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CRE MRS, I o] T TR ALk R 40 10 il 4
Wefif. X} Boussinesq Jr 2, u nJ JIF A MT I HY
B

u = u3 + ugR(w) + us R(w)?, (41)
K ug, ug, us M w B o LB RREL, R(w)i&
Riccati HFER)— M.
¥ (35) A (41) XMRABI R (1) P, FHL
R(w) IrA B R B, W13

- v(a1? +8azap) wy,? a4 67wy ay
5= — _

2B 2p
_ 27wzxw _ wt2 - 3’7wzx2 (423)
wy 3 2Bw,?
6 $2 xrr
wy— azy (wy? a1 +w ), (42D)
B
6 w2 2
ug = ——1 Lz 42 (42c)
B
XH w i e

Wt Wer — Y(4a2a0—a12)Wepw* — (YWppre +whe )Wy
+ AV W Wy Wazs — 3YWae® = 0. (43)

it CRE 1 CRE A% 1 1Y %E X, Boussinesq J7
FERARE—1 CRE MERSG. BT L Eihig, o]
FHEN T PR

EB 7 (CRE A EH)

Boussinesq & —1 CRE AR 5. Wik
w e AR A (43) A —AM i, NIRRT
u )& Boussinesq JFE ) — it

u =u3 4+ ugR(w) + us R(w)?
v (a1® +8asag) w,®  a+6ywe ar
2B 2p
2ryw$zx wt2 B SwaZQ
Wy 3 2 Bw,?
~ Gazy (w® a1 + wag)
B

6y wy? as?

B
XY R(w)F 0 5351 2 (36) =0AT (37) 5K

R(w)

R(w)?, (44)

7 INSL K- B HA Ok A

M Boussinesq 2 CRE PEJ5, 7l #E—Af
5% Boussinesq FRH AR B (36) ZATCAZ] (44) =X
SRR
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3’7'[1)193\/9 w\/a «
+ 3 tanh( 5 >_25

M (45) AT A B, iR AT FIE o i B AR
X, IRATTESHNE wiFEA R w BA T
B

w=kix+wt+asE(sn(kex + wat, m), n, m),
(46)

_y(agag —a®) we® 27 Wase KL Ky, kg, w1, wo, a3, F m B WHL, B s =3

8 w, B N AHERF . ¥ (46) ACA R (43) X, IF

1w - 3ywe,’ (45) 4> sn(ky @ + wo t, m) WA AR B IR B R BN Z
2 Buw,? AR IS HON 15 2 -

na2as? —4m?2+4m?n—4n?+4n

@0 = das2asn ’
B 3[k12a4n2 — k1 as® (1 +m?)n+m? as®] by wa? nag? =
7 /{322 [k’12 (kl +3CL4) Tl2 —2k1 aq (kl —|—CL4) (1—|—m2)n—|—m2 (a4+3k1)a42]2’ ( )
wr — _LUle [k12(3a4 — kl)ﬂ2 — 2k1a4(2a4 — k‘l)(l + m2)n + m2(5a4 — 3k1)a42]
! kg[k12 (kl -+ 3&4) Tl2 — 2]431(14(]%‘1 + CL4)(]. -+ m2) n -+ m2(a4 -+ 3 k’l) a42]
e
Wi — _1 w2 kl
1= D) kz )
o _3 w22a32 (3@4 — 2]{3171)
7 16 k‘22 Qa4 (lﬁ n— a4)2 ’
(48)
\/(len—3a4)a4k1n(k1n— 2ay4)
m ==+ 9
a4 (3&4 — 2]411’”)
= } Lf _ (’FL— 1) (k12n+2k1na3k2 —k'12 —4kiaszks —30,321622)
07 4 gy as (2k1n — 3ay) az?ay ’
I"ZELM =k1+ a3z ko.
¥ (46) ACAF] (45) =N, 15
3 (ag — k1 n S?)2~0T? 6vasks’nSCDVOT B [a5S8 + agS® + a7 S* + agS? + ag) (49)
2 (nS?2-1)2p (nS% —1)28 2[(k1nS? — a4)?(nS? — 1)28]
/\q:'
1
TEtanh{z\/g [k1 & + w1t + a3 Ex(sn(ke x + wo t, m), n, m)]},
S=sn(kox+wat, m), C =cnlkex +wat, m), D=dn(kyx+ wst, m),
as = — n3(2n79k¢14 — aki®n —win + 87a3k23/<:1m2),
ag = 2n3[8'ya3k:23k1 (m?+1) + 4'ya40k13 —ak1? — akjag — 2wi? — wiasws| — 4n2m2a37k23(a4 + 3k1),
ar =24n’ya3k23(a4 m? — n?ky) + n?(wp2az? — 47&32/4;24 - 127k12a42a12
+ 6w + 487a2k12a42a0 + 6 wiasws — 47&32k24m2 + 6akiays + aa32k22),
ag = 4yn2asky® (k1 + 3a4) + 8nykias0 — 16 nyasky®as(m? + 1)
— Qn(a32w22 + akiag + 2w1? + 3wiasws + a42a),
ag =as’a + (aswy + wi)? + 8asyka*nay — 2vas*0, (50)
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RSO L (47) 2k (48) =X

1A 7S T R AR OC R (47) 1Y il
(49)X. W1 HBZSEE R {n =02, m =
05, ¢ =1, a3 = 1, k) =1, kb = 1,
wy=1,a=-08,3=1}, B2 A hSHkh
{n=02,m=09,a=1,a3=1,k =1, k, =
1, wo=1a=-08,3=1}. B 1 FIK 2 JERT 5
PR FE B P i AT . & 3 s TR 1A
Bl 2w 1 RE R, T 3(a) XFIEIE 1, & 3(b) Xt
DI 2. PR 0 ) ] ST RIS 1) T T o —
8, TR A Ak B T AR UL AN AR T

B1 W (47) RREE R (49) . AR ZEC{n = 0.2,
m=05,a=1,ag=1kK=1,K=1w=1 a= -0.8,
B=1}

Fig. 1. The solution (49) with Formula (47). The free para-
meters are {n =02, m =050, =1, a3=1,k =1, k =
lLw,=1,a=-08, =1}

—10 0 10 20 30
T

—-30 —20

& 3

Pl 4 Al 5 JroR T R SRR (48) =LAy hil
e (49) 2, By A AR S5 I i Fis
g, MARTEFH = Lizdh. K4 Al S5
EH{n=04a=1,a=1 a =22k =1,
k, = -022, wy=1a=-400,3=280}, H
(48) ) m ik «+7; & 5 iy A S EGE R {n
=06, 0, =2, =1, a3=4,k =1, b, = 0.12,
wy = 0.1,00 = —14, g =6}, Hrh (48) Xy m i
“ 6 JRAR TR AR 5w I R PR AR
& 6(a) XTRLIE 4, & 6(b) ¥R E 5. & 6 14 H @
7 T HLAS PRSI0 o] S8 1 il 4

10 10

B2 i (47) AR R (49) K. ABMSECN {n =
02,m=09,aq=1L,ag=1kKk=1L,KL=1w=1a=
-0.8, 3=1}

Fig. 2. The solution (49) with Formula (47). The free para-
meters are {n =02, m=0.9,a =1, a3=1,k =1, k, =
lw,=1,a=-08, =1}

(b)

N

20

10

—10}+

—20 H

-30 —-20 -—10 0 10 20 30
T

w % B R AU B () S ST LA, B (b) (25518 2 A1

Fig. 3. The density of u. The parameters of the Fig. (a) are the same as those of Figure 1 and the parameters of the Fig. (b) are the

same as those of Figure 2.
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—30 20

B4 SHOCREL (48) 2 ML U (49) AL,
HESEA {(n=04, =1 a=1,04=22k=1kL=
-0.22, wy = 1, a = —400, 8 = 80}

Fig. 4. The interaction solution (49) with parameter satisfy-
ing Formula (48). The free parameters are chosen as {n =
04,0, =1, a0=1,a3=22,k =1, kh = 022, wy =1,
a = 400, § = 80}.

(a) 20K

10 rf

—10 H

—20 n n n n n n
-30 —-20 -10 0 10 20 30
x

T —50

K5 SHEOCHRWL (48) A AYREHE R (49) . A MSECH
{n=06,0=2,00=1,a3=4,k =1,k = -0.12, wy =
0.1, « = —-14, 8 = 6}

Fig. 5. The interaction solution (49) with parameter satisfy-
ing Formula (48). The free parameters are selected as {n =
06,0 =2, a0=1a3=4,k =1, kb = 012, wy = 0.1,
a =-14, § = 6}.

(b)
100 f

50

—50 H

—100 R

—100 —20 0 50 100

B 6wl AR . B () MRLIE 4, B (b) X5 R 5
Fig. 6. The density of u. The Fig. (a) is related to Fig. 4 and the Fig. (b) is corresponding to Fig. 5.

8 R LFitit

ARICHES T Boussinesq /R Y Lax X, 15 B4
Boussinesq J7 2 J& Lax 1] R 8% #Y . 3= H A% Wr
Painlevé) JF 75 i 57 T Boussinesq J7 2, 32| T
Boussinesq 7 £ A9 H Bicklund A48 # , I K&
Boussinesq /i £ Hll A W
Boussinesq 5 Z [B] ) 4E H Bicklund A8 . #F 5%
T Boussinesq Jy 2 ) 4 S 2N FR, 158 T S 5L
FER AL SH T B, iz ] CRE JiffF5t
T Boussinesq 72, UEH] T Boussinesq /7 f£ /& —
4~ CRE M 153 T Boussinesq 77 F2 H9RST

Schwarzian &

-6 12 4% 5% )% hlf 4 f#% . Boussinesq J7 B2 )12 Hi
L R T EZER TN N A K SN e N R NN | EE S
A AR Y IRI A BARE N — A 2 I O R,
SRS AR, DL ETEA A E S
N, EAFAEIR ARG,

RO AR FUR AT LAY 52 51 e

S 0k
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The Boussinesq equation: Lax pair, Biacklund transformation,
symmetry group transformation and consistent
Riccati expansion solvability”
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Abstract

The Boussinesq equation is a very important equation in fluid mechanics and some other disciplines. A Lax
pair of the Boussinesq equation is proposed. With the help of the truncated Painlevé expansion, auto-Bécklund
transformation of the Boussinesq equation and Bicklund transformation between the Boussinesq equation and
the Schwarzian Boussinesq equation are demonstrated. Nonlocal symmetries of the Boussinesq equation are
discussed. One-parameter subgroup invariant solutions and one-parameter group transformations are obtained.
The consistent Riccati expansion solvability of the Boussinesq equation is proved and some interaction

structures between soliton-cnoidal waves are obtained by consistent Riccati expansion.
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