 i J B Ak 25 2 B AN (AL 188, (EL: H
TirEEE X, SEHMEA K. R I7 %
OB S B R A R . B AR
RN Y R IKZIEP A (extend Kalman filter,
EKF) B9l EKF %A —Fr 22 e s 3R 2k 1 o
#, HoatSERE EE A RR 3 — R R HE, 4
31 RGN AR SR B RBUE , EKF 2238 R K

DOI: 10.7498/aps.65.088401

frugpinz, LR RS MBUKHELSR. B, &
BRUERS FE T = AR M R R B R A — AR
YRS T7 12 AT LG — i3 1 2 4 AR e ik
BRIEICRR 3 1) B, (H R AR A SR AT L P . BRI, )
252 1Y S U7 2% 2 BB 0 An A v R T AR v T A
i 2 AEAR St B B O

Z AR AR 2 1k o B AR 3 AL 5 ik E E A
Ak 2 A B 5 AR ST ALLRT R 2 5 R R B ) 30 AL R A
Ak 2 1 bR 5 A AL 32 22 ) 22 0 X O 3 10
Lt B X R R IE B A EKF M Z 77
JEP B8 (divided difference filter, DDF) Bl — %
Xof Ak 2 EE o BRI 3 ALl BE AT B R 2R 1 ek E )
U AAAR T 25 5, DR G AR 2 1 R R 2 8 i #1222
AT AL T ¥k g xk v J0 R R R B A AL X —
FARIE L A T 3 RIK 2 IR S (unscented
Kalman filter, UKF) [>6:71, 2% # /R 2 38 )% 2%
(cubature Kalman filter, CKF) &9, & #7-J5 Kk
R K 2 JE P % (Gausss-Hermite Kalman filter,
GHKF) Bl IR S 40T 15 1) 28 B R R 2 8 0 4

(spherical simplex-radial cubature Kalman filter,
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SSRCKF) [10]. UKF AT 58 LU B, S ks
[Zim T EKF. GHKF 52 i 37 - 252 OK R SR AR 73 i
VU R E D S0 0 U8 B o A B, R U R A A
e PRI AU JZ, (B L H BB S B A IR 4 2 4R
Bk, 5 4R . CKF 5l 7 EKF 7658
LM RG T RRYE, HEWI 0 R RALR T
e JT AL ) 22 4 A 2 M o B 0 B O T SRS
ZYE LT R AR B, S 1Rtk RE. AR
CKF A7 — L8k i, K5 R REIA B =, Bk,
K FH B 55050 v 0 A AR UE T, AT AR AT i B A AR R OR
2 38 5 1% (high-degree cubature Kalman filter,
HCKF) [911- 131,

N T HBREN TR E, RGHRA — &5t
e P ) IE U A%, Huber 52 H 7 M Ak i 041910 b —
A2, B X v 20 70 AT PR AEAE R AR 0] SRR T
Huber 7572 10=20). Huber J5i%/& —F L1 /1o IR A
YA AN BR B S LAl T 0705, SR T2
T Lo JEE Al v J7 V. B Huber 75 B H T & Ff
JEB AR, TR A RO . N =
AR IR S UE B ERRIRE L, 450K Huber 777
Sh 4 DU Sy B N T i A AR R R 8RR R
Sk e L2210 BT — R B Huber [ 5 B 25 41
RIR 2 JE P #% (Huber-based high-degree cubature
Kalman filter, HHCKF) #R R 5%, 5038 F2 ) 5
Fror R, MR EE. A s I AR R
/R UER AT B . 2875 6 B AR ER
BRANFEN RAT S ERER PN S5, S0AIE 1 BT SRR A
.

2 EWMAHERBWE S
2.1 E&MSENERAE
2 ReUn N A2 B U [R] B 1) R G

xp = f(xr_1) + vi_1, (1)
ZE = h(:l?k) + wg, (2)

HHt, xp, € R Mz, € R™ 53 Al R RE 1) A
A, R AR™ 7500 n 4EF m 4ERK L H 152
[, £ A h N EREIAEL M R H v Alw), 23
ENER T A S J7 220008 Q1 1 Ry,.
T TR N ARSIt BN 1 R G, HE T
0T A - B AN E AR 4 BRI, AT DAAS 2 sy i AL

PEWTTE. T R m AT Y, BARAR B
W B AL 7R U R -

1(f)= | f@N@z P
~ Y wif(X)), )

Hr f(x) NAELYEREG X = 2 + VPE Al w;
3 RIS AR RLE, & = /ne;, e; € R,
FoRF AN TR N LI ERAL I & m AR R AL
DAL sk, ik T 5B AR 43 1) vy 30 A I8 T A S &5 T

T B,
1) ] 58
Tpk—1 = sz‘f(Xi)a (4)
i=1

Pyjj_1 = Z wi(F(Xi) = Eppp—1) (F (i) —Brjp—1) "

+ Qk—la (5)

Horb xi = S& + @p—1jk—1, Pi_1jp—1 = SS™.
2) =i B BT

Tk = Trjp—1 + Ki(2r — Zijp—1), (6)
Py, = Py—1 — Ky PLK}, (7)
Hrp,
Kk :sz(Pzz+Rk)_1a (8)
Zre1 = > wih(N), (9)
i=1

P, = sz(Az — Eppp—1) (R(N) = Zrpe—1)
i=1
(10)
P.. =Y wi(h(\) = Zgp—1) (R(N) = Zg—)”
i=1

b, Ay = 8¢ + @15 Py = SST.

2.2 =MEFUEN

fEn e R ARASER T, A M U R T
Hiid Ay (11

1= flx)e ™ *da. (12)

Lx=ry, L yNHARE, WHLEyly=1 1
MU, = {y € R"|yTy = 1}. HILAH, Tx = 2.
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iy
1(f) = /Ooo /U Flryym e do(y)dr, (13)

oy, o () NERARZR T X RL T 7] Ry AR 23 X
s, BT AR 73 T LAY i N ER AR 2> A4 AR 73, JF
5 REER 7

50 = | fewast)
Ls
~ Y weif (ry:), (14)
i=1
R(r) = /0OO S(ryrmt e dr

L,

~ D wnS(ry). (15)

X F BRI, % 18 f(2) = afiaf . ol
ptt o, B> di < d —HOA, d < 3R

=1

KB, d > 5 B oym b2l i F R S

& 58 4 R BRI A B K ARG R AL 0 A 2

(4 B B R I 15 31 o i B A7 BR T AR 3R T AR A

A, = 2I"(1/2)/T(n/2) = 2/7"/T(n/2), FTLA =

B ERIEAE N 150y
Ay &

= oo D _fres) + f(-ren).  (16)

=1
ST 1) U, )R v T - 2R 3 IS AR
R 05 AR, W = ) 591

Ry(r) = ;r@)s( ’;) (17)

¥ (16) A1 (17) 2o mIARNEF] (14) F1 (15) 0,
W (13) 2 =P SR AE N AT R N

1= [ et fr)anty

S3(r)

L,

L
= wejwe i f(rjys)

Horr, T() A ek £, € SN
T'(z) = /00 e~ it771dt.
0

PA_E s O9 FE A, PIH =oi BR T -4 1) 2 Ao U
FIAR 7 B Y P B = i A, R

/ F(x)N(x: %, P,)
1

T
2P, x +x)e ® ®dx

= % 3 (f(\/mei
i=1

+ @)+ f(—v/nPye; +:rc)). (19)
FH UG AT, =B BRI -2 () 25 AR U BT FH 280 ) SR AR
53 AN ECA 2n.

2.3 EMEFVEN
K AL =B S AR W 4 5 0532, BBk T
HEN Ry 511
Ss(r)
A n(n—1)/2

+ f(rp;y ) + f(=rp;)]
4—n)A, <
g, Solf(re + flored], (20)

i=1

Forb, KBV s p Mp; IR R

1
py = \/;(ej + ex),

.]<k7 j?k:]-:zv"'yn

(21)
p; = 1(ej—ek),

2
j< k7 jak:1727"' y 1.
X TR B AR e HE D, AN IE A SR A v T - A 2R A 2K
TX LR FH AR DU R g v 112,
4 S(r) =l /RN (15) 4%

/0 rlrn=le " dr = ;F(n ;_ l>. (22)
T2 FL AR TR ) (5511 T DL

Rs(r) = ni”r (Z) S(0)

RUON Y.
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FALTF =B A AN, e ER T AE D (20) XA
A2 1 AE U (23) 3CAT A B T 0 A R B L
FHEN

f@)N (@2, Py)
2 _
=2 5@
1 n(n—1)/2
e Z {f[V/(n+2)P.p] + 7]

+f—\/ﬁ2“+x
+f[\/(n+2)PI T+ @
—\/n+2 ;—I—:T:

2nn+22Z

+ fI-V(n + 2)Pee;] + &} (24)
IR b o B R AR AE U A R SR AR 43 A 2n2 1, B
BUE N

V(n+2)P.e; + |

-

Siri =T+ /(n+2)P,p],

@%ﬁﬂﬂzzf¢?¢?‘@;

Enin—1)+14+i = T ++/(n+2)Pup;

6%4—14—1 z—/(n+2)Pup;, (25)
P ; b

Sonn—1)+14j = T + /(n + 2) P.ey,

$nzn—1)+14j = T — /(n + 2) Pyey,

j=1,2-,n.

Horp, pf Mpr BRIEAN (21) X KB S
BE N

2

w1:n+2, 1=1,

w':; i=2 - 2n2—92n+1
Ty T (20
B 4—n

YT ot 2)2
i=2n%—-2n+2--,2n%+ 1.

3 St & B I L Huber 77 %

Huber $2 H (i v+ 05 i%, RIET SR Al It
TR LR A SRR s U i/ MEL. K

Huber M fi it R i T HCKF, o528 & 56 37 1 5
X, B —Fioks B T HCKF K357 (1 5325,
T, 8 Sk B RS TR 22
€k = Tk — Tglp—1, (27)
Horb, @ RORES A, -1 MRS TIE.
X g 5 FR AR A AL A
zr =~ h(Zpp—1) + Hi(xp — Tijp—1), (28)

Sooh, BEARESE X Hy = (Py)_, Py.)™.
th B R, 7T DLRIE R (2 b [ )5 R

zp — h(Zpp-1) + Hpgpp—1
i Th|k—1
H,
= M e | (29)
I —€k
TE X
yp =S’ [Zk — h(Zpp-1) + HiZpp—1; ik|k—1} 5
(30)
Hrr, Sy, = diag([Ry, Prjg—1])-
M (29) AT Aek 5 %
Yr = Myxy + 0, (31)
Hep, My, = S, % [Hy; I), e = S, [wk, —&g).
5E M AT Huber 1047 85
m—+n
J(zr) = Z p(vi), (32)
i=1

Hor v, WRZERE v = Mz, —yi, 5 i M &
KU EL p(v;) A

2 joi] <
5V (% Hy
p(v;) =< 2 1 (33)

plvi| — §M2; lvi| > p,

Hodr p RAFATH T, EASCH, pE1.345. RONTE
W AT, IZBUE A TR 2T 1,
TG TR I 95% 221,

XF TR BR A, 8 i 72 ) i SR 3 1 2
RIEME. 2 p(vi) = pf(vi), XY BRECK i
F133

m—+n 31)-
> o005 =0 (34)
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>N )

ooy =Tl
psgn(v;), [vil = p.
E LR E Y (vs) = p(v;)/vs, R E X T =
diag[t(v;)]. AN (34) it E3
A @y SRAR, 15 B
a9 = (MO M) T M Dy, (37)
Horp, jARERER R EL. Jvfai g, AR EuE N 1.
ERFIEEICN ¥ = (MT M)~ My, 20, %
REWR G, BRMER T 28

Py = (MU M,,) " (38)

4 E T Huber i & W 2+ /K 2 8
S

¥ 138 0 Huber 7755 @ S UEEMH S &,
FERN AR R IR EEHESL T, ¥ Huber J7
GBS TE R b, R BRI s B e B e B
%, BTHHCKF Hik. 856 2.1/, a5 R,

WIgE: 20 = Elxo], Py =
20)T].

B 5] BB A D) BT G 2.1 /N R A R, 2
TG B R R B 5E, RS I THE R
Ji 725yl (4) 0 (5) Rk AR Ho, KRR
e FORUER L (25) F1(26) K.

B

1) v 5 kI 20 (R — I 20 7 & I S A,
(9)

2) THE PN B 7 2R, W (10) 2
3) MR AL RIATT R, 40 (29), (31) 2

)
) 3U

i

Ef(zo — @0)(x0 —

4 ﬁm?iﬁzﬂwﬁmd\{aﬂt SRR b THE,

(37

5) Bx):, AR 77 FE (38) R AR A 1R 22 B

F UL R] A, 5T Huber &2

R DU R

1) HHCKF ¥4 Huber 77 V£ 8 F] T HCKF ) &

DR b B Huber 77k B4R 5. 78 5 0 A i
W N, HHCKF #& & 1 IR B, B e AR i 1

FARIR 2 98B

2) HHCKF 454 7 Huber J5 V2 Fl 5 T = B 2%
ARV U ) DL i B A SR, e % ORAIE 5505 1 AT 2
PE, 752 =1 I8 R B2 16 [F) B, HHCKF 233 n— 52
Tt

5 FELK

N T AR A ST I HHCKF 503 1A 23801k,
A 50 S 2 UE AR B P 5 AR 5 iR =2
(root mean square error, RMSE) 1 & 4 5 (1)
B s bndE. U5 BB o 5] 2 2077 1 B bR ER BT
AT ERERER.

5.1 S : g5 BFRiRERER

i EREZREMABERAGNE
VR G, SR LB Bk W HLO AR B AR T
5, SCHLH FR P Y ST R IR ER, W4 B A
FE P AEAR I, 8BS EKF B UKF 567,
GHKF P!, CKF3® HCKFU!'-'3 SSRCKF3!
H SSRCKF5 10 A SCHR H i A EL AR

TEZHHERRBIRART, REKE NNz, =
[Tk, Yk, Th, Uk] T Tk, Y A e, e 20 ) 7 BR R H
PRLE 2,y 7 17 A7 BRI B, H AR is 3 1
TTEN

Ty = Frep_1 + qi—1, (39)

Horb, quy REIENFWIT 20 Q-1 F 17 11
Fy, M1 Qy.—y IR

10At 0
01 0 At
Fk: P
001 0
000 1
1 1 i
A2 0 A2 0
3 1 2 1
0 A2 0 =A#
Qr1 = 1 3 2 q, (40)
5At2 0 At 0
0 fAtQ 0 At
Hr A :0017'34£$E’J${< q_01jjﬂ;; 1
TR

HArizsh i &5 #E 8
0;, = arctan (yk y) +r, 1=1,2, (41)

— gt
Tk Sy
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Hoh, [s, st] RARRRES i AL E, ASLHITH 3R [s],
syl = [=1,-0.5], [s3, s7] = [1,1]; r}, A7,
R =T A6 N(0,0.052).

HARMIEIIRE R E AN ¢ = [0,0,1,0]T, &E
JEVE AR IR IR MBI A &0 = [0,0,0,0]™, BILE P
T ZEH A Py = diag([0.1,0.1,10,10]). 15 E X
P2 A I B B TR A N = 600, A, DA E (S
e AN I~ J7 iR 38 7 R 2

RMSE
R I P o
= 22 2 (k= a0+ k- a7
i=1 k=1

(42)
Horh, o 2t 5 RN AL &y, 75 BN 8] Kk I 2]
55 RS R P 10 1 SAE AR B RS G THE; v
gL oy AR N8 By 7E B8 U ) K B 1 256 0 ISR
R~ 2 SR AR B RS A THE; M =50 &
INERER T IR
B4, RIS IR 6 HHCKE BRI AE 52
M. B 1R AR BN HHCKEF B 77
YRz, mE T RrE, U R e 1,345 B
RMSE 1A 25/, FAE LR 05 B, 1
Y)W E N 1.345.

0.085

0.080

0.075}

RMSE

0.070

0.065

09 1.0 1.1 1.2 13"14 1.5 1.6 1.7 1.8 1.9 2.0
m

K1 AFEEAEFN HHCKF $-F 5 iR 7 1R %
Fig. 1. RMSE of HHCKF under different turning pa-

rameters.

HR, R 1R T A E R EIEAE ARG 5
() J7 MR35 07 v 22 A — IR SRR D I AR T
W B 25 R, R 1 n DU, fE 4l 5 A B AR
EEgE B HHCKF R EEVERE L T HAb AR et &
IRZYEP A, UH R H AL S P AR R R 2 )8
2% (B0, HCKF 1 SSRCKF5) A tk, HHCKF fig
FESE N — & vH B R T 5 T, BRI H AR ERER 1

RMSE. B HHCKF LA jin— & i+ & & AR, #2
B TR
)5, B2 878 7 HHCKF A1 HCKF %f H##%L
WA EREREE SR, B 2 AT LU B HHCKE 11 BR B2 #h
T8 5 T T LSBT
1.5 T T T T
— HSA
| -- HCKF

0.5 - HHCKF
o (RIEEHLE

O Y e

1.0

> _osh o

2 (MFIRf) HCKF fl HHCKF [ IR B 45 4
Fig. 2. (color online) Trajectory tracking results based
on HCKF and HHCKF.

R BT 50 SRR S 05 50 H AR IR ERERE HLAEL
Table 1. Performance comparison of target tracking

over 50 Monte Carlo runs.

Algorithm RMSE Time/s
EKF 0.11959 0.0398
UKF 0.11832 0.2789

GHKF 0.11826 0.9359
CKF3 0.11827 0.2156
HCKF 0.11821 0.3202

SSRCKF3 0.11817 0.2332

SSRCKF5 0.11810 0.4506

HHCKF 0.07981 0.3669

5.2 SEf2: BN CITRIRERER

— M, AN RATER S E R HARIR
A =E 7 R SR ALK S B e, 45
PRERIR Z R P R TN AT R IR, W
K R P 58 o PR R B B0, DR T B, A9 ok 3 1)
HHCKF 757 HCKF 347 Lh 4.

BN KT EEZR AT, £,
RATEHEN KRR E, ZESAHEAIMER; =,
HhER E g 2R = BENLR R AR, RS
(A L HE H bRz AL B (21, 22)~ B FRIE3hIEE
(w3, xq) MBI HREL (s), W RAT IR EIR
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A& RIZN (1, B2, T3, 54, 5] T . HARIS B

a1 (t) = ws(t),
da(t) = wa(t),
t3(t) = D(t)ws(t) + G(t)ar (t) + wi(t),  (43)
4(t) = D(t)za(t) + G(t)z2(t) + wa(t),
a5(t) = ws(t),
Hrpb, w(t) = [wi(t), wa(t), ws(t))" ik 2 5

&, 28 Q) = diag([2.4064 x 107°,2.4064 x
107°,107%]). D(t) F1 G(t) 2 3 BH Sy A 5% F3 AT
JIMKT T, Fom A

D(#) = B(t) exp {m(’H‘ORt]}va),

G (44)
G =~
Hrh, R(t) = ai(t) + 23(t) & H b5 1 Bk 3k

OZEEE, V() = /23(t) +23(t) £ Hix
BANERE;, U EEHETER NG = —0.59783,
Hy = 13.406, Gmgo = 3.9860 x 10°, Ry = 6374 km.
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Abstract

In recent decades, nonlinear Kalman filtering based on Bayesian theory has been intensively studied to solve the
problem of state estimation in nonlinear dynamical system. Under the Gaussian assumption, Bayesian filtering can
provide a unified recursive solution to the estimation problem that is described as the calculation of Gaussian weighted
integrals. However it is typically intractable to directly calculate these integrals. The numerical integration methods
are required from a practical perspective. Therefore, nonlinear Kalman filters are generated by different numerical
integrations. As a representative of nonlinear Kalman filter, cubature Kalman filter (CKF) utilizes a numerical rule
based on the third-degree spherical-radial cubature rule to obtain better numerical stability, which is widely used in many
fields, e.g., positioning, attitude estimation, and communication. Target tracking can be generalized as the estimations
of the target position, the target velocity and other parameters. Hence, nonlinear Kalman filters can also be used to
perform target tracking, effectively. Since the CKF based on the third-degree cubature rule has a limited accuracy of
estimation, it is necessary to find a CKF based a cubature rule with higher accuracy in the case of target tracking system
with a large uncertainty. High-degree cubature Kalman filter is therefore proposed to implement state estimation due to
its higher numerical accuracy, which is preferred to solve the estimation problem existing in target tracking. To improve
the filtering accuracy and robustness of high-degree cubature Kalman filter, in this paper we present a new filtering
algorithm named Huber-based high-degree cubature Kalman filter (HHCKF) algorithm. After approximating nonlinear
measurements by using the statistical linear regression model, the measurement update is implemented by the Huber
M estimation. As a mixed estimation technique based on the minimum of /;-norm and l2-norm, the Huber estimator
has high robustness and numerical accuracy under the assumption of Gaussian measurement noises. Therefore, the
Huber-based high-degree cubature Kalman tracking algorithm is generated by combining the state prediction based on
the fifth-degree spherical radial rule. In this paper, the influence of tuning parameter on the tracking performance is
discussed by simulations. Simulations in the context of bearings only tracking and reentry vehicle tracking demonstrate

that the new HHCKF can improve the tracking performance significantly.

Keywords: Huber method, cubature Kalman filter, target tracking, filter accuracy
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