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PACS: 84.40.—x, 84.40.Ua, 07.07.Df, 07.50.Qx
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R IE ML LG R0 120 . BT A5 bl Bl
ERZEFFIK R ARENN R i p & L E= Brgis
(direction of arrival, DOA) /& % 5 H 2 1 P N Rl
ViR E. R, BEAE S VB (403 1 B E B A AR
i) CUEBLX BB (NMEEFIER T RS) K B
S T AUBL TR I N AR T AR R IE T R T, W LK
FEAT 5 AL BRI i A L NS i G (SR b
AR () ) AT DOA B RS I R0, SR BA b e A
BN 4515 5 A Iy Sk P AN 5% ) /L — 77 I
1T Nyquist SRAT & R R R AL 18 3K T4 Tkl
&5 MK AL, DA R EU 1 95 (analog
to digital converter, ADC) 584k A B a bt & R
FEELR; J5— 0710, H TR S35 S5 R 8 2K B
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K2 HHEE T AL GURH R 25 1 2 (8] 43 fifik (. 25
{5 5 43 2% (multiple signal classification, MUSIC)
A BN IE AL H ARG THE 5 23 (estimating
signal parameters via rotational invariance tech-
niques, ESPRIT) 5% 8 KAUSA (maximum like-
lihood, ML) 5.y, STk [6] &5 & PR 8 B it A% 46
(fast fourier transform, FFT) Fl ML 5ik S 25 i
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S 4 B AN [ A B 1) B oo b R AS [R]FR SR Rf
2, | F ESPRIT Hy% 5B A DOA LA fili it
SCHR (9] $2 tH — PR TE 458 FSE (frequency-space-
frequency)-MUSIC #.32%, B4 5 2 Yk F Fl MUSIC
SR BEAT R AEAE 0 A 5 AR e, AT SE AR R
DOA HBR & ffivh. (Ha2 L ESEEH 2 5 T 1L 45
Y5 6B AT Nyquist K Af e B, H R @& &N+
10 MHz {5 5.

IR, F b B 51 IR A RS AT B % (n
B /N TU AR B A L g5 /s 23 3 B B D20 F0 L 3R B
B (3= 101 28y B ARG (1 B A2 o AR R 2 [ PR 1) (7 )
THCNEETTIRIRE G ), SO ] TR 2 ) 5G|
X BC R B B A T, /N T AR B A R i /)N 2 IR B )
A BA WA R HEF I, BRI AE DL SE bR TR
M. H; T Vaidyanathan $2 H 1 B 28 B4 51| (coprime
array) 137101 K S0t I 9 i A (10 0 s i 1k 2
B IT=19) ) A R R R G X 3, (5N R R, 7E
W DOA fili v 535 J7 1, 38 5 75 SR X L i
FI R I By 5 22 1 B A0 R Niyquisst 25 [8]RAE 4 1
77 ZERERE, X A MUSIC 9 i i o 55 H8 N5 7
LR, HIX B T 88 ToVRAE RORFE SR A R Al
SHE F AR (SCHR [11—19] BN SR 4
CATEORALER), MU e 28T 4%, A ZERE
fliTh45.

SCHER [20] 42 H B B RCRFE R AF T RIS R S
DOA B & Al vh 8%, (H 2 1% Bk 7 Z 18 BB o
AT 2 IR SR CRAE (B R RS B K B R
TR H, RS FE o B A SR, A8 B 25 HiUd
HLH-AF # (discrete Fourier transform, DFT) 1 H
] A 30 B BB AR A o, TR 2 B o)k
FEAE ) DFT A AL 223818 DOA flivHA. REA, %
T3 E 0} LR U 2 OCRAE, AMUFEDR T 2 A
I, ANH TSR POE H bR, 107 H 2 18 R H i b 2 A7
A ASCHR LIRS IS JRCRFE T )3T B R B

fa=>

z21(n)  x22(n)

K1 HERMHMESI45H

Fig. 1. Structure of the proposed relaxed coprime sparse array.

z1,1(n)  x12(n)

FIHER S DOA BK & Al T, Bk EE Tl
FA e AR B 51, 8 P 58 e o [ A e 2
(closed-form Chinese remainder theorem, closed-
form CRT) 2! 15 Tsui 4% 1E % 22 45 &k, U
R 5 1 20 A1 B B 70 _E SR RO AT ORI AR
%R, B RTERAS m R R B AR 5 DOA BB & il
vk, AR KGR 1 IEmS . )7 BL45 RAUEW] 1 A& ST
Y RIBE A A T SR R AT AT, SRR B AR R
PEBE.

2 BEMBMES S5ETHER

H RGN E-WE 1 PR, B L(L > 1) A
1 25 B o 2 R AR B A1 R B B ). A B e IE) BE d
BRI ER:

d— A L—1
dl:MGFI :ﬁk];[lrk, 1<I<SL-1. (1)
(1) b d BN
L—1
d= M, [[ I, (2)

=1
o, X 9 FU VR ) B v RS A 56 IR R K (AR SCFR
BRI, My NIEFER, Wi Iy, Doy, Ty
HoNRB, BAR, (1) 1 (2) AT BMREd; > M /2,
1=1,2,---,L—1, BIREF)EA IR & (1) 25 [0 45 55 L
AN — R, K B 1 DOA K 0y HI N5 )
W HWRE NG SRR

so(t) = Aoexplj(21fot + o], (3)

b Ao, fo, o 2 AIFRIRAE S IR R A ARTAH.

P 1 L B 21 A B T RSB T PSR
FEHR AN fa1, foo BIADC KA S, X HATF
HH A

éfs2

zr1(n) xpa(n)
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fsl = anh fs? = Mf7727 (4)

oy Flmg A2 B2 BEE, My =B X My, nq,
ne MG FE R B, 7T UMETS fo, fio < fo, AL,
A B R TG 145 30 0 AT I 7] 385 = B KR A I A4
EAE TN

BRE Al T 28 HIAE S5, skt 78 ok 2 (B 48R0 N (]
5 N v B RCRFE 8 2 28, AUBUKSE L B 7T
LR HAT RCRFE B PAAERE (STHR [20] 75 22 4E R
FETG M2 UCRAE), ks BE AL T NS 5 1
MEE A DOA H.

3 MEMLITHEE
3.1 BHEHRMERMEITIRE
7 e RS R AR RS B R 2, AWK I ANRE Tk
PG SRR N
7(t) = Agexp(j2m fot + jor) + &i(t),
1=1,2, L (5)

Hor o Ko 5 5 BB M T AL, & () RanF
T EES. Kt =n/fa, t =n/fe RN (G) X,
AR AN M (P51,

: f
zuan) = AT £ G,
xl,2( ) A eJ(2‘rm +o1) _|_€ (n)
Heon=0,1,---, M;—1.

HI T RORHE, (6) AT fo/ far TN fo/ fao 98
AT 1, N F

fo/fa =n1+ f1,

{fo/fs2 =ny + f2,

0< fi,fa<1l.

(7)

Hr ny,ng € Z7,

HRAZ (6) A1 (7) 2, W a1 (n) Al 2y o(n) AT aE—
HHRINN
{xnm) = Aph ) LG,
zpa(n) = AgelCrfoznten) 4 ) (n),

Hd n=0,---,M;—1.

My = M, T = frmMmm, m=1,2. (9)
(4) F(9) AN (7) X, FH
ny M +71=n M + M7
ny My 1 1M+ fLMy (10)
ngMs + 7y = ng My + fo M.

(10) TERFFE SCHR [21) B9 XS5 [ R H0e 3
B (M, Mo NREAE, fL My, foMy AR ni,ng
NPT B, RBREAE T ANA— IR f1, fo BN
. FAN, Aflih 6y, (8) IIAHALAE o 75 Al vt
Hk.

3.2 EF CRTMi
ALt

DFT & & F i 450 2 AAR Ar U & = B, SR e
T[] 58 ()R T8 2 5 AR R A 5 00 20 08 0 AN
AR R, TEEREMNEET 5 H) DET H 315
T AR M A R AR O Al v B R A B A
KIERE IR X 3N S E A 1F. Sk [22) 12
[ Tsui fti 11485, R @S 1 0OEARERAERD o] 3R15 =
**J}%%ﬁ?{fmﬂa(E%ﬁiﬁiﬁm%ﬁ%%ﬁ%h
- DAL T R). #A SR A Toui fili v 88 24T 4
R IE, LA W E 2 FR.

EA3ITHHI R EH AR 2 R, W&
BTG 345 HARIE Sl vH A BE AR A Al v, 22
BRunr.

NSz (n) = Agexp[j(2n fon+vo)],
n=0,-,M—1 {{DFT, X (k),
EX (k) HIEEAE k=ke £i=0, k* =k,

s
| k:L:lchO.S, kr=k.+0.5 |

|

XR:

TR IE B B2 H FR 55 ZE

XL:

Zx(n)c—_ﬂnlw,n/M' , Zx(n)e_jznk,,n/M
n n

o

Y

A 4

B=Xr/(XL+XR) B=Xr/(Xr +Xr)
ke=kr—p ke=kr+p

l¢ ]
<

B

!

N f(] ke/ M, Ay = \X(k*)\/\sm(n&)/sm(m?/]\/[ﬂ
fiithi: o = ang[ X (k*)]|—nd(M—1)/ M

2 Tsui fhil-#RMAERE

Fig. 2. Overall dataflow of the Tsui estimator.
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TB1 EEEFEIANMETE((=1,2,---,L),
XREHFETFF 211 (n), 212(n) ¥IIZHRE 2 1] Tsui i
BeIE VAL HEAT 2 B0 3, 4 9078 B 2 R0 i 4R
{fi,l, @l,hz‘iz,l}*ﬂ {fl,Qa P1,25 AZ,Q}-

S®2 Wi RKA = fLuMm, 7 =
froMina; BAE N = My, My = My, R H i
SEHE T = 2. BIK L SHARN T A FTA BB
4 8 B R R, R AN TS R R
LR ).

i%z@ﬁ@ﬁ%%z:%@mMJ+
Aol UH M £ 4E J9 25 1/ I8 T8 169 AT BE A8
Bl @ = ang(2).

S5 IR 3 I 2% B P B4 A, A F T 0 T
v 3T o R EEHOME R, 9IS 48 DOA 147
TR,

3.3 RAGESIMERMIT

BESR DOA ZAEAN T NS AR fo Ja il 1, 45
fo WA THRE AN 2, HAG TR 2 & E 4 F] DOA il
T 25 fo (VRS FE M B InvE 2, X RTIRTS
188 B TN SR B KA T fo, WCF 2, BT

A N
Jo= ZZfo,l- (11)
=1

AR, NIHE B KA T A Ao = ¢f fo(c
HAH).

4 DOA kit

1B B 3 % i AE T so(t) BA A JE O N 5 3
B 1B 7 ) s 3L K 2 R 2 b, D G 5 A4 B o A
1+ LABETT T RIE] AR 22 T AR OR

A@r = @1 — @141 = (2md; sinbp) /Ao,
1=1,2,--  L—1. (12)

HITFETTIAlEE d; > M/2, BN Agy RELE
2 B AR, B

A(ﬁl = 2mn; + A(pl, Acpl S [0, 2T(),

1=1,2,-- L1, (13)
Hopn RARKRMBEL, Ay, = Ap; mod 21
(mod F/RBLERIERAE). K (12) F1 (13) AEEHLE I,

sinfp i n i Ay
)\0 dl 21 dl ’

_nl

[=1,2,---,L—1. (14)
$ (1) RANH (14) X,
- A
dsin 0y ZnZ'Meﬂ-Fﬁ'Meﬂ,
)\0 21
l=1,---,L—1. (15)
4
dsin6 A
Qo= 20 My = MyTy, mi= St Ml
)\0 21
(16)
BeaT (15) F(16) X, A
Qo = 1My + 1y,
Qo = na My + 13,
. (17)

Qo =np—1Mp_1+7rr_1.

AR, (17) R4 & b b CRT B, Jop
My, - My BB, r,- rpo RARREL,
i, npo NPT B B CRT MEHIE Qq
R EL 45 30 10 8 K A A o FRON (16) 3R, BT 45
DOA {1

fy = sin~? (QQXO /J) . (18)
5 Bk At &Y R URAR RO RE AT

5.1 BAEMITR2RE

T B T B ORI RCRBE RO
S5 425 2 1 A 3R R DOA B & 4 T 58 11 970 5 24 485
K 3 .

MBI 3T LA B, R LA 50 e b JF
1T RFEAR B 1 R 75U {21 (n), 210(n), 1 =
1,2, L} BN S 4128 43T CRT AR
IE SRR L MR A L1 48 (VDL 3.2 47 1 = 25 38) 9
TTHROBRS, o A A T for, -, for B
R 2A ST S BV AT 45 B\ 515 SR A THE fo; o Hoth
H MBS TS @y, -+, or HZE 45 2m BERR L ot
Al 7 AH 3 A1 B R & HE CRT M) I = MiE S ab 3
J&, BIA[ 735 DOA {11 .

AR, B3 I THE fo, Go S X BT
BURFEAT RORRE 5 1 b B 17 4 1 10, 7 L DOA
il VT I, TE 5 0 % B 70 R R RE (SCHk [20] 100 5 fif
L YCRAE), TR T A SCHE H IS A A 1 28 B30 40 3
M.
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z1,2(n) z21(n)  x22(n)

HFCRT HFCRT
FEAZ IER FORERE IE )
VN AL AR

fU,l

T S T T (I T

.f(LL—l

zr-11(n) xro12(n) xpi(n) xpa(n)

FTFCRT FTFCRT
FIREAE IE R FIREAZ IE B
AL AR T AL AR

_ e e — e e =

v
WA fo

DOARHHE 0,

B3 o ACRAE T A 5 MU DOA s i A

Fig. 3. Overall dataflow of the proposed frequency and DOA joint estimator.

5.2 BEXEMITERIERETHN

NG 5 PR DA B AN DOA A T g e 75
PR 7 T e e AR v TSSO Y

N SHE 5 B 0BG AT A2 8 22 R R
B M RIS ERAERARAIE. W 3 AT H, X % ko0
CLZ It IO N AR A5 fou,l =1, LA
R R BT 1L 7 o5 ) AN DR R R
FE IR

1M DOA i T ) e 75 & # 1 2 1 CRT #4414
RERERF LR RER. ST [21] CUEY: M
& # CRT R BURE BV LIRS T & BAE &
KA 23 (greatest common divisor, ged) 11/4,
i1 T (16) N CRT B AL i (A 9 My = M1,
I = 1,2,---,L—1, MHMETTRERT LIRA
ged{ My, -+, Mp_1}/4 = Mp/4. BEHINFEIT
S5+ 1"@755’]@ BAINLZE 9 Ay, AL 22 I
WENe, BIA

App=Ap;+¢, 1=1,2,--- L —1. (19)

WU CRT HLA4 (R AR B0R 22 B A2

A@l Ay,

|7y — 1| = Mfl*iMeFl

i My
= — Myl g )
21 o5t 4
[=1,2,--- L —1, (20)
RIARAL ZE P &R 22 oy BRI 2
T
< — =1,2,---,L—1. 21
el < 5 | 21)

D) RFW: BHA{D, -, T MEBK N
B G (B BE o 8RR, AH AT 22 WU i 22 1) 25 4 1 PR
AU/, AT AT A5 H 4518 DOA il i1 o e 5 45
PE 5 BE B R 0 5 A L

6.1 SAZEMDOABK&MHIT

BEIMEIN RN S HRE DT 6 =
8°, M WA M XUk BE (RN f € [8,12] GHz, #f
JSE B BE B B AL B KA = ¢/ fimax = 0.025 m);
A Hb B 51 45 e LE (signal-to-noise ratio, SNR) %
N5 dB, UL = 3, My = 2, HEEH
{1y = {5,7} MR (1) A(2) X w] 5
JC (A BA:{dy,do} = {0.175 m,0.125 m}. & %K,
dy,do > \/2, BEFEAGIR & (1 723 ()W 6 FE
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Xt (3) X B IESHE W R fo =8 GHz
(Ao = ¢/fo = 0.0375 mm), Ay = 2, ¢o = 100°;
FAN, HEBMH (1,2} = {5011,5021}, HRIA%
M = 1024. AR (4) 20 A ADC R FEIE A
BN fo = My = 5.131264 MHz, fo = My =
5.141504 MHz. &8, fa, fo < fo, BT H I
RRAEIE L.

FLHIH T AR I BE S il v 28 D0 55 ) %
B O AT 2R A B 24 A2 A THE AT DOA i o

LS 25 B (SUHR [20] B G Al TH 48 R BB TE 2 Ik
IRRFEFFAE T TAE, MOCHEFE IR FFAT RRAE 5%
PEF TARBIA SCHR W B IRA il Th 20T ).

*1  JiE5 DOA BE Mt LinS M54

Table 1. Parameters and results of the frequency and

DOA joint estimation.

I=1 =2 1=3
fou/Hz  8000000022.3 8000000038.8  7999999976.7
4 1.9752 1.9699 1.9978
) 99.3001 144.4135 128.0174
7 8.7469 0.6376 —
fo/Hz 8000000012.6
f0/(°) 37.9398
M TR HE AR Al T A R ZE A

|fo — fol/fo x 100% = 1.575 x 10~7%, T DOA |
HiRZ N 0.0602°.

6.2 7 [E1HY B 181 45 S0 SR 4715 A A
ERE LD

IR /NI & o - B D U s R N
o, RME. RECITHMNAES BT
B, BIEWAERBEEBEE L {p,ne) =
{5011,5021} Fl {n1,n2} = {7013, 7019} (EP X} 5
P RFEER { fo1, fso} = {5.131264,5.141504} MHz
A fs1, fo} = {7.181312,7.187456} MHz); 7 4h,
WEEBRELNRX TN SNR € [-25,5] dB, Xt 4f
Flt SNR 2% £ 3EAT 1000 K S 45 = 2 MK, 5 = ol
BRI A E fo W2 | fo — fol < fo/1000, MK

REI T, MR R B 4 45 T R A T
RIS S 6 T 25

WE 4 FrR, T {n, e} = {5011,5021} )
oL, HSNR > —6 dB, # R4 WI i Ih 55 3
100%, X+ {n1,ne} = {7013,7019} Mt &L, 4
SNR > —3 dB, SZA M B2 IA #] 100%, EIHT

FHRRI R ML T /5 E LA 1 3 dB. Rl
WRAE TR A {ny, no } BB BN, PR A T ) 16

B ELr. HIREAAET: BHRA {n,n} BUE
N SRAF T A AN, SR [R] 1] B iR, 4B
THE My [ I, AR o 5 SE A AL e 1], SO
N0 1 M s e 0

100

—e— 1 =[5011, 5021]
—y— 1 =[7013, 7019

90

80

70 F

60

50

40

30 F

Probability of detection/%

—-25 —20 —15 -10 -5 0 5
SNR/dB
B4 SRl s oy =

Fig. 4. Probability of frequency detection.

6.3 AREMZEE XX DOA & H)
MR A S M RS2

22 A3 R A AR (B B 210 i ) e o e
RHRMA{, - T MEKAE. fERE6LT
M EE RS R E R, U EERA
THUE: {Ih, I} = {5, 7} M {1, [} = {13,17},
R4 (1) A (2) AT & W B T E] BE{dy, do} =
{0.175m,0.125 m}, {dy,ds} = {0.425 m, 0.325 m}.
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Abstract

As the application frequency is increasingly high, it becomes difficult to design joint estimators for the frequencies
and directions of arrival (DOAs) under the spatial-temporal undersampling condition. Specifically, on one hand, the
temporal Nyquist theorem requires that the sampling rate be at least twice the highest frequency, which is unfordable
for the existing analog-to-digital converters; on the other hand, the spatial Nyquist theorem also requires that each
inter-element spacing be less than or equal to half the wavelength, which inevitably results in severe mutual coupling
among sensors. To solve these intractable problems, in this paper, we propose a joint estimator based on a co-prime
sparse array. Firstly, based on the combination of this sparse array and the closed-form robust Chinese remainder
theorem (CRT), the theoretical model for the proposed frequency and DOA joint estimator is built up. Secondly, at
each sensor, a frequency estimate for the source object can be calculated through implementing the closed-form robust
CRT on two frequency remainders, which are generated by applying the Tsui spectrum correction to the discrete Fourier
transform results of two receiver sequences. Then, averaging these estimates at all sensors yields the final frequency
estimate. Lastly, on the basis of frequency estimation, the final DOA estimate can be calculated through implementing
the closed-form robust CRT on all phase-difference remainders, which are also derived from the Tsui spectrum correction.
It needs to be emphasized that the proposed joint estimator possesses two attractive merits. One merit is that due to
the fact that the proposed array allows a high sparsity of element-spacings, both the hardware cost and the mutual
coupling among sensors can be considerably reduced; the other merit is that compared with the existing estimators, the
proposed joint estimator achieves high estimation precision even in the single-and-parallel undersampling condition (i.e.,
multi-time undersampling is bypassed in each sensor element, leading to a high data processing efficiency). In particular,
this high accuracy attributes to two aspects: 1) the Tsui spectum corrector incorporated in the proposed joint estimator
can provide high-accuracy remainders for the CRT recovery; 2) the closed-form robust CRT itself is unbiased and thus
the CRT recovery brings no extra system errors. Numerical results verify that the proposed joint estimator possesses
both strong noise robustness and high estimation accuracy, which presents a vast potential application in several passive

sensing fields such as radar and remote sensing.

Keywords: undersampling, direction of arrival estimation, frequency estimation, Chinese remainder

theorem
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