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Fig. 1. Time course of blood speed z; and x3.
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Fig. 2. With a given initial value, bifurcation and largest Lyapunov exponent (LLE) diagram of system versus g2

when g1 = (a) 0.8, (c) 0.975, (e) 1; bifurcation and largest Lyapunov exponent diagram of system versus ¢; when

g2 = (b)

1.4
1.2
1.0
0.8

8 0.6
0.4
0.2

0

—-0.2

0.75, (d) 0.95, () 1.15.

$ (a) 2.0t (b)
: |
lo 1.5f
L]
o ] 1.0} !
L]
° (]
I 1 8 0.5) H
3 ! i
A 0 H
(1] L]
L ® 4
% —0.5f
e
(]
—1.0f
0 0.5 1.0 1.5 2.0 2.5 3.0 0.04 0.06 0.08 0.10 0.12
ht ht

B3 mmsm RSN SZE () hr € [0,3); (b) kT € [0.03,0.12]
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Abstract

The dynamic system of Willis aneurysm (WAS) has played an important role in theoretical and clinical research
of cerebral aneurysms. Fractional differential is an effective mathematical tool that can describe the cerebral aneurysm
system accurately and profoundly. However, the existing fractional Willis aneurysm system (FWAS) cannot describe the
delayed aneurysm rupture of unknown cause in reality. Therefore, by introducing the time-delay factors into the existing
fractional Willis aneurysm system as a rational extension, a new fractional Willis aneurysm system with time-delay
(FWASTD) is proposed in this paper.

First, FWASTD is introduced in the context, and the comparison of time sequences map between FWAS and
FWASTD proves that FWASTD is feasible in the depiction of time-delay situations. The bifurcation diagram and the
largest Lyapunov exponent diagram as well as the phase diagram of fractional order also confirm the chaotic characteristics
of the FWASTD.

Then, the classical analysis methods in chaotic dynamics, such as time series diagram, phase diagram and Poincaré
section are used to analyze FWASTD in detail. When studying the diagrams of time-delay factors for the important
physiological parameters of the system, we find that blood flow resistance coefficient can exert a remarkable effect on
the system stability under time-delay. Besides, the experimental results show that the FWASTD becomes stable with
the increase of blood flow resistance under a certain condition. Usually, promoting thrombosis is a kind of adjunctive
therapy in clinic for cerebral aneurysm. The results of this part can accord with the treatment in clinic and has great
significance in clinical diagnosis.

Finally, as the chaotic state of the time-delay system indicates that cerebral aneurysm is in a dangerous situation,
the primary task of the control for this new system is to achieve stability rather than synchronization. The stability
theory of fractional time-delayed system is adopted in a strict proof of the uniqueness of solution for the FWASTD. To
make FWASTD stable, a corresponding linear controller is designed based on the stability theory of fractional order
delay system. The numerical simulation indicates that the linear controller can control the blood flow velocity and speed
up the periodic fluctuation within a small range, which illustrates that it is not easy to rupture the cerebral aneurysm.
We also make self-synchronization control between FWASTD and FWAS just in case that the coefficients of the system
are not clear.

The research results in this paper, to some extent, can serve as theoretical guidance for the clinical diagnosis and

the treatment of aneurysm.

Keywords: time delay, fraction order, Willis aneurysm system, chaos control
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