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Fig. 1. (color online) (a) The coupling model is that
leaf nodes point to the hub node; (b) the coupling
model is that the hub node point to leaf nodes. The
black dotted line represents the coupling connection
between the leaf nodes of every two layers of the net-
work, the red dotted line represents the coupling con-
nection between the hub nodes of every two layers of
the network, the intralayer coupling strength a the
inter-layer leaf nodes coupling strength d, the inter-

layer hub nodes coupling strength dg.
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Fig. 2.
the layers.

(color online) The coupling model between
The coupling between the leaf nodes of
every two-layer of network is one-to-one bidirectional
coupling, and the coupling between the hub nodes of
every two-layer of network is one-to-one bidirectional
coupling; the black dotted lines represent the inter-
layer leaf nodes, and the red dotted lines represent the

coupling between the inter-layer hub nodes.
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Fig. 3. (color online) When the coupling model is
that leaf nodes point to the hub node for three-layer
star networks, A2 change with the intra-layer coupling
strength a (red solid line), a < 3dp; A2 change with
inter-layer coupling strength between the hub nodes
do (blue solid line), a > 3dp.
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R TR R o TR, R E ARG R, iR A,
M ATRATAT LA 2): 72 B EE 564, R 2
PR G IR AR T S B [0 4R AR & o
JEE T 18] I35 i 22 [ R 5 B B K 29 2.1
I, [R5 RE JUAHAE; Best, Mgk RE ) 5 2 Al
7 R MBI A R R TE K.

350

300
— bl a 222

250 — b d 5%

200

L

—50
10
a,d

B4 (MFRE) T =2 3755 mm oL 35 s S i A
BIEMZE, r BEE NS AR a AR10 (L0ES22R); » B2 R
TR RS G R d IR (B BSELR); Hda < 3do
Fig. 4. (color online) When the coupling model is that leaf
nodes point to the hub node for three-layer star networks,
r change with the intra-layer coupling strength a (red solid
line) and the inter-layer coupling strength between the leaf
nodes d (blue solid line), a < 3dp.

@ a > 3do i}, Bld =1, dy = 0.01, Zfka, B
a=1,dy =001, Zid, fld=1,a=1, %td.
RENW) r W 5 B, r B o BIERTTIE K, r BE d 1
BTG K, r B do 3G K 2HE0RD. ZHFE R
FER /N, 2 8] 7795 5 0] B RS & R B RS, 2 (]
HL T S (A AR A BB [P RR AR 15
. Bea, MBS (a) FATAT AR R 78 B o 5%
PR, M2 NG5 Z - S 2 R A
SRPEAE AL LI, AP R T AHSE. KL S (b) FIET 43k
TP RIS 2): M ESIECE i, 2% 1 A28 6e 7K
T2 AR B i P AN TA) O Y R TR R A A i
FEHR S — 5.

1200

(a)

— B a B5F

1000

800

& 600

400

200

140

(b)
120 ]

100
80 |
60 |
40

20

0.15 0.20

do
K5 (MTHRE) 3T =270 b e 5 S il &
MEEME, (a) r b= ARG R o RN (L EBEL)
DA v B8 2 1) 745 s 2 T (AR A 5B d (W S 4R) 11
AL (b) r BEJE A O AT S B AR & 5B do 1948 4L;
Hrha > 3dy
Fig. 5. (color online) When the coupling model is that

0 0.05 0.10

leaf nodes point to the hub node for three-layer star
networks, (a) r change with the intra-layer coupling
strength a (red solid line) and the inter-layer coupling
strength between the leaf nodes d (blue solid line), re-
spectively; (b) r change with the inter-layer coupling
strength between the hub nodes do; a > 3dp.

ZEHFOLTREAMFIRERBERN
ERMHEHREILENRNE

=R A R N A AR A 2
W 2, 2[R 20 308 F i, 2% (1 [ 20 R 0
Ao = 3dPRIE; H[F AT FRE, M4 1R fE

JIH T = [(N—1)a + 3do)/(3d) YR5E. i FHLIAMN
T2,

4.2

F2 WTFZEH0LT RPN A BAERIEEME, X M r = Amax/A2 B N, M, d, a, do FI7424k
Table 2. When the coupling model is that the hub node point to leaf nodes for three-layer star networks, A2

and 7 = Amax/A2 changes with N, M, d, a,do.

BENK BEMMK MdMK MadK BidodK
Ao = 3d ANAg RAg DN A T
r = [(N—1)a + 3dp]/(3d) R VN W PN 1%
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AT TR, G R T R A AR S =R
V2R I 285 (10 8 0 407 O 1 AR dee /N AR R A
), AN ERNE, 5 R R T R
OB G, 15 SR ARG SR AN 8] F 1Y R
TR FA) A 15 55 L TR

30

25|

20

215t

10

5t

0
0 2 4 6 8 10

E6 T =2l 5 v S A KR TE S, A
B8 1) 771 A TR AR 5 SR d (ARG

Fig. 6. When the coupling model is that the hub node
point to leaf nodes for three-layer star networks, A2
change with the inter-layer coupling strength between
the leaf nodes d.

2) [P A F

W& B E 2B BE T 7 = [(N —1)a + 3do]/(3d)
Wi, LN =200, d =do = 1, %t a; LN = 200,
a=dy=1,%d BN =200,d=a=1, %tk
do; Ma=d=dy=1, B N; 521 r W E 7 Fr
. i a G ORTI 3G R r B d 35 K 2485080
7 Bl do FIHG KT IS r BN BTG R. EA
T DR L /0N, D) i R TR R A R
K, BT AT fUZ (8] RS A 5 BBk /), T R B
b2 I R0 B 1A kR . AN 7 FRATTAS 2
1E Fb R E 25T, IES I [R5 BE 7 S8 A T )2 1)
15 2 [R]AR G 5i B T 2 () RO 4 R 2 TR )
G nE T X 8% 8] 25 e 0 R s e 1T LR

700

(a)

— ifi a B
600 — Bl d e
500l —— b do B
400
~
300}
200}
100
0 ~
0 2 4 6 8 10
a, d, dy
11
10} (b)
9}
8}
7+
= 6|
5}
4}
3t
2}
1
0 50 100 150 200
N

7 (MR ) T =R 0 s Y RS
BIEML, (a) r B2 ARSI o M (L EB5L),
B8 2 ) 15 5 2 TRV R 5 5 o AR Al (R S22k, o
W 2 ) o0 1 5 22 ) RO 5 5BE o R AL (PR R SE2R);
(b) r BT S N KA

Fig. 7. (color online) When the coupling model is that
the hub node point to leaf nodes for three-layer star
networks, (a) r change with the intra-layer coupling
strength a (red solid line), the inter-layer coupling
strength between the leaf nodes d (blue solid line),
and the inter-layer coupling strength between the hub
nodes dg (black solid line), respectively; (b) r change

with the number of nodes N.

4.3 ZEMFHLREPLT RBEEBESH
EMMENELENINIE

E =3 i R I 1 SR eI SR Rt
TE W 2%, 4 [F] 20 3800 S, 99 2% (1) [R) 28 e 71 i
Ao = min{a, Mdo} tRE; Z[F LA TN, M2
FIFEERE I r = (a + Md)/ min{a, Mdo} & E;
MLt EPRE S N TGk, T EAERIH9 TR 3.

F3 XWNTZEMHTA R LT SRS EIEMLE, Ao Al r = Amax/A2 B M, d, a, do &AL
Table 3. When the coupling model is that leaf nodes point to the hub node for multilayer star networks, A2

and 7 = Amax/A2 changes with N, M, d,a, dp.

B M K b6 K b6 o K B do Bk
. a < Mdo R s Hik R
A2 = min{a, Mo} a> Mdy sk T T s )
o+ Md a < Mdo i Hi Kk ) s
"~ min{a, Mdo} a > Mdy TN N 44 ol
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1) FBE T

®a < Mdobf, M R 5afiX, BEM NS
ZEME IR R (B3 A fasiek) —8. \, b
a KGR, [F2GRE 0. BAMSE]: 75 Lk
e AR, J2 PR A5 B X 4% [R5 66 52 i
AT DA 31 2 2 45

@ a > Mdy W, 5 M,dy >, BLM =20, 4
thdo; B do = 1, 240 M 13211 Xo WK 8 FIR. Mg
BE & do 38 KT K, [R5 Re I35, Mo B M
by N TRy N P At b B = T e SR e =l ]
LG B OR, JEEE 2, R R s, 34T
28] 76 BB Z4 T, MER O s H
T R PRI, 2% I IR 2B RE 03k 5 R 40 %

2) [P A

® a < Mdohf, WKL fEITHr =

200

(a)

150

2100

50

do

10

(a+ Md)/a¥E. Bd=1, M = 20, %{ba;
a=1, M =20, Ztd Wd=1,a=1, 4% M,
REN r B9 FroR. r B o B3 KD, r b
Hd R OR, r B MR R, BN
G R Y o N o L1y el Wl TN SO R Y
N, JEEGED | 2 )[R e T ERBE. 9 FRATTRT
IR E): 1E Bk 56T, Mg iR 2D ae AR
T2 ARG SREL; )= N ARA R A [y
RS A R EE B LI, R RIS, EN
A e B R 2 T 0 5 5 P32 o) D) 4% [ 20 6 ) 1) 5 T
LA Z R P2 B 2 JE M 2% T = R  5iR JE
T2 1) Wk 5 A5 T PR A A i R e I 2% [) 20 e 7
FHEE 1) 2 B0 52 3 JZ B0 5200, AN [8] 1R J2 2800 B2 1Y
ZHUAEAIA.

20

(b)

15

10

0 5 10 15 20
M

KI8T 2 JZ 11 s a7 R AR A TR IS, (a) Ao BHJE R] 0T s T RS B 3R B do 7B AL (b) A2 BHJZ

M ALk

Fig. 8. When the coupling model is that leaf nodes point to the hub node for multilayer star networks, (a) A2 change

with the inter-layer coupling strength between the hub nodes do; (b) A2 change with the number of layers M.
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(a)

— it o %38
— b d %

200

150

100

50

K9

10

25

(b)

20

15

0 5 10 15 20
M

(FITFIRE) % T 2 JZ M T35 im0 5 B R S R TE ML, (a) r BZE ARG RIE o KA (L EL), r ZE W

8 R A R B EE d AR AL (RS2 ); (b) r BEJR B M AR AL

Fig. 9. (color online) When the coupling model is that leaf nodes point to the hub node for multilayer star networks,

(a) r change with the intra-layer coupling strength a (red solid line) and the inter-layer coupling strength between

the leaf nodes d (blue solid line), respectively; (b) r change with the number of layers M.
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(@) — Hfi a K
1000 — B d 2
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0 0.1 0.2 0.3 0.4 0.5
do

10 (M) W12 Z M 545 s g 45 s 8m
MERRIEML, (a) r BJE NG RE o M2 (M0
28), v BEJZ A9 R (A RS & R d R AL (B sk
28); (b) v BEJZ 1A ALY 51 A RS S T EE do ARAL; FE
i a > Mdo

Fig. 10. (color online) When the coupling model is
that leaf nodes point to the hub node for multilayer
star networks, (a) r changes with the intra-layer cou-
pling strength a (red solid line) and the inter-layer
coupling strength between the leaf nodes d (blue solid
line), respectively; (b) r change with the inter-layer

coupling strength between the hub nodes dg; a > Mdp.

@ a > Mdo i, WEWFDEEIIHr = (a +
Md)/(Mdy) #5€. LM = 20, d = 1, dy = 0.01,
Al a; UM = 20, a = 1, dy = 0.01, 24k d; B
M =20,d=1,a =10, Zibdy; BRKrin
EI10 B, v B o (38 KTSE K, » B d 093
KK, r B do IR RIS, 2 ARG 5
N, JE TR R TR S A SR PR /)N, 2= TR
71 RS2 TR R A o BB OK, X 2% (1 [ 28 e )
9. BT, RATME L0 (a) 7T AR 3] 78 LR MR E

FATT, 2R AR 0 AN Z 18] 575 5 8] A
ORI, [F20 e JIAR S TR AR B o A
J2 8] P 774 5 2 T8 1R 5 B2 A5 X 4% [ 25 e A
RS HUE I AR R R A . A 10 (b) FTE 4
B 5 JATHT LIS B 5 [R50 A, MR D
RE MR T J2 P9 R 45 i R R (] A0 5 R ] Y
M E RSN — 7. EAMG REEAE B &
580 JSE 50 X 245 [7) 25 E 7 (R R AT DL Hy = J2 X 48 4T
B2 JZ M2
a > Mdo i, W [R 0 BE 713 52 21 J= 20
. Wa =1,d=1, dy = 0.01, %tk M, 37
r (1), rBEE M R EHEE0EN. =,
[l e . FRATAE 11 a7 A3 48 iR
FMT, Ha < Mdo WHIE 9 (b) BB, HENE
988 JSE 50 95 12 T m oo 4 s 2 18] PR 5 9 P R 3 I
JEHO PRI T B[R 20 BE 71 B M AR A
150
145
140
135}
130
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120
115

110}
105

2 4 6 8 10 12 14 16 18 20
M

NP R =1l e eD SN L AV s E A LI R gt =Y A T
%, rBEEE M H134, a > Mdg

Fig. 11. When the coupling model is that leaf nodes
point to the hub node for multilayer star networks, r

change with the number of layers M,a > Mdp.

4.4 ZEHPOHREEMFHSAEBEH
ERMENRI L RENN IR

Z 2 0 T T AR R A R
TR 2%, 2 [R] 20 3G B, 2% 1 TR 2B e D
A2 = MdR5E; ZIFW A N, W25 E G
JIH T = [(N—=1)a + Md)/(Md) tR5E. i BAHFH
JH TR 4.

F4 WTZEHOW RN ABEREEMLE, A M r = Anax/A2 BN, M, d, a, do 13 {L
Table 4. When the coupling model is that the hub node point to leaf nodes for multilayer star networks, A2

and 7 = Amax/A2 changes with N, M, d, a, do.

W N K B M HIA B d 34K B a 5K Bt do HEK
Ao = Md g DN L TN A A
r=[(N—1)a+ Mdg]/(Md) PN VN N R EPN
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Fig. 12. When the coupling model is that the hub node point to leaf nodes for multilayer star networks, (a)

A2 change with the number of layers M; (b) A2 change with the inter-layer coupling strengthbetween the

leaf nodes d.
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Fig. 13. (color online) When the coupling model is that the hub node point to leaf nodes for multilayer star

networks, (a) r change with the intra-layer coupling strength a (red solid line) and the inter-layer coupling

strength between the leaf nodes d (blue solid line) and the inter-layer coupling strength between the hub

nodes do (black solid line), respectively; (b) r change with the number of layers M.
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Fig. 14. When the coupling model is that the hub
node point to leaf nodes for multilayer star networks,

r change with the number of nodes N.
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Abstract

Previous studies on multilayer networks have found that properties of multilayer networks show great differences
from those of the traditional complex networks. In this paper, we derive strictly the spectra of the Supra-Laplace matrix
of three-layer star networks and multilayer star networks through unidirectionally coupling by using the master stability
method to analyze the synchronizability of these two networks. Through mathematical analyses of the eigenvalues of
the Supra-Laplace matrix, we explore how the node number, the intra-layer coupling strength the inter-layer coupling
strength, and the layer number influence the synchronizability of multilayer star networks through unidirectionally
coupling in two different ways. In particular, we focus on the layer number and the inter-layer coupling strength between
the hub nodes, and then we conclude that the synchronizability of networks is greatly affected by the layer number. We
find that when the synchronous region is unbounded, the synchronizability of the two different coupling multilayer star
networks is related to not only the intra-layer coupling strength or the inter-layer coupling strength between the leaf
nodes of the entire network, but also the layer number. If the synchronous region of two different coupling multilayer star
networks is bounded, and the intra-layer coupling strength is weak, the synchronizability of the two different coupling
multilayer star networks is different with the changing of the intra-layer coupling strength and the inter-layer coupling
strength between the leaf nodes and the layer number. If the synchronous region of two different coupling multilayer star
networks is bounded, and the inter-layer coupling strength between the hub nodes is weak, the two different coupling
multilayer star networks are consistent with the changing of the intra-layer coupling strength and the layer number while
different from the inter-layer coupling strength between the leaf nodes and the inter-layer coupling strength between the
hub nodes. We find that the node number has no effect on the synchronizability of multilayer star networks through
coupling from the hub node to the leaf node. The synchronizability of the network is directly proportional to the layer
number, while inversely proportional to the inter-layer coupling strength between the hub nodes. Finally, the effects of
the coupling strength, the layer number and the node number on the synchronizability of the two different coupling star

networks can be extended from three-layer network to multilayer networks.
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PACS: 89.75.Fb, 89.75.Hc, 89.75.-k, 89.70.a DOI: 10.7498/aps.66.188901

* Project supported by the Natural Science Foundation of Hebei Province, China (Grant No. E2011202051).

1 Corresponding author. E-mail: lixiaoxia@hebut.edu.cn

188901-14


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn
http://dx.doi.org/10.7498/aps.66.188901

	1引    言
	2模型与方法
	2.1 模    型
	2.2 方    法

	3特征值谱及同步能力分析
	3.1 三层单向耦合星形网络的结构
	Fig 1
	Fig 2

	3.2 三层单向耦合星形网络的特征值谱及同步能力分析
	3.3 多层单向耦合星形网络的特征值谱及同步能力分析

	4数值仿真及结果
	4.1 三层叶子节点向中心节点单向耦合的星形网络的同步能力仿真
	Table 1
	Fig 3
	Fig 4
	Fig 5

	4.2 三层中心节点向叶子节点单向耦合的星形网络的同步能力的仿真
	Table 2
	Fig 6
	Fig 7

	4.3 多层叶子节点向中心节点单向耦合的星形网络的同步能力的仿真
	Table 3
	Fig 8
	Fig 9
	Fig 10
	Fig 11

	4.4 多层中心节点向叶子节点单向耦合的星形网络的同步能力的仿真
	Table 4
	Fig 12
	Fig 13
	Fig 14


	5讨论与结论
	References
	Abstract

