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Fig. 1. Models for calculating the renormalized
Green’s function in vacuum. The simulation domain
is reduced to one quarter for symmetry considera-
tion. The point dipole source located at the center
is thought to be polarized along the z-axis. Perfect
match layer (PML) is used to truncate the infinite
space and perfect magnetic conductor conditions are
used in the xz and yz planes. There is a small sphere
region which is used to renormalizing the radiation
field.
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0.05 nm). - FALKIFR S A1 2 T & B, G
FRE R A ER 1 158 1A RI SR 2 5 BT 7R, R IR s kb
AR AR 145 5F 370 R 78 5 AR - O A, U R Ak DA

% RT AR /NN, B BT —5.7563 x 10%* V/m 4%
N —7.3745 x 10%6 V/m, 1N ERE LR (W
R1E 25895, B, LMIVEAZE. @dE, 4
FRATE— 25 el IN R mit AT 1) A RS BT, S S 3
AR BRSO, T L S AR AR /N, 1 5 A TR
AbHE S 2 R B R A A T8 4R (Bl AN T
0.001 nm) i, ARG BISAISE R, X EEE il
T4 555 9 1) R 0 %ok IS AR R B S (AL (9) K,
HEREE A d = i1, /w), T 2498 sUR) fUTE [ —
Br B, ¥535) 2% [ A% M Bk 0 S e RO, 25 b
AT, A BRIC T EAR 2I1 f B AR AR T IR S 35
TR R A BE AR RS, HAEAS BAT A E

R AL, BIXT LA L H g 7E DU AR T A
O ERNa/NERIE A, 2 = 1 nm,
EEe8(ro; w) HITHRL4E B2 11058 3 FIEE 4 B FTR,
R I B AN P A 3 S 5 R A L LT
A 220, S B L R HL R A T X A RS )
AL, SRAFUISI 45 R (IR 1 55 4. 51)).

¥ UL B sioas B A AR LL L, R A
(19) 3, H 1 G&(ro, mo;w) ((20) 2X) H ) M L
W (15) 1 (12) K, EL EZHRla = 1 nm FI{H
W d = ill,/wlE LT, 193] 58483 M 5T
figb P SI2 PR AN RE T 23 990 9 (—3.8813 % 10'® V/m) Al
(—2.1508 x 102t V/m), KIfENTE R EH R
REEIBEIME A5 F ST, WELET I
Z=UVAAL BLESE R, AR o he A 54 )
H 2 A L 37 (B EE R AR RS AR R D).

T, FEREAFRPYEa (0.05—1 nm), HE
A FEL 37 SIS R RE S 3l G P 2 () ATIET 2 (b) P,
M0 SR RORAMTIR ((19) 2, Hh GR8 (1o, ro; w)
((20) %) FEI M ATL WL (15) A1 (12) X)), 20280
[ B %A R IeSE 3 ((10) X, Hh E(r,w) AR
TCHATEARE]). AR ARG EUE L R
SRR G REE. AR IR u sl R 5 T g
(2250, e I R T AR R 2, B HBUE S
AT AR 1) 22 Bk AT Ak, R IO 68 S S 3 PR AR T 458
Z/NT0.004%, FEFEIFRXRZLE 0.3% i f, #t—
S5IE SEAT PR G 5 ¥ B AL B 24 50 43 8] v R R AR AR R
K i) 2R A ) L
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#1
w=275€eV,a=1nm

HAh B EiR TAES I 1, 2508 AEBURARTE R, 3, 499 EBMAM LR (K (10) it &), Kb

Table 1. Radiation field of point electric dipole in homogeneous space. Results are obtained by finite element method

with perfect matched layer (COMSOL Multiphysics software). Around the dipole source, two different levels of mesh

size are used, for example finer mesh grid and general mesh grid. The first two columns are for electric fields at

the dipole location and the last two columns are the renormalized ones over a sphere with radius @ = 1 nm. The

real (imaginary) part of the radiation field corresponds to the imaginary (real) part of the Green function. Here,

w = 2.75 €V and the dipole strength is d = 1 [A'm]/jw.

TEEN AN
RS K AR AR R
Real(E.)/V-m~1! Imag(E,)/V-m~1! Real(E.)/V-m~1! Imag(E.)/V-m~!
— A —3.8930 x 101® —5.7563 x 104 —3.8928 x 10%° —2.1505 x 102!
FE2 A R —3.8930 x 10%° —7.3745 x 10%6 —3.8928 x 1015 —2.1507 x 102!
T (a) 0 Hlieg(w) = €00 — w2/ (w? — iw), FEXH e = 6,
g o Lt el N N N
£ s wp = 7.89 eV, v = 0.051 eV, BRI KR} 4%
2 —3.78F 2 = N .
2 SR rq = 20 nm, & A EARPOKERR TN 1 = 2 nm,
S - N y N S N
- . B Iy I 2 AR ER I 0, e AR 9
:?é \Tav
S © COMSOL
fg —3.96 Analytical
OI.Q OI.4 OI.6 OI.S 1.0
a/nm
T
&
>
>
% 0.6 S K3 gkskRghEBRARBi il &7
& E—o 31 FOA TEARGUKERI IR, FIEET SR RN, A
% L &5 N a /NERICE, B O BE BRI Dy 1, BT %
-% | _0'320 . 0F 2o PR B RALTT el 2 SRR BRI AR 1D SRGUKEREAR N
g ro = 20 nm, e1 M eo Z3 2 2SI FIER A A 5 4L
g _18 ) © COMSOL )
e 8 F Analytical Fig. 3. Model of nano-sphere system used to calcu-
L L L L late the renormalized Green function. A quantum dot
0.2 0.4 y 0.6 0.8 1.0 ‘A’ is placed near a silver nano-sphere, where a repre-
a/nm

2 WSERPER AN TR At
B B R s A IR 45 R ((10) 2), BESLL AT ((19)
X)), HECABER S TR R ZE, X TARRET
BB a, RIVAIRICE RS TR & 13RI

Fig. 2. Renormalized radiation field of electric point
dipole in vacuum. Red circle are for our Finite Ele-
ment method (Eq. (10)) and black solid line repre-
It’s found that
results by Finite Element method agree well with the

sents analytical results (Eq. (19)).

analytical ones for different quantum dot sizes.

BT R, R BAT i 55 AR AL UM A% MK

sents the radius of the quantum dot and [ is its cen-
ter to the surface of silver nano-sphere. For simplic-
ity, the transition dipole moment is set to be polar-

ized along the radial direction of the nano-sphere and

the radius of the nanosphere is r, = 20 nm. The
relative permittivity for air and silver are e1 = 1
and e2(w) = €oo — wi/(wW? — iyw) with e0c = 6,

wp = 7.89 eV, v = 0.051 eV, respectively.

AL R 4 (a) FE 4 (b) B, Bse
2R A IR 1 2 AR BT B R R T B B (R A
BT M bR B B L ST (26, 27]), 4060 % 0 [ P 4

BROECR PRI, &7 R T DR GUKRER
G, AWK 3 PR, W RN EE, HodE
Hey = 1, MEIA HH HH Drude BB 45 H 2627

A AR SR A BR T 5 VR AR B R AR AR
THEBAES . HRWELEN: HRRA
B T 155 3 E(r, w), FIH (10) 208 3 8 5
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th, 133 Ere8(ro;w), BAIH (17) B2 EEA T
% K 2R £ GTe8 (1o, ro;w), BE G I (18) R (H
Gionii (10,103 w) H (16) 2B

Gz (o, 703 w) = G™(ro,70; W)

M L
AV AV
FoR), BAS BN E R EUE I B (ro;w). 4531
RO, BT S B & B K 45 M R 1 B B R i
HEBAARBE K (I ENa = 1 nm) i, HE
A R AR BB R 5 T IO A R BB BT R 5 5 15
TR, IR UIE S HU A% PR R 252 2 (R IR 22 A8 pR 4,
HEAY I A AR R B 5 B s R0 A R AR AR R
BOM4E. Rk, B EE &, IESEA R sk e

A TH L B R U A AR R 2L
T 0
g
>
=
<
i
3
= sl © COMSOL
Analytical
2.50 2.75 3.00 3.25 3.50
w/eV
4 () O COMSOL
n Analytical
&
5
S 9
>
S
2
B
—4

2.50 2.75 3.00 3.25 3.50
w/eV

4 PIRIRAGTREGS RSB RTR
AR T RO S, T S AR AT SR AR e R R
AT 45 M 1 R A VO PR G477 3 i 2 A 13 3 126 216
2% 0o [ PR R A ST — TR BRI 7 A5 38 9 s LA AR 7
B E R, B, o = 1 nm; 7T LLE B BB U
WS ET R KBS S R A AR ST

Fig. 4. Scattering field of point electric dipole in nano-
sphere system. The black solid line is for the an-
alytical result, which is obtained by analytical scat-
tering Green function method or by the difference of
two different finite element runs for every frequency
point (261, The red circles represent the renormalized
scattering fields by this work. Here, the radius of the
quantum is @ = 1 nm. We see that the renormalized
scattering fields agree well with the scattering fields at

the center of the quantum dot.

AT F AT B [ AL A A 1261 i i ]
T T, M TR E R Y, SR E
AR R BRI L, A a0 25 AR AT 1) 35 50 72 T1) ) B R A
W ARERE, BEAS B BEAG I R A AR R R, T T
f AE 75 E PO BR e 7, FI R g5 &)«
) R A 17 190 T B AR T RV SR S 4 ) ZE 15 B U 1,
M43 2 HEUR A& R . R R R, RAEEIRT
T3 R HER T AR AR T BORE A b, (BN
B, RENEITRRAL ((25) 20) Prie (SRR 2
(Bt 3T AT R DR IR RS, RS BRI S
KL T 240 GB N A7, FEFRATHHE 2N LAE 4G “Intel
(R) Xeon (R) E5-2697 v3” 1% 30 min /= 47). @it
VA EXTEE, 25 5 3, AT BT, RIT7EA
VB A A AR S g, TH RN 2

3 HEMA—3K-FRAKEFH
B % kg At A gk R ol

gk TN, SR s AR AR IR, E i — A R
JCAT B, RERE B Ak B AR AR B8 50RO A AR R 2T
AL ) R AT R TV, W AR AR TH
SR OT AR R P R R AN RE R B el g 2544
H R AR AR R s i (21) A1 (22) REwR. B 52
BRSPS s = B, TEBR KRR B —
AMRGIKER, H12 A r, = 20 nm, BEERARMEEES
N g, BT ARG ER AR AR 1 1E A A, AR AR AR
W 24D =~ 0.5 enm, WA TT W 5 EH TR
(177 IH).

5 BR-PRAVKIERGIEEE rq =20 nm 1R
KERE T IEIRR MR 7, RGN IR 5 SRR < 8] i BE
& g, BT R BRAIAR (4 1E o |, T R AR AL T T T
HIEETHRPIRRIRT A, &7 Rkt N a

Fig. 5. Schematic diagram for the nano-cavity. A sil-
ver nano-sphere with radius r, = 20 nm is above a
silver planar. The gap between them is g. A quan-
tum dot with radius a is placed at the center and is

assumed to be polarized normal to the planar.
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3.0
(a)

51 (g=4nm)

2.0 a=0nm
= ' -=-=--a=0.5nm
—
=
=
~

L ©

(9 =2 nm)

a=0nm

----a=0.5nm

w/eV

A/meV

150

100

50

—100

1200

(9=2nm)

a =0 nm

-=-=--a=0.5nm

2.0 2.5 3.0 3.5
w/eV

6 FR-TARGKIE KRG 000 L E RIS e AR T AE 6 o, Fob a = 0% SRR bR
BIIHEI, a # 0 R SORIH B RGBS BRI Z R, (2) 1 (D) 59 g = 4 nm 0L, () F1(d) N g = 2 nm MZR

Fig. 6. Spontaneous emission rate and the energy level shift of a quantum emitter in plasmonic gap nano-cavity. We

consider different sizes of the quantum emitter. a = 0 represent the results by the method in Ref. [26]. Accordingly,

results for a # 0 is by our renormalized scattering Green function method. (a) and (b) Are for large gap g = 4 nm,

(c) and (d) are for a small gap g = 2 nm.

HERAEARE I E B N g = 4 nm I, B K
b 5k RN BE 2 ¥ B 23 ) LR 6 (a) PG (b). AT
FR T =MARKE T SRR, b RELL N
HT R e = 0 nm I (RIRSR A B AL, B ST
Hik [26] Pt 7= 149 388 3 PR O 07 S 45 380 505 A% A B K
as R, L (EaaoRE) vE T RER
a=05nm (a =15 nm)R LR FTAKIN:
Y& SRR (o = 0.5 nm), HERE5F
A BUN ) (o = 0 nm B R x R EEAL) 15 301
ZERPTEAFRLE, L5100 T 5/ IR Bk P AR Y
THEOL T WEM (9 = 2 nm BB ILEL6 (c) MTEL6 (d));
L7 AR K (B2 a = 1.5 nm), BN H
R Sk R RE % B ) R W ATS SR /IS (R EE BT 6 (a)
L6 (b) Hig o D B B 5 R s k). IXsedh
KRB, B SRR B AR S AR R B
MR/ F3Ab, FABLT SCHR [26], BATHE K I Gh
K F B AR B IR AR A S & (R X, 16 (a)
HE 6 (c) 1136 — AN W Fir 0 7 FR 390 52 ) A R - B35k

THOURAET A%, H 2S5BS N, 208 8 R,
X B G A 2 2 Ak HE e R 0], T R
A2, FRATAR I T R A e S 3 568 F e 2 7%
1, BN, g = 2 nm B, 7648 R A R B,
RS R 7@k I/ I, ~ 4.3 x 10°, &
WAEEN T IE A ~ —320 meV, 7 =M LR i
(w=2.995¢V), /T ~ 2.02x 105, A ~ 1000 meV
UL RE R o m] 5 R 7 I R SR A L, R HE AR
F, BT Ao d? ((22) ), BB KRB K
/N, MR B e R R - I BRIT A, BB R 4
NGRS X, RAT RS HILAMERER A
FE A AR 1401,

4 %

ARSCHRE T AR A PR oo v S S AR AR
PR D7 i, 2 R T S S AR T BB
W, IR L EEAL, 132 AR BR AL, B
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5975 () BB AE AR R B R AT A, TSR AR B R A1)
B RS AR R B, N Z T iR B3 S A A R B R
SARMTRE — 2, IE W 1A RE AL R E &) 2% 1) FR R AR
PRI B AN ) TEANRER R G, BATTRILE
HEA U R PR o8 K005 SR AT ST S PR o it — 3, IE
SEZ 51 e A B U R MR oR B ) EE A I R AH L
T3k [26] B B 51, RTELI/N— T
N Z IR BIER CPARANKE R G, RILE K
I MBER R S & T SRR ERA K, B,
FIFHIRAT 7, A T BRGS0 KNt e
ARG B R RS RE AL Bh 1 A 4b, 1
MRS, FRATRIL T BOK B B AR 5 26 1 B A
R s, Flan, MERERIRIE (9 = 2 nm) B, 7E
I ILIRBUR M (w = 2.995 V), H &K 5E 555
K+ I'/ Ty ~ 2.02 x 10°, GeH%3) A ~ 1000 meV.
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Abstract

The spontaneous emission rate and the energy level shift of a quantum dot in any micro-nanostructures can be
expressed by the classical dyadic Green’s function. However, the real part of the dyadic Green’s function is divergent,
when the source point and the field point are at the same position. This leads to an unphysical divergent level shift.
Theoretically, the dyadic Green’s function can be decomposed into a homogeneous part and a scattering part. Tradition-
ally, the homogeneous field contribution is introduced into the definition of the transition frequency and the only need
is to consider the effect of the scattering part which is non-divergent. Another renormalization method is to average
the Green tensor over the volume of the quantum dot. In this work, a finite element method is proposed to address
this problem. The renormalized dyadic Green function is expressed by the averaged radiation field of a point dipole
source over the quantum dot volume. For the vacuum case, numerical results of the renormalized Green tensor agree well
with the analytical ones. For the nanosphere model, the renormalized scattering Green tensor, which is the difference
between the renormalized Green tensor and the analytical renormalized one in homogeneous space, agrees well with the
analytical scattering Green tensor in the center of the quantum dot. Both of the above models clearly demonstrate
the validity and accuracy of our method. Compared with the previous scattering Green function method where two
different finite element runs are needed for one frequency point, our renormalization method just needs one single run.
This greatly reduces the computation burden. Applying the theory to a gap plasmonic nano-cavity, we find extremely
large modifications for the spontaneous emission rate and the energy level shift which are independent of the size of the
quantum dot. For frequency around the higher order mode of the nano-cavity, spontaneous emission enhancement is
about I' /Ty ~ 2.02 X 10% and the energy level shift is about A ~ 1000 meV for a dipole moment 24D. These findings are

instructive in the fields of quantum light-matter interactions.

Keywords: finite element method, renormalized Green function, spontaneous emission rate, energy level
shift
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