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AR B N A, TR A R EH Weierstrass #fi
5] PRI 7R P69 (331) 1 Jacobi MR PRI Y S %K
LAk H T Hietarintalé™, 2 k& Jacobi i[5
PREXYA (modulus).

2.4 =8 Boussinesq Bl 572

L # Boussinesq 77 FE 2 - T 9 5 &,

EXAE3 x 3K T I
P-Q P—-Q
11 — T20 ZTo2 — T11

= (w00 — 221)(T10 — To1)
— (zo1 — T22) (721 — 712), (34)
Kb P, Q 43FR n, m BT TIZAEL, @55 = piime g -
XTI Nijhoff 8 (0570 225 4y I 5T
BT AL () 256, (34) KATRIS R (3% X
#ik [65])

y—ax+2z=0, y—zx+2=0, (35a)
y—a:a:—!—z—P_Q:O. (35Db)

T
B w = (2, y,2)", TR EEE T

PUIrks R4, I HA 3 e

2011 4F, Hietarintal™ 7£ (35) 20U 2 1) 3L Al
b, 4R T AT RE MY B Boussinesq B 1Y 3 4EAH %Y
REGE, ARETFEN (XS FRVER Mobius 22 4t):

B—2]: y=aZ—2, §=uaT—z, (36a)
_ Q
y = xm—z—l—bo(x—x)—i—bl—&—%_x (36b)
[A-2]: y=zi—2, =22 —u, (37a)
Py OF
y=az —box + z gx, (37b)
zZ—Z
[C-3]: ye=T—z, Yz=72—ux, (38a)
Pis_00%
Sy —boat b+ L2 QVZ (38h)

K P, QAR WIS n, m BT M1 B8, b #R AT
R A b ] DL I Y AR e Fe . AR

[B-2] /& (35) A HE). STk [71] H s 15 3 [C-4]
T, B [C-3] ZIBIfFA7E Mobius 28, O

FIlH.

2.5 ARIAEEN 3 HEBEY

BIHLY sine-Gordon J7 2 (19) ANJ2& 3 HEAHZS
0, (B E SEEEH mKdV RE (17) —&a] RIS
BT 5 RAHZR 2 FEA55 (26) U, BN RS
FoRH

B1(u, &, @, ; p, q) = p(uti — tl) — q(uiiiu — 1) = 0,

(39)
Al
B2(u, u, u, ﬁ;p7 q) = p(ﬁi —uu) — q(u Ut — uu) = 0.
(40)
T (39) FEAE e u — (—1)"u FECH (40) =X

i &

5 BB sine-Gordon F1# mKdAV J5 FE A 25 57 J5 14
Fig. 5. The consistent cube for the discrete sine-Gordon

equation and potential mKdV equation.

BT FE (39) AT AR (40) LLANF 5 2 B Fr
FRRY 6 AT
J&: Bl(u,u, ﬁ,ﬁ;p,q) =0,
T : Bl(w,w,u, %;
Vi Bl(u,ﬂ,ﬂ,i;
fi: Bl(u,u U %,p,r) =0,
Ja: B2(u,u,u,u;q,r) =0,
Wi B2(a, 5,1, 0 g, r) = 0. (41)
ALK, 7R M w, 0, 0, U, o S E— .
X 1t BH A R B ok Ty iR T ST AR Y
6 NI, AT (FE—R) HA 3 AR
ABS JFEFIES L Boussinesq B 7 R AR & A1 FH
[ — 5 R A SRR 25 7 4R, T T A8 - 15 B e
VFH AR B 7 A AR 25 3 7 . SCik [73] 25
THZHHF. Adler 55 M F1 Bolll™ X i3 Fiff i
AT T8, PEANESH 51 F Bolll™ il 42247 i
.
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2.6 BHMSHEBERFE

XF T AE 6 TR FRY 8 3 4E (hrkt) BHL
TR, WA 6(a), HETC R EA MAEAREE (W
K 7) BT A B

(a) . . i

U

Bl6  5E X3 AEJr LY 6 1A LA K 8 T
Fig. 6. Cube and octahedron for 3D equations.

[

Fl7 FSEESL T R 4D A A
Fig. 7. 4D consistency around the hyper cube.

ul — U + Ut — au = 0, (42a)

- =\ (42D)
(@ —u)(u — u)

XFFE AE 8 TR /Y 6 45 3 4o 2, W

K 6(b), EoRiX e A 4 g, Adler 2577

T 2011 4EHEAT 14028, W e SRR 5

i) wu-—Tuu+uu =0, (43a)
ii @_m@_ﬂ)(i_a =1 43b
QY o

e N
2 (ﬂuﬂ)zg(%_%) (43¢)

DAIE L3 Y AR RS . X Sy R EL Rt T
AR SCHk . n: (42a) U B EUY BKP JifE, X
PR b Miwa 77 2 ;) (42b) & Bk A b 2 B T
Schwarzian BKP, B 55 ML Fh 53] [@; (43a) 2
H Hirotal® 7£ 1981 4 25, X AR B i) X
Toda J7#2; (43b) 2, (43¢) AN (43d) KPR A
BHL Schwarzian KP . B KP FIE# modified
KP J5 72, #x % i Nijhoff %5 & e # & (W ST ik
[20] 1 (4) A (23) = ASCHER [22] H(4.16) 20);
(43¢) 3l Date %5 F 1982 4 3K 745 (WL SCHR [13]
i (N-1) J7F2).

3 ZAA A

“LUERNE ANMUE I — R B R Ge v
PER AR, RO TR B, T T s o]
ARSI Bicklund 284 | Lax X K075 5%

3.1 Bicklund Tt

Bicklund 28 #t & F XF £ Bk w69 4 i .
BianchiB! B 4eHEA T Backlund S EES
By e A LR HF sine-Gordon J5 FEAE . AR
AMUEFIA B R 1) — M RIE, WK R E S
S — ERF . W, auto-Bicklund A5 45 [F]
—J7 W% 2 [B] /) A8 #, nonauto-Bicklund 2%
TR R fif 2 (] i A8 .

UM A T AR BB 1 auto-
Biécklund e 19 771k, X FAEERA 3 4 A
MR (30), B HE TAA S T IRR 6 AN 1E H, dn
&l 8 7K.

K8 FHASLIT K
Fig. 8. The consistent cube.

JE T AT 1A %) 7 R 43
Q(u,u,u, ﬁ;p, q) =0, (44a)

)

Qu,u,w,u;p,q) = 0. (44b)
208 T A AR (44a) BYFRISE, AR ST 5 AR
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PRSI A
Q(u,w,u,u;p,r) =0, (45a)
Q(u,u, u, u;r, q) =0. (45b)
H SR M b B R (44a) B9 — > Biicklund A8, X
T H1 78 (33a) K ut, Z4EMAEMN B RN
Bécklund 242 (28) =K.

R 2 X6 T A7 B VR AR 25 37 7 (AR
R AR AR A 8. X T B HL sine-Gordon 7
(39) FMEHEFA mKdV I (40) M5, EN161EH
AR IR (L (41) 5X). BEBsS, Ze M AS 0 i i
DITEE, R

p(ut — Uw) — r(viws — 1) = 0, (46a)

~ ~
~= —=

r(uu — uwu) — q(uuw — wu) =0, (46D)
F RS sine-Gordon /72 (39) 1 Biicklund ZZ#.
ANt I AR I AT KRR
22 YRR 25 PR AR T DL T 1 AN [ 7 7R (] Y
nonauto-Backlund Z8#t. LA Q2 Fl Q1(8) K 14
K i e n Ay A1 AH 25 57 J5 4R # 57 nonauto-
Biicklund 224t 155, ¥ Q2 T2 (33g) B THIA
S VI 6 AL SRRAETUR Q2 (T, 7,7, 1 p. g) =
0 I AKHR
_ v &
u = < + 12
XA 2 LG U R € — 0, T2 R8N
p(v=0)(T-0) ~g(v=0) (0-0)+8%pa(p—q) = 0, (48)
B QU(6). BEAF, S bhy 22 R D P4 R,
2ot 4 (47) LA SRR LA, 15 3]

§(u—1)(v—0) = —p[6*(u+u) —2v0]+p*S (v+0+pd)],
(48a)

(47)

5(u—1)(v—75) = —q[6*(ut@)—200]+ 425 (v+5+q5),

(48b)

XHE Q2 5 Q1(8) ZIEIH nonauto-Bicklund A&,

2008 4, Atkinson 41 | ABS HHEZ[H]—F

%1 nonauto-Biicklund 78 #, $E40 45 B ik S %

R (73] 3R 3. BR T iRk, Backlund AR AT L)

FIF Yang-Baxter B LN ABS J5 #2150 E i

Kb, A P15 0T LUy il 225 S0k [82) A
SCHiR [83].

3.2 Lax X
AT JE N, Biicklund 542 5 Lax X776 %5 1)

KR, X T2 RGR UL, DOFIIDE R TN 4.
LA HL R (33a) M6, A 3 gEARAPES
1) Béacklund #4435 B 11 Lax X

4 H1 9 Backlund 284 (28) 2ik’E R

Wu=g/f, 73

g _ugt+@—r—uu)f
f g—uf ’
g _ug+(g—r—uu)f
7= - . (50)
FIA® = (g9, /)T, LXHERH
&=y MP, &=, N, (51a)
_(u p—r—uu _(u g—r—uu
e (i ) e (1)
(51b)

oy T 7 SREAMEIE X (50) U5 BUE FEE
i (51) IR RIS T . B AT, — i

1 1
Ny = Yo = ———, X T H1RUL, 7]
VM P VIN
DIBCHAT B8 A S = 5| H
MN = NM, (52)

HEJE A HL 72 (33a).
E H1 1 Lax XF (51) 2, B @ = (41, 62)7,
n=v=1, Né& = M&TIHZE ¢, 153
o = (u— W — (p— 7)o, (53)
o HY s bR e 2. kit & o] DI
1 H1 7R JE 55 P B,
Ll H R TR Béacklund 224
1 Lax XYL, FL b, A 1 ABS 7 2
BHHFZEH Lax xF, HAFFE—RE . Bk H,
X FAE— ABS 72 Q(u, u, 1, ﬁ,p, q) =0, H Lax
XA (75 3CHR [85))
&=y M®, &=vND, (54a)
Hrp

( —-05Q —Q )
M= ’
050:Q 05Q )= .

( —05Q —Q )
N = . (54b)
%0aQ 05Q )i s pmr

Y1 = v |M‘, Y2 = \/|N| . E%E H%ﬁ%i%rﬂ@ﬂl
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Bibr e Us, 7T BTA RS ABS 7 AR H
ARMT (53) iy s Hos .

TN R AR ST 5 R, H
FHRERXT IR, H Backlund 28 #e B SRR P,
Lax X HAT X FR ¢, BI7E X M, 5 (L p) 4
H(,q), RIS E] N. 7E3CHR [86] HiH4E TH 2/
FIH 3 A 2 3 Lax XF 41 7. X F il A4~
Ty A AR 7 A RE, il an 2.5 15 A BT sine-
Gordon JFEM#F# mKdAV e, HEMIAHE T
PAHE) 1 1) B L sine-Gordon 521 Biicklund 25
HAAEXIFRYE, B 5] A B HL sine-Gordon J5 2
[ Lax X 2AEXTARY:

&= % ( ;55 _p; > 3 (55a)
o= \/%a ( q_’"“ fifg > 3 (55b)
3.3 IFRE

N IE LB R KAV (H) H1) J5 2 (33a) A 41,
T 7R 0] 38 a3 H Biicklund 748 #e 44 1 5 9T i
(1-soliton solution (1SS)). B/t &— . 1t
(12 =D, b2 = —q, (56)
ANHEAR B
ug = an + bm + A\, (57)
TR (33a) BU— M, Horhy AT R AL
7572 (33a) 1Y Bécklund 7542 (28) =X, H)
(u—7) (U —7) = —a® + k?, (58a)
(u—7)(T—1a) = —k> + b2 (58b)
FHRL 28 (56) 2, X B r = —k2. B w2l (57)
VER TP T, PR w it an

u =g+ v, (59)
Horp w21 (57) W 1 — IO
g =an+bm—+k+ A\, (60)
v IR PR K (59) X (57) XA Bécklund
A (58) AT
5:vf—vF’ 6:vf—WUH’ (61)
Hrp

FIAv = flgMe = (f,g)", ¥ (61) XEH

5:(? 2)45, 5:(? 2)@5. (62)

WP AT UL RSB @ = B, AT A [ 2
ERiae FE T CEMLTF (51) sty ). E—
ke, JeEiaE)

E" — F™
fn,m = EnfO,ma In,m = _72]{;f07m + an(),ma
P&
G —H™
fn,m = Gmfn,Oa In,m = Tfn,o + ngn,O-
MNTTAT
ErG™ 0
én,m = ErG™ — FrH™ @0’0. (63)
G- FUH™
—2k
il
Pn,m = I3 i £0,0= a_F h—k £0,0,
(64)
Hrpo o AHEL M (63) AT
Uo,opn,m/Po,o
Un.m = ) T0.0 U0.0 . (65)
+ ﬁ - ﬁpn,m/po,o
HHTE LH B pooJo, A
_Qkpn m
o = m 66
S . (66)

RAF] (59) 20, BHE KAV i (33a) Y 1-98T
fitt

k(1 — n,m
ulSS =g+ v, = an—«—bm—i—)\—i—w. (67)
’ ’ L+ pn,m

et baRiFE, 25 A Backlund A8 Hi3kig 2-
PP BIRAZE S . BJE: 1IN O S A A T LA
“BERT L8 - IR TR ISR B, A B T A AIE
10 A5 2N 20K B O R LR AL, IR E— 2 RS
N-BRFiff. AP RT LIS %S0k 38, 87, 88).

3.4 O-IFRESAhEFE

Xt (33) XTSRS ABS HHE, u=0—/#
TRAS e, M H AN 5 W 5 o — 2 5 B fi
CRNF ST B A Backlund 25 4 SLAY oK A7
O-IKF M0 k. I b —T skt ok B, X F
75 Q(u, @, 4, u; p, q) = 019 Backlund 254 (3.1),
HA S r RINT-SHL, BRI B HGETE a b5
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H— I B, AR INT S48 r e P <2k
0, Bl a=w, WA
Q(u, w,u,u;p,r) =0, (68a)
Q(u,u,u,u;r,q) = 0. (68Db)
HH A7 46 | A D R ) A 7 24 2 e FRT A, ) LA
YEH 0-97-1#.
X H1 JifR (33a), A
(@—u)?®=r—p,
HHAR R 575 3
u=an+bm+~v, a*=r—p, ®=r—gq,
By (57) =X
WERSFR Q(u, 0, 4, u; p, q) = 0 TEASHR u — T(u)
TRAE, WA (3.1) T = T(u), MITTA
Q(u,u,T(u), T();p,r) =0, (69a)
Q(u, T(u),w, T(u);r,q) =0. (69Db)
X QL(6) IR (33f), TET(u) = u+c FAAE, XF
T Bicklund 284 (69) =0
r(u—a)* = p(c + 6°r(p — 1)),

(@ —u)?=7r—q.

r(u—a)* = q(c* +6%r(q = 1)). (70)
ZdZH (p, ) = (0, B):
A /r—8%r A [r—o6°r
P e 1T g
a:=pa, [:=qb, (71)

AT QL(8) MLt 0-PIF-fif:
ug = an + m + A,

Ho N BAE B AN, QL(6) IR (33f), iR 7E
T(u) = —u FAVE HYHAY Biicklund 78z (69) A
dpuii 4 r(u — u)? = &*pr(p —r),

dquid + r(u —1)? = 6*r(q — ). (72)
L ZHAE (p, q) — (o, B):
p= %r(l — cosh(a)) = fir(l —a)?/a,  (73)

4= 31— cosh() = —r(1 =67/, (T4)

133
ug = Aa"f™ + Ba" "™,  AB = §*r?/16. (75)
IR FTRR R AR A SR TTEY . BN
T Q4 JrRERIRh T B9, R RGN T
HoAth, ABS J5 # O-9IFfif i #4 3 B758, 294K, tn]

DA A 5 7 3240 5 O-9IFfift, il 1) FH 7
B8] Y Bécklund 254 (4 (48) ), M—A 52K 0-
INFFFAF 20 53— DI R 0-98F .

4 %

A TR AR R T2 T Z 4R ERY
WS LA B RO R ARG P RN . X T Z4ERH A
Ph, fA7E—E LTI 5§, #1552, Sy 9) 25 L
i P B R Z M SE R 28 A T RO LR S
(2 HEREZEE (AN SCHEk [79,90]). AN, Z4ERIZE T
AT LA TR I8 PR (8 X0 B o B . Miwa B ST
SR B T T P 1 (78

Y= H(l — pik)™

TEAAIT ) EHA X PR B BT R
el AN A &t Cauchy HFF ik P74
SERARAAR 1, ASMERILE Hh AR 1 B O] PR R S
BAZ 5 EAAYE.

XLIGESE RS, BT, BT R G EE
PR U8 5 B oA TR )5 AR AT)
& . lan, T3k )@t | 2 i #8072 il Kac-
Moody fREXHEZE ] FUR G BRISIFANIE FH T 5L
RG, P2 828 SCT 1 LR R A7) oK S 30 B ik
b, BRI 4Bt i A A

X T B HOAT B R GE B ST AR — N TE AR BIA
P HUAT R | R SR IriE T B S
T HZEE (40 Tropical JUAT |, Cluster fXE5F) 1yt
. R T EHOT RGP EA TR R S0 TT
], B I SIDE 23130 34k

S 30k
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Abstract

In contrast to the well-established theory of differential equations, the theory of difference equations has
not quite developed so far. The most recent advances in the theory of discrete integrable systems have brought
a true revolution to the study of difference equations. Multidimensional consistency is a new concept appearing
in the research of discrete integrable systems. This property, as an explanation to a type of discrete
integrability, plays an important role in constructing the Bé#cklund transformations, Lax pairs and exact
solutions for discrete integrable system. In the present paper, the multidimensional consistency and its

applications in the research of discrete integrable systems are reviewed.
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