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Fig. 1. A schematic diagram of synchronization of coupled
oscillators: (a) Most of the oscillators are asynchronous and
evenly distributed along the circle; (b) with increasing the
coupling, more and more oscillators are synchronized and
are no longer evenly distributed; (c¢) under a strong coup-
ling, oscillators form a single synchronous cluster, and the
phases of oscillators are close to each other; (d) dependence

of the order parameter on the coupling strength.

455 BRI BT 5, Kuramoto #EE H
O R AU AR e -1 ARG T A [l &

080502-2


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 R Acta Phys. Sin. Vol. 69, No. 8 (2020) 080502

PRI O80T AN [ R I 28 NG A [1415,20-251  fik o
A PSR BT B[RS, R T R T B A B
AR HEXTFRRE G B HAT I RS B A 128290 B
RO BOSU BRI N 13235 s ) ZE IR G BT AR
UK B0 BT AR HE A B8 A 5 SEBR Y B R )
AHSRA M. DL Kuramoto B R AR AR T
RGN 12 R 24 H — HR mE AR

X F R [R5 A LR [l JE Ry
2. FIHARZ B T2 B 1 R 24 i (12 -4
AT LSRG 4R IO B 2= A TR 9. MR AL
HN > 1, oW sh 127 219 AR e, Al LA
ARG Z T I Y. 98] Kuramoto
BTGB Ty R B T 7 R RS B 2 bk ]
AT T AT ISR O (E B A T AR T R AT AE
[FP AR SHHHE T, AR AMTARI TR aIE
TESERIRD 147 R, A UE gy — & A
RShBAT MBS 2L 9], 20 22 90 4R
#], Watanabe 5 Strogatz /& #i [0, —& HAG X} FR
PG IR T RS kgl Jy 2] Ll st 5 A
Mobius 484 (JFKN Watanabe-Strogatz 284, &
FR WS AR H) Ko B 24 3] — 4k 25 0], ;X B IRE RS
F3R o Al B, Ott 55 Antonsen!' ™S £ 11 T ¥ 5
VIS, W = AERO N T R R4 R 4y
Zi s AU, ARG 2R 2], OA #li T
B 4t Bl J15 S0P b2 WS AR T iy =45l 2
()i — 2D e 2 149501,

WA IRT RGP TS 88 )2 RE
AFE W LA EEAE R . 25—, FSEER
MERARAT R B RAE B, IS 2060 TR B Hh BE AR G R
TR, JFZR2WER? -, FS8
TR SO A7 5=, W )P S5
AR R AL B PP ARAS B AR 550, ansffa A
b2 adfr, XEp2m Z [ sE s 5
T, T EEPRRSGE, W5 ] MG S0 RAE KT T R
S w2 G P AT W] A 2% R GE 10 5l
BREIE P EWTF S a7 ASCKEDT L
IRAHT = A AR R, R R SR A R gk
R 25 A Sk — T B 70 S B0 A 7 R T B RN B i 2
BT, B4 . BT e JLAPAS [F] A9 7 5t 3

IHERE 1,

2  Kuramoto H &5 23 i

B ek FH Kuramoto W[ 1 5| A Jy 2 & 3
RN SR e S S S TP AL E FE wIRrS
AR B2 1 e AR 5 AR GEAFAE — AN BE N TA] 22 Y
JERS, TEMHIRE T RS e i e, it
P2 E MRS ES Nz E R, BRI Er
PSR E, JHE T FE A3 2ty 2 5 5 41
IS SRS, AT T HIT AR B (R
T HGE VO, B HRE T X E S b, Aa)
VAR BAR S )27 R, 2 kT R rh) iz
R IrEZ—.

B\, BUERTE NEBZHELT, F&&
(4) X5 NI HANHERTEIAE(E. 2% 183 Kuramoto
B (2) AAHEAE AP35 B, IRA 5 T LUK
TR (2) EHE N

db;/dt = w; + KRsin(© — 0;). (5)
WRREE R, WITRE (5) 564 m] LKA, (AR
R RS — DT I AT R
RAREEWIIE, AL —DOCT R AR HOR A
ZHFERIN ATE )72 (self-consistent equation)®51.
AT R F SR — ST

AR R = 0 X0 TIAHEAEH I (412
YA, XA R T EUR RGN — A, (AR
St MK > K M5 AR AR, Foh— 1
B 02, FRRA SRS A, ISR 22 [R] AT DA AR AR ]
ARG, R # 0, Fr A 3R 1B LA BRI 3 o e 5
O =at. WHE K < K.WARE. REA 2, A H
85, 0, WU AT T 0—2m Z[H].

SIANER ¢ = 0; —wt, (5) XA[H R

de;/dt = w; — o — KRsin ¢, (6)
7 R R S AE IR T R B AR e A WA
fife. 1) [F2BME. MR (6) IR ISR o PR 2
wi — @| < KR, ZIRF AL ¢ w2 P el
¢i = sin [(w; — @)/(KR)], X EME AT LIZK
PR TR LA w iRz 8, AT T R ARES.
2) AE [R5 . Y 5 B (6) R B Bk 7 2
wi — @| > KR, WHZAR T RIAHAL ¢ 523 Bl [a]
AL, H U H AR 2 AR R T 8TAL TR

IR TH N oo I, ¢ 18 021 Z [ 2T 184>
fii. B A RN P(¢, w, t), EAURIT ¢, it

080502-3


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

Vol. 69, No. 8 (2020)

080502

R TAR T (LK . P53 4 5T 2
2n oo
0 _ it ip
Re® = e A /;f.Hwammew,<n

BT 43 RO S e ST R
8P(qz(;,tw, ) :—%{[w — & — KRsing]P(¢,w,t)}.
(8)
5 FEEIR T AT [ SRR A i, AR D48 o 1%
A A W B — 2 R AR Y P, t) =
/waﬁm@mhﬁ%%?ﬁﬁ%ﬁﬁﬁﬁﬁﬁ
THERTRRE, GlF S, T B —
SR AT 40 B, MR TR BB  E 2s
i, TSR P(6) SRR AR A
P(§) = P() + Pu(9). (9)
R FROMIAL ¢ B F AN, SR, Hitk
Pu(6) T H L SRISUR M 15 51
dw

Py(¢p) = g(w) ‘d(ﬁ = KRg(w + K Rsin ¢) cos ¢,
T T
se[-53l:
(10)

e F WAL o, WIBERT ] A1k, R ¢, BT
()25 A AR 2] 1, B B e NI 1) o 7E ¢ —
¢ + Ao ZIRINERI L TAEUE 6|« p(b, w) o ¢ L.
fizgh ) (6) XMCATFIH— L] 153

V(w—o)? - (KR)?
" 2njw—w— KRsing|’

pl6,) (11)
It
P = [ gelowds  (2)
lw—&|>KR

LSr=w-0, HEED go+2)=g9@-2),
(11) ACA (12) XA E Ky
o g(@+ z)x\/22 — (KR)®
Pao) = [ U, (13)
kKR w2 — (KRsing)]
BT 5 AR S ok, FFFRIA (9) =X
CIEE:

Rei@ :/ ei(¢+tDt)P(¢)d¢

5[€““mwwfmww. (14)
A LA H (14) R F Po(o) A A B E, BA

Pu() WU TEIR. 246 A ST R 4
B, W] (W R M):

R= KR/§ cos’ppg(@ + K Rsin ¢)d, (15)

0= KR/2 cos ¢sin¢g(@ + K Rsind)dp.  (16)
M (16) AT LIBfE @ (SEFs A R 5 2 A on] 3 i
XFRPERE). (15) 2RE—A AR TR, ML nT LI
E R HMFEILIEFHEGIRE K. 5K > KN, R
FA A R —A/INig, I AT g(w) 7E o BT T

g9"(©)

g(w+KRsing) =~ g(®)+T(KR)QSin2¢+O(R4),
(17)
Hrg" (@) = d2g(w)/dw?| __. R (17) AL

" 0(@) — G RKPR (@) + O(RY).  (18)

MK — K, T RSB/, R—0, itk
152N FD I SR G R B

K = 2/[mg(w)]. (19)
B (19) AR (18) %] LARR E 72 I A 05 K, Bt
R AT R:

1=

8g(w)(K — K¢)

g"(W)K3
) an F B [ SR M R AF B
g(w) = {af(w —@)? + ¥}y IE L, GG N
K, =2y, ¥2® R=\/01-27/K). TUEH R
16 K, BHE A E LA R o« (K — Ko)Y/?, 4N
Bl 1(d) Fros. 75248 a2, 32— EE P 4
RRGAT (WG BT (AR
1) HZs .

R=~ (20)

3 FREEREREINN A HEFEE

MG R T R RO S 122 AT TSR, KA
AR T AR S R ARG 2 22 1 e e TR 25 E
RV TRT AP )t I8, A 2 1) A 50 ) A 0 e i 8
%, BEARFIL I, RG2S ] B2 28 g2k 5
— AR AR Fr) 23 (] 12— B AR G R SRR A TR
A, R B RO R R 2 S IR T RS
RS ZE RN 2R TR R R R PS5
EiipuS P

a7/ ELiE S VAN S Ud b))

080502-4


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 R Acta Phys. Sin. Vol. 69, No. 8 (2020) 080502

i — 20 R G e R RO R R STk
PR3N 2 AT 2 BT AT 2 N ge Y B e R
AR5 5 Sy A AR 5 B 1 (] 20 5 A2 Pl g2t 1 3
B FH ORI AH BAE R R Gl 2T
ARG, AR KR 2R E) 122 T A 7Y
VA AHAR . R A AT ST A 20 gt ik
LK ) AFE AL 25 A e 02081 Py 2 B4] DL e 2
LB Y R A VNS S AR AR 2 1 AR
RS G 1) 2L [F) AR Atk 1 E AR A

FERES RSN, b THE RS R 2
TE— & U B N A RO 2R, —H BT
BB Im FHE, T2 00 I RFME R G ARIH
PR 53 3. AR A AR IR AE B AR T4 40,
HICIE AR, YRR AN, 1 &
Ber S e A R g RUEE, BRI R T DL i H
D7 R 8 SR A0 1) 2 1 7 O 1) AH 2 5 R ) FE S
Hg 3,

Haken B3 [A] 2 0 5G4 Tl R & B H BEAS A
MR RGAEINS BN N AEFREZ MM
FHEAE T anfa DA B 418009 7 U S R I
RS (8], ISR S D REAT e 4 400 A 25 0 | el s, B HL
AR DAL Pip ] 2 0 AR i PR S L 2 (slaving
principle), ‘BN, R RGEPREH —4RES
HORAIA, X SRS S i (] R 2 AN A [
1, 1SRN EAFEBFRA 2 4E i (slow variable),
T PR AZ B L PR RS BEFR N RS £ (fast variable).
MARGHEI T R A 0 BB R G A S, 2R H
2200 A — AP B, X g AR ] LLog
W E RGN ZAT A IFRIE R G PR,
WCMIAR N P 22 T R BOR 22 B9 P 1845 /7
ST, AR A G 22, th AT DA Sy D
H R A2 AR T . fE 7 S Rk L
FATHE TR U ] R GE A 25 P AR 78 /AR
AR MR S AR AR AR B9,

SCRC SR PR PR 2, BIVAT DAXT P
AL AR TN DIE &, RO AR g (4
) AR ZNEEM R LA ERZ S L. R
VAN 1 n 430 )2 RGN BIR B 41— T 5L
i i 2

T = Az + B(x), (21)
S (1) = (o4 ()2 (1) (O m RS
Kit, A NnxnEHHR, B(z) 8% KV

ARG E. ' = 0 AR, W AW
ARAEAE R {Niyi = 1,2, ,n}, HAARIE(E 2 fEH
SEHREH KB /NHES. QSR BT AEAE 52 h 1
B {Re); < 0,i=1,2,--- ,n}, A z =0 WEEE
fift. BUESEAE A ) m AR, AT SR
PRFFRE, BB R AEE {0 < ReAd < 1,
Re\! <0,k=1,2,--- ,m,i=1,2,--- . n—m}, H
Re\! < [ReXs|. il 5| A—A THIFEHITW T HY
AR

A =T 'AT, (22)

A=) ) (23)
XH X508 m x m 5 (n—m) x (n— m) X
TR, W) (21) XATMCE A

u = \"u + B"(u,s), (24a)

¥ A Xtk

$ = A°s + B®(u, s), (24b)
K 2(t) = (u(t), s(1)", H u(t) = (uy(2), u(?),
o u())Y, s(t) = (si1(8), sa(®), s s ()
B,=(BY,BY, - ,By)", Bs=(B{,Bs,--- ,B;_,)"
s(t) Ak 2 (24b) PR BT w(e) i 2
(24a) 218 AR 5. e I SCC R 2 O L 4
(24b) XA s =0, Hb n— 1 AR n - m 4E
K sVEN w MR, JFRA (24a) AT 14
F| m gE AL E R
u = A'u + B“(u, s(u)). (25)
— RS BRIl B S R AR B AEAR D, B R —
P, D (24) X # (25) =0, 7RIS BT LA MR
N5 R D EUY S RN 2k, 128 1%
AR TIOR3 SCBC I AR TR A AR A
BRFIEAT DI 25 AT R 2521

T B R AR, AR AP AN e A S At
IR PN, TSGR PR PR L™ 4% Sk Ui iz
ZRRA R 02t R AR . 18 AR AR A B T REAS B
SERIIR G , TN TSl [0 A st R N ] A
SESNWZA A TR B HARIE.

FFZ A U R S, SO i 2 25 I
RETOTIEEH, PR e BUE—FhE YL
Al R4 T i, B R RE 5 X0 25 R AR U Y
PE, SR RGAETT L TIE BT R X T e
NI RGRVL, WIS AE G o AT RARKME BRI S

080502-5


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

Vol. 69, No. 8 (2020)

080502

HB RGN T BT BT ZEE 5 1) A
[T, — MR IO IE G A R AR R AL A I
HEIT R IEA TR

4 FHEHHEES

N MR SR T ROl F e R R, R
GEVT 12 0T RS oA R BT R, Il e
FIAFK P, NS ETTR, I ik—
ATHER T R R REAE.

41 T XFZ
M—RIE A4l G IR TR Gis g i &
0;(t) = F(av,0;,8.7;) + & (1), (26)
Hrj=1,2, -, N, @) ERTH jAMRT L
(Y REHILIGE P | B2 R IR TG IR I e 30 1 W,
(& (1) = 0, (&(1)& (1) = 2Dd3;0(t —t'). B = { B,
Bay -y By N—HIIEI G S5, XS EX A
kTR, 038 % AR 1 IR RH ELAE A B2 A
. v = {72, A—HAEH G S5,
BRI T A—HE. BIAIRT Y [ AR
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X TG R R AERIL S, BE A A 5 1Y 3
i, GRS R, KRS S AR ZS B 2
W4 ) — MR . A P SRS ERE,
RGN IR SAEARYEZS [0]32 3. MR U [F] 2 i 3L
X Uy Sl e A D EON 1B AR ) AR
P, g8 SUF S o iU RGURER
HIE)P S8, i P AR LRI 12 4 &
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Fig. 2. The Poincare section of the order parameter « in
phase space, where one can find the closed tori and chaotic

scattered points.
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&), M|z, t)] < 1, WA (z—c,24)78
Rl B3R TARAH T2, DABCAT DAZS st
TR 5.

TEEBEO T, #E—LFH (76) 2LAT L7 2
¥4 R(x) B AETRE, dE— 20 0T DU e 23 )
AR, 48R, Wa] H Kuramoto H & 7 #2 HiS Kk E
rihie, AU RS LR OA Jrikfe e A8 m—3m)
SR IR A B TR, TR
WA WFRATTHY L35 B S 4R S B0,

6.3 BEMFEEEREHINZFE

REBFEI LR, AR AT Kuramoto A
1) 7 SRR B PR TE T R AT ST . AE 2B DL T, PR
FIAAH EAE AN f B0 — B TE %A 5 RS %t
TR A PREL, 7255 4 TR ELE R, AEB
¥ 2 i 2 8] 52 R 22 W AH EAK S ¢ &R . Daidol™ B
TE 20 22 90 4 A w38 5 X — MR A R
Fourier B T ¥ S, HEA M —1)
WARF S & Z B8R, &8 HES N
Kuramoto H 1 )7 # F % i#f — L 11ie . Pikovsky
1 Rosenblum ™ 3516 T 40~ HA MHIE] [ SR04
A& F Y Kuramoto-Daido #&7:

N
: 1
0 = w+ N;h(ej — 6r), (79)

FHEIA T E ¥ S {a,}. Pikovsky TEi% T AEH
HF Ot S TR TS 8 Z RIRYRBOC R (1
Beath), MEBF S0, 1| = 2RET oy,
8 (79) 2P USSR ECS 4 Fourier REUE A, N
PR SR

0 = w+ Zn b0, exp(—infy,), (80)

Hri{a, b 27) X LW VrSi. ZEAA
Hrp 5 1By Fourier 41 ARG BIEIE, W3 1207
(ELICY|
O = w + Im[H (t) exp(—ilby)], (81)
Hr H(t) KT P 28
TS FI U WS A2 46 ke 347 318 o A (74,
SRR (81) W LLE S A
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dlexp(il6y)]

I _
n = il exp(ilfg)w + i[H — H exp(i210y)].

(82)
3] Mobius A8 ANME— 177 Ha 390 AR v — | )
FFH Mobius 10 AR

i) = iy )

(83) AR A {0}, o RS (o1}, o

& =l(jwa+ H/2 — Ha?/2),

o = Hw + Im[H (£)a]}, (84)
AT LI B { o} 17 BRAT AR T &, UL AR
HIFH A { o} VAR R A R B 12 3, PR mT 5 | A8 AR
(1) = o (t) — @, P {p h—4lis g 4L
SR = ¢y, VB Mobius 28 i v 5 Ky
o+ expli(p] + ¢)]
1+ aexpli(e) + )]
-Gt xEEA EREZHT 1
A

fRZ ELAR S AT IR Bk as S Aishe. )

QAR AR AT B DR TE B =R EAE TP 2 90k 7 &R
% [75,76]

M = exp(ilfy) =

(85)

N
. 1 .
1,j=1

ZARGM BT (81) 1 1= 2, H(t)=a,” 1T
B, Wial M-SR IR (84) HEATIHE.
P EAT B A — B s i & Pk 1 2 40 Y

N
O —w+t % S sin2(0, — 0 +7)),  (87)
j=1
oy AR R, ARRBEAAE N . X T iX PP O,
1 =2, H(t) =exp (2iy) ap. 5o =5 By a7 i A A
PRELTEAR 2 R 48 th AR, DR A 4Pk i i 52 1R
O R I e PR
I

7T % ®

i LRIk, KB M EERR G R e — 2
B BB BAT . XM BT O B B R
AR d I FE S A EAE R A HEUE R
MRy, A7 R E 2R R SR AT A i
W, EAEAE P S B0 B E bR, ml

B gty AR 2R INLABEGE. 7 2 &
HIRIALEIRE, PRl e 50k R T KR
H R R R G aania ik R H A S 3RS
AT, Hi s SIS TSR B A R
Gl it SRS B 1) AR B P g AR B T RIHISE
BC i FR A TR AL, 1R B S m i3l )15, bty
ARG RETE T R A AT 2 B, R Sl o 1] RUBE Y
PR AT X AP, R REE AT LA AR B ok
WFNAIE PO TR R B AR S s E AR AR
TEAREE

TER IR SRy S s 2 g Iy, BR
T Kuramoto W HEK i F S a il R HIG
R LIAN, Ott #1 Antonsen #2 H B9 LI 2 4
RN FHB R Z TS, 207 e g | AR bR
BB P2, SR )AL & B i 2z Rl ARk ST
PERIABIRELER B s, X B SERR S T 4a B0l Ltk
i AL TR 1, OA SIRTEIR 2100
TR, BERZEN FARE—NFSE
MR, 1M T S R T iR R 18 A, X
7 2 AR I 25 I e 2y R, R b ] 2 2
AR R AT o0

TS — XTSRS R AR R AR 5
TIEERSE AT . R 2 3l 15X R 20 Ao
RERT DR AR Y, o mT DU XS SEBRR]
TR B A s A TEE. AH LG T 36 TR a2
W, M TR R RS A AT NP S 85 )
2 AR A ARG G T R N SORT (B X
TARZ PR B A RYGE, 102 miy
P2l i Re ), B E THE . P2
Bl 320 S BR R) A I 3 i R ST R, AR
JEAEMCEER BT 2O Eh 2, T — s
RBESN 17 F B R, 324 0 1k AT SR 2 — DI
R, 55 % M 4 E AL B 5T B TR AR R A A
{8, Xt ARG 17705 i E B R R, H
IR IIFFIRIGE. WA SCHE AR 3l 7127 S L[]
A, HERER T E iz — R s S
Fi k2 B FRATTAN I LA A A T U . R 22Ty
FAROR S 12 R AF S A R AT, RS
T 228 AT DURAE K SE R B I A T o e 5. &
TR LI S A& R B A U R T O AR SE, RIS
PO [FIFRARAE A K s ] 5], P SORE I Y
AL, il LA S AR (R R B 504 ., e i 5
ANFFZa, @l o7 2w R4 T AT,
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Abstract

Rhythmic behaviors, i.e. temporally periodic oscillations in a system, can be ubiquitously found in nature.
Interactions among various rhythms can lead to self-organized behaviors and synchronizations. This mechanism
is also responsible for many phenomena such as nonlinear waves, spatiotemporal patterns, and collective
behaviors in populations emerging in complex systems. Mathematically different oscillations are described by
limit-cycle oscillators (pacemakers) with different intrinsic frequencies, and the synchrony of these units can be
described by the dynamics of coupled oscillators. Studies of microscopic dynamics reveal that the emergence of
synchronization manifests itself as the dimension reduction of phase space, indicating that synchrony can be
considered as no-equilibrium phase transition and can be described in terms of order parameters. The emergence
of order parameters can be theoretically explored based on the synergetic theory, central manifold theorem and
statistical physics. In this paper, we discuss the order-parameter theory of synchronization in terms of statistical
physics and set up the dynamical equations of order parameters. We also apply this theory to studying the

nonlinear dynamics and bifurcation of order parameters in several typical coupled oscillator systems.
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