Chinese Physical Society
M!l ﬂ Acta Physica Sinica

. Institute of Physics, CAS

ETF S - At EEE m NSNS EE R SR
1?' > ‘:F "J’%}j’i“r)é
Calculation of the equivalent resistance and impedance of the cylindrical network based on recursion-

transform method
Tan Zhi-Zhong Zhang Qing-Hua

5| H{5 |2 Citation: Acta Physica Sinica, 66, 070501 (2017) DOI: 10.7498/aps.66.070501
1E 281715 View online:  http://dx.doi.org/10.7498/aps.66.070501
23y 2% View table of contents: http://wulixb.iphy.ac.cn/CN/Y2017/V66/17

B RE RSB E M S

Artlcles you may be interested in

BT NBF S0 94T AR AN

Modeling and simulation of pedestrian evacuation from a single-exit classroom based on experimental
features

YE4.2015, 64(22): 220505  http://dx.doi.org/10.7498/aps.64.220505

1o 37 v Sl TR S T ) S0P 5 ) TR i
Quantum pseudocritical point in the unbounded quasiperiodic transverse field Ising chain
PP 27 H%.2015, 64(19): 190501 http://dx.doi.org/10.7498/aps.64.190501

PR BRRAT NEE 7107 55T
Simulation of pedestrian push-force in evacuation with congestion
Yy 7242 2015, 64(6): 060505  http://dx.doi.org/10.7498/aps.64.060505

ZHEE AT N A O B BB R
A cellular automata model of pedestrian evacuation in three-dimensional space
YrE = 4.2014, 63(8): 080507  http://dx.doi.org/10.7498/aps.63.080507

A2 X AR A A B TC L B ShHUR R K 4l BT

Research and simulation on cellular automaton model of mixed traffic flow at intersection
PP 2E4%.2014, 63(1): 010508  http://dx.doi.org/10.7498/aps.63.010508


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml
http://dx.doi.org/10.7498/aps.66.070501
http://dx.doi.org/10.7498/aps.66.070501
http://wulixb.iphy.ac.cn/CN/Y2017/V66/I7
http://wulixb.iphy.ac.cn/CN/abstract/abstract65711.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract65711.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract65711.shtml
http://dx.doi.org/10.7498/aps.64.220505
http://wulixb.iphy.ac.cn/CN/abstract/abstract65329.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract65329.shtml
http://dx.doi.org/10.7498/aps.64.190501
http://wulixb.iphy.ac.cn/CN/abstract/abstract63656.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract63656.shtml
http://dx.doi.org/10.7498/aps.64.060505
http://wulixb.iphy.ac.cn/CN/abstract/abstract59563.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract59563.shtml
http://dx.doi.org/10.7498/aps.63.080507
http://wulixb.iphy.ac.cn/CN/abstract/abstract57365.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract57365.shtml
http://dx.doi.org/10.7498/aps.63.010508

38 % 4R Acta Phys. Sin.

Vol. 66, No. 7 (2017) 070501

ETisifE-TR AT B R MY
FU AN ERT

i %

& i

T k52

1) (FIEAAIELR, Bl 226019)

2) (MEKRYHCE R, B 226019)

(2016 4F 10 A 6 HUH; 2017 4F 1 A 12 HUEMEHH )

SRAT A 725 1 B TP 2% S5 2880 Hh BEL (9 A AT — LR R 2 AN IR, AR SOR R HE - VAT AL T — 3%
AR m > n B IR T 00 2% 110 4% 2650 R PEL S S BELAT I BB, SR P DO 4 W 2 S s R R D7 AR 2R L R 3
FHACRE AR 40 75 925 AR SRATHAE B PO R A AR AT R AL [ B, AT SR ASHHRE R 75 R RS s PR X 2% 2 32 732
FrARAFLV AT RS, ST SRASHE B D5 R AR AR i ) FH R R A 00yt S PRI R AT AR, AT R A R

mex o B IR T P00 245 i 22 55 R R BEL RO AR AT, P A4

SRR IEAR AL S BRI A 9 3RS, 45

TR TCIRANTE PR I (2087 B S 2B 2K, 7845 FUAbSCRRES R O LU LR A5 21 7 — N R B
= et sE . WH7T 7RI RLC MZ KSR BTN A, 25 T RS A ) S5 R BT A 5K

KRR [T R 45, e - ARy i, SRR BT AR, =AM fESE

PACS: 05.50.+q, 84.30.Bv, 89.20.Ff, 02.10.Yn

15 =

H M\ 1845 4F 1[5 1) 38 27 58 B R EE K (1824—
1887 4F) A 37 1 5 A5 HL YA o A3 A0 [ 2 v T S Ao DA
Sk U, N SAE Fi 58 X 28 AT P B 5 LTI 170 24,
1 BH T BF 700 AR KT 5 8503 R 2248, IR R RH
W 2% IR F 9T O 480 S8 A 31 B SR} 2 1V 22 U RN L
AT, R ) A2 L BEL X 8 A8 Y 1Y) i ST 5 g g 230,
2010 4F (118 DURVIEL 223242 T 1 7 5205 X 45 (1
. BASEEMNERICIK, AR T VF2 =
BRI RIS T AN EEGF KRR, EER T,
VoY QLT i g U R et [ LN | g
i RS I 0 2B MR FB AT RL S M AT 5T =
I Coo WG AR BRAE S5 K BT 7T 55, #R 7T RE
L I ) e P L D £ A R R AT LA A, A ATTIE
T S FE B X 4 AR L AR R T 2 Bl R A 2
Rl 2 i) R 12300 L oL R 4% S TR ) 7 N7 5 5 T L

DOI: 10.7498/aps.66.070501

A E TR B S SRR A

fER m x n B HRE 4% 25 2% H BHL RS B
W 7T — B & — A RF 22 D200 AR 2 )
RO TR A T A B v L ) 6 AR R PR A 4L A
g =427300 1845 4 F1] 2000 4 (1) 150 £ 4E 6],
%) F R 25 K200 Jozsef #3%7 1P) A5 — UK T #S:
R BRI AR ST 1 B R0 95 0 28 55 A% L RHL I 7 9%,
TR T IRTT M SRR R A S (AW A 5t
Z5A), ELFE LTI 2% R = o s A L 4. 1%
D5 IRAERE o BRI T R4S B T — R R 5 R 108
il 7 KR HRTRK 2 ) Giordano ##% 101 B
FEMR BRI AR FT 7 — KA fE i — N E
(R AF R F BELZE 42 B — AN 2 2797 R n 4 &% 1) S 1
AR R AR X 2%, X PR NS 1 VR 2 AE IR AN S i
N A B RS HE, an S — 4 R G5 AE X B AT =
P T N 265 URRE 58 51 1) 4S5 MR A 3. DA K
R E & R MR A B RSE )

* VLI AR R (AR EES) W FTE (A5 BK20161278) % BV,

T #fE1F#. E-mail: tanz@ntu.edu.cn;tanzzh@163.com

© 2017 FEYIEF S Chinese Physical Society

http://wulizb.iphy.ac.cn

070501-1


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn
http://dx.doi.org/10.7498/aps.66.070501
http://wulixb.iphy.ac.cn

Y18 Z R  Acta Phys. Sin.

Vol. 66, No. 7 (2017) 070501

38 Tk oK 27 1 Asad 18 7 SCHR [7) a5 1 =
Y JC R 1H 0 3L 5 (FCC) 1) HLBH P 4%, 78 SCHR [8]
WE T T = 2 ST AAR G5 1) 1 I B PR 2 DX 8% ) 45 Ak L
W, HHSH THER T E AR LT R 2R
1M, Jo75 M4 E— MBS TR, AREEED
TR, DRI LG 1T B (H A S PR AR i H B 1 22 T
CRAEAT A PRI, R AELE & Fh &4 1R 10 5 26 AR R
. 2004 4, FHprE 4SS R Wa LR
A7 IR PR RH ) 2 BfF 78 B TR B SR, B — AL
T I FUAT R HL B ) 4 45 2% HL BHL ) Laplacian # B 7
%, B T 2 M A AR R m x n B L RH K 2% 55
BB E AR, W —REH T A AR
TR TN SRR AR FH A
FH 321 5 2% A4 () [0 4 1 X 2 1 S5 R FH A K &
R JE) HH 30 5 25 A 9 24 R S5 AL B A 3K IR ANTE 22
bE 5 747 (Mobius strip) (1) H BH R 2% (1) 45 24 FELRE
o A RN AE 583K R (Klein bottle) - 1 H BH )
HHIERCEBH AT, IR T =4 A BRATTCIR
T 264 T 10 H FEL I 2% 1 26 2k e P A 2058 R
ik, Laplacian i[5 77 v B id FH ) FE BH ) £ 368
H 2 R R B B A S ECE I S, AW AR E
G5, LE TG RGBT 5T Laplacian %5 B 77245
B 7B R AR DO Bl 2006 4E &
T VR IL K 241 Tzeng A1 Wu (191 % ] Laplacian %
FEMAR TAERE m x n By LC W4 15 3808 LT
] @, > BT AT 1IN SRS, 2014 4F, S [E 2 L
3 K2 ) Izmailian 28 M #E7 7 Laplacian %8 F 7
%, AR E T A T B A N
0] @ S H TAEE m x nBi cobweb M 2% ) 25
R PH 2 38, WEB T Tan 25 DOV 38 fO A5 4. DL
16 #K 2 ¥ Essam 25 12 53 51 5% F Laplacian i B4
J7 VA AR 4 (RT) 5350 98 7 — /> hammock
W&, F BT PR [R D757 7 R 7. 2014
4, Izmailian %5 3] 3F—25 2503k T Laplacian 46 [ 5
12, AZ R & TAE R m x n [ globe
28 (5 L A 9. 2015 4F, Izmailian 2 14 5%
Laplacian 55 [ 7 V0 50 T AT S m x n M fan PZ5 1)
S50 FEL L ] .

2 L FTIR, Laplacian 5 fF 77 VAR T W 2 A
[F) 235 ) 24 25 1 e, L 1R 8% 1) 55 R L BEL 1) R 4R, DA
2R A Laplacian %5 B 77 109 7t FLRH X 26 B 45 21 1)
ik B AR SRR BB (W F 3 (1) KK IR),
[A N Laplacian %5 [ /7y & 7 @255 AN EH
W TT I AR R, 5 LR AR AN AN R 7 7] 5 B 1 oy

fIE ) = ATARFAEA, R T LEAIT 9035 A7 5 0 S 26 AR 1)
FEL L DX 28 I A7 AR — S Jm BRYE. O T Re S fif o — 2t
5T J SR B L BEL R 28 B 1 cobweb [ 4 (15191
globe {4 201 fan 2% 21ty 7 K45 b 45 £
MIFRIEEE R, RSO T 2 — PR E B Ot
FUHL FEL 25 4880+ 22 4F ) T 2011 4F iz 1 € F LI
LR ) 2R 2 U0]) ST T R AT R BE R 2% AR £
— MU T, % T7 R SR AN BT BT AR AR T,
HAR SAE T R EE LIRS — N &7 i —
FE R (3 S 1 5 —NE B AT R SR (R I 9T R A ),
T 75 BRI FT— A i A% Sl 2 777 [ 1) R o A 46 1)
It BTS2 0 4518 22 H 5 SR IA [ ] 5285 SR (A
[F] T~ Laplacian %5 FE 77 £ 45 B 5 R FIRIX). HE
W T 2015 SR 4 B AE SCHR [22—24] HhiE— DR E T
TFF 5 H L DX 2% 1149 B SRORH B 0 I HORE 1208 77 vk B
4o < HE AR F1 (recursion-transform, RT
J5i%, EFr EFRCON “Tan’s RT method” '21). RT 5
EFEQFEAD R — i g i i
T AHAR = AN TAT Rl e ) s AR PR R AR, RS
it AR e SR AG R B 7 AR I, =R LA RSk
(TR 25 A ) FE R D7 RS, L5 i 45 5T 3R
PR B 7 2 B R R, DU 2 06 B B 7 R S it 08 A% 46
T A5 21 4 S FLIR AR AT . RT 7 VR IR ST A ok
T V2 B A S5 R BH N 2 R, A5 3] TV 2
{10 8 25k EL B 2 3 116260 3 LT 79 1) 10 5 2k LB
TR IA 5 M 0 o BOR AR IA I faf B 25 2R
1, VB rp 4 116§ 2013 4 K F RT J7 58 — IRk
75T — A 3xn B cobweb 2% BZE R L BH A 2, $2
H TAERE m x n B cobweb M 2% 1) 25 2 HL BH 2 A SE
A 2 R E PR AT & R RO “T-Z-Y A Dy,
AR R UK T B BRIFIAT L S TR, HE
Zf) 1 R RH X 2 A5 R (R B 9 R B [T =260 (g
T = AR BR_E 2T HL B 4 1 20 A); 2015 4,
& DTSR A RT JVABE R T 4 x n R &
m x n By cobweb 2% 1155 R H A 2, 9 H 5 AT
EAERH RT B0 7 — A3 i B4 S AT
B m x n B cobweb [ 48 2 25 B2 20 19); 2014
o EHEP S ERETERXEE, RART 5% —
RWEFE T —MMERE m x n B globe WX 2% 1 5 30 FEL B
AP FAE, IR TAEE m x n B fan %
1 cobweb [ £ (1) 45 250 BH 2 20 1 2015 48, 1B &
i B2 dy 2 7 RT 590 HOR A RT 73, 1 R3¢
TEA—MERILFFAFI m x n B0 TE W 2%
R JF HR A RT 79528 — IR 50 7 =40 ol &

070501-2


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

Y18 Z R  Acta Phys. Sin.

Vol. 66, No. 7 (2017) 070501

AT R A e x o B L BEL IR 246 ] 1290,
[l B R B RT 7 vk P 35— IR T = A &
— MEE H AR KB m x n B cobweb H BH
2R, HEST T T AN 18 2015 4F, STHR [25]
KA RT A E R T T AR m x n BrFTE N 25 9
ANt T R TR B SR AR B A 5K, RIS T R AR
RUIA SR R A S, JF BAEFE 7 AR ) & 4T
7] ;2016 4, SCHER [26]) R H RT 75V E IRBE5T T
TH - MEBELRZMRMERE m x n Y AETE B EH
WA 2% 1) 55 B P A 2, I VR g 78 1 AR 52
BHBTRRYE. S 46, B A DR 0 K B i
A N, Zhuang 25 P7OR ST RLC W45 45
R VERE 0 T KA MR (0 K TR i 1] 7 Jia 25 29
W T AET7 Y St P AL 3R 0 BB 1R 0 2% A A )
Wang Ml Yang 2V W 78 7 JE 48 5 2 24 N 4% Hh faria
()1 3 5% 27, A B PR BEL IR 2 55 280 T LA 20 o AT
BT BT 7T 00 ) A, Wang 25 POURFAE T E —4E B &R
G ETIRIEEAHAEE RS, ORI —A 4
Heisenberg-Ising 78 & JE # 15 84 {40 $h &5 1 5 — A~
B TRY ] R DX 2 ABE A

P, BHL 9] £ A5 Y [ 5 ) S0 TR 26 2R 28, 3R
AR SRR HA XA ARERES L. REHAE
OV K AN R (I BIE 90 7 VT 90 T 22 b &5 KA 1 FL B
W28 AR, (2 2 R A SR RT J7 V0 F I3 A%
THI X 5% 1) S5 R L L ) . AR SCHBLR FH RT J5 16 I
B FUAE R me x m [ [RAE T DX 4% () S5 AL B A =X
A THT P BEL DX 2 A5 28 4 4] 1 s

~
Total m grids

1 AT m x n B[R R BEL I 2 S, G o I LR K
ST 7 T B RS B3 53R m i

Fig. 1.An arbitrary m X n cylindrical resistor network,
with m and n are respectively the grid numbers along

the vertical and horizontal directions.
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Abstract

A classic problem in circuit theory first studied by German physicist Kirchhoff more than 170 years ago is the
computation of resistances in resistor networks. Nowadays, resistor network has been an important model in the fields
of natural science and engineering technology, but it is very difficult to calculate the equivalent resistance between two
arbitrary nodes in an arbitrary resistor network. In 2004, Wu F Y formulated a Laplacian matrix method and derived
expressions for the two-point resistance in arbitrary finite and infinite lattices in terms of the eigenvalues and eigenvectors
of the Laplacian matrix, and the resistance results obtained by Laplacian matrix method is composed of double sums.
The weakness of the Laplacian matrix approach is that it depends on the two matrices along two orthogonal directions.
In 2011, Tan Z Z created the recursion-transform (RT) method, which can resolve the resistor network with arbitrary
boundary. Using the RT method to compute the equivalent resistance relies on just one matrix along one direction, and
the resistance is expressed by single summation.

In the present paper, we investigate the equivalent resistance and complex impedance of an arbitrary m X n
cylindrical network by the RT method. Firstly, based on the network analysis, a recursion relation between the current
distributions on three successive vertical lines is established through a matrix equation. In order to obtain the eigenvalues
and eigenvectors of the matrix, and the general solution of the matrix equation, we then perform a diagonalizing
transformation on the driving matrix.Secondly, we derive a recursion relation between the current distributions on the
boundary, and construct some particular solutions of the matrix equation. Finally by using the matrix equation of inverse
transformation, we obtain the analytical solution of the branch current, and gain the equivalent resistance formula along
the axis of the arbitrary m X n cylindrical network, which consists of the characteristic root and expressed by only single
summation. As applications, several new formulae of equivalent resistances in the semi-infinite and infinite cases are
given. These formulae are compared with those in other literature, meanwhile an interesting new identity of trigonometric
function is discovered. At the end of the article, the equivalent impedance of the m x n cylindrical RLC network is also

treated, where the equivalent impedance formula is also given.

Keywords: cylindrical network, recursion-transform method, analytical solution of equivalent resistance,

trigonometric identity
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