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Fig. 1. Bursting pattern and fast/slow variable dissection of the modified FHN model. (a) Period-8 bursting pattern (the position of
the hollow circle corresponds to V = -0.3396 and ¢ = 141.15). (b) The bifurcations of the fast subsystem. The black solid line, black
dashed line, blue dotted line, and blue dashed line represent the stable node, the stable focus, the saddle, and the unstable focus.
There are two fold bifurcation points of equilibrium point L; and L, and two Hopf bifurcation points H; and H,. The maximum
(minimum) value of the subthreshold stable limit cycle is represented by the upper (lower) magenta solid line, and the homoclinic
bifurcation point SH; corresponds to u; = —0.760022. The maximum (minimum) value of the suprathreshold stable limit cycle cor-

responds to upper (lower) solid red line, and the homoclinic bifurcation point SH, corresponds to us = ~0.959267. (c) The traject-

ory of period-8 bursting (solid blue line) and panel (b) plotted in one figure. (d) The partial enlargement of panel (c).
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Fig. 2. Dynamical behavior of fast subsystem and whole system in plane (w, V) of the modified FHN model: (a) The suprathreshold

stable limit cycle (red dashed line), the subthreshold stable limit cycle (magenta dashed line), the direction of the trajectory
(arrow), and the nullcline of V' (blue dotted line) and i (blue dashed line) of the fast subsystem corresponds to u = —0.8513; “[]”
represents the unstable focus, and “O” represents the saddle; (b) the projection (solid blue line) of period-8 bursting of the whole

system onto the phase plane (w, V), and suprathreshold stable limit cycle (red dashed line) and the subthreshold stable limit cycle

(magenta dashed line) in panel (a) plotted in one figure.
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Fig. 3. Transition from suprathreshold stable limit cycle (dashed red line) to subthreshold stable limit cycle (dashed magenta line)
to terminate the firing (solid black line) in advance induced by excitatory impulse (solid green line) applied at suitable phase near
the 1% to 8" trough within burst of the period-8 bursting (dotted blue line), and recover to period-8 bursting after 2, 3, 4, 4, 5,
6 and 7 subthreshold oscillations and one period-9 bursting. (al), (a2) At = 69.7, application phase near the 1% trough; (bl), (b2)
At = 78.35, application phase near the 2°¢ trough; (cl), (c2) At = 87.15, application phase near the 3 trough; (dl), (d2) At =
96.2, application phase near the 4" trough; (el), (e2) At = 105.55, application phase near the 5" trough; (f1), (f2) At = 115.25, ap-
plication phase near the 6" trough; (gl), (g2) At = 125.5, application phase near the 7" trough. Left column: bursting; Right
column: The projections (black solid line) in the phase plane (w, V) corresponding to the part between “P»” and “m” of the corres-
ponding left figure, and the suprathreshold stable limit cycle (red dashed line) and the subthreshold stable limit cycle (magenta
dashed line) corresponding to v = ~0.8513 plotted in one figure; “P” represents the peak of the spike within burst before the pulse
stimulation and clockwise direction of the trajectory, “@” represents the application phase of the pulse, and “W” represents the first

peak after the recovery of bursting.
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Fig. 4. A novel bursting pattern and the corresponding fast/slow variable dissection of the modified-FHN model with excitatory
autapse when g = 0.02 and 7 = 3.75: (a) The new bursting pattern (lower solid black line) induced by excitatory autaptic current
(upper solid black line) acted on the period-8 bursting (dotted blue line); (b) projection of the new pattern (from P to M in panel
(a)) on phase plane (w, V); at the phase @, the trajectory of the new pattern (from P to M in panel (a)) jumps into the sub-
threshold stable limit cycle (dashed magenta line) from suprathreshold stable limit cycle (dashed red line); (c) the projection of the
trajectory of the novel bursting pattern (from P to in panel (a)) on the plane (u, V); (d) the panel (c¢) and the bifurcation of the

fast subsystem Fig. 1(b) plotted in one figure.
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Fig. 5. A new bursting pattern and the corresponding fast/slow variable dissection of the modified-FHN model with excitatory
autapse when g = 0.02 and 7 = 12.6: (a) The new bursting pattern (lower solid black line) induced by excitatory autaptic current
(upper solid black line) acted on the period-8 bursting (dotted blue line); (b) projection of the trajectory of the new pattern (from
» to W in panel (a)) on phase plane (w, V); at the phase @, the trajectory of the new pattern (from P to B panel (a)) jumps into
the subthreshold stable limit cycle (dashed magenta line) from suprathreshold stable limit cycle (dashed red line); (c¢) the projec-
tion of the trajectory of the novel bursting pattern (from P to M in panel (a)) is plotted on the plane (u, V'); (d) the panel (c) and
the bifurcation of the fast subsystem Fig. 1(b) plotted in one figure.
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Fig. 6. A new bursting pattern and the corresponding fast/slow variable dissection of the modified-FHN model with excitatory
autapse when g = 0.02 and 7 = 20.65: (a) The new bursting pattern (lower solid black line) is induced by excitatory autaptic cur-
rent (upper solid black line) acted on the period-8 bursting (dotted blue line); (b) projection of the trajectory of the new pattern
(from P to W in panel (a)) on phase plane (w, V); at the phase @, the trajectory of the new pattern (from P to M in panel (a))
jumps into the subthreshold stable limit cycle (dashed magenta line) from suprathreshold stable limit cycle (dashed red line);
(c) the projection of the trajectory of the novel bursting pattern (from P to M in panel (a)) is plotted on the plane (u, V); (d) the
panel (c) and the bifurcation of the fast subsystem Fig. 1(b) and plotted in one figure.
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Fig. 7. A new bursting pattern and the corresponding fast/slow variable dissection of the modified-FHN model with excitatory
autapse when g = 0.02 and 7 = 70.6: (a) The new bursting pattern (lower solid black line) induced by excitatory autaptic current
(upper solid black line) acted on the period-8 bursting (dotted blue line); (b) the projection of the trajectory of the new pattern
(from » to M in panel (a)) on phase plane (w, V) under the action of autapse; The nearly unchanged spike induced by the 1% excit-
atory autaptic current pulse acting on phase @1 within the spike; The expected subthreshold oscillation changes to suprathreshold
firing induced by the 2" excitatory autaptic current pulse acting on phase @®2; (c) the projection of the trajectory of the novel
bursting pattern is plotted on the plane (u, V); (d) the panel (c), original period-8 bursting (blue dotted line), and bifurcations of

the fast subsystem Fig. 1(b) plotted in one figure.
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Fig. 8. Changes of the average firing frequency with increasing different parameter values: (a) With increasing 7 values when g is

fixed at g = 0 (solid black line), g = 0.02 (dotted blue line), g = 0.07 (asterisk green line); (b) with increasing g when 7 is fixed at
7 = 3 (solid blue line), 7 = 4 (dotted green line), and 7 = 5 (dash-dot red line); the solid black line represents f; = 0.0567.
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Fig. 9. Distribution of the average firing frequency on the (7, g)-plane of the modified-FHN model with excitatory autapse. (a) The
average firing frequency. Color scale represents the value of firing frequency. (b) The difference between the average firing fre-
quency and f; = 0.0567. Black area: average frequency is lower than f; = 0.0567; white area: average frequency is higher than f) =
0.0567. The green, magenta, and blue solid cycles correspond to Fig. 4 (1 = 3.75, g = 0.02), Fig. 5 (t = 12.6, ¢ = 0.02), and Fig. 6

(7 = 20.65, g = 0.02), and the red solid cycle corresponds to Fig. 7 (7 = 70.6, g = 0.02).
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Table 1.  Main differences between this paper and Ref. [21] (excitatory autapse).
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Abstract

Excitatory and inhibitory effect always induces the enhancement and inhibitory effect of neural electronic
activities, which is the common viewpoint of the modulations to the neural firing and plays important roles in
the information processing of the nervous system. In the present paper, the Homoclinic/Homoclinic bursting
pattern with alternation behavior between burst containing multiple spikes and subthreshold oscillations and
the tough value of the burst lower than that of the subthreshold oscillations is chosen as representative, and the
excitatory effect on the complex nonlinear dynamics of the representative bursting pattern is studied. For the
excitatory autapse with suitable autaptic time delay and strength, the autaptic current pulse applied to the
trough of the burst can induce the number of spikes within a burst to decrease and then the average firing
frequency to decline, which presents a novel example different from the common viewpoint of the excitatory
effect. The excitatory autapse induces the average firing frequency to increase in the remained parameter region
of two-parameter plane of the autaptic time delay and strength. With bifurcations acquired by the fast/slow
variable dissection method and phase trajectory, the subthreshold oscillations of the bursting correspond to a
subthreshold limit cycle of the fast subsystem and the spike within burst corresponds to a suprathreshold limit
cycle, and excitatory autaptic current can induce the transition from suprathreshold limit cycle to subthreshold
limit cycle, which leads the spike to terminate in advance and is the cause for reducing the average firing
frequency. The results is the present paper are compared with the phenomenon and bifurcation mechanism that
the excitatory autapse can induce the spike number to decrease within a burst but the average firing frequency
to increase as indicated in a recent study on the Fold/Homoclinic bursting. These results enrich the uncommon
phenomenon of the neuronal electrical activities, reveal the underlying nonlinear mechanism, provide a new way

to regulate the bursting pattern, and disclose the potential functions of the excitatory autapse.
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