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Table 1.  Continuous adjoint state method (Algorithm 1).
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Fig. 1. The (a) forward mode and (b) backward mode
gradient propagation for state variables in a physics simula-
tion. The arrows are computation directions, and circles are
cached states in the backward mode automatic differenti-

ation.
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Fig. 2. Using (a) checkpointing scheme and (b) reverse com-
puting scheme to avoid caching all intermediate states. The
black arrows are regular forward computing, red arrows are
gradient back propagation, and blue arrows are reverse
computing. The numbers above the arrows are the execu-
tion order. Black and white circles represent cached states
and not cached states (or those states deallocated in re-

verse computing) respecitively.
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Table 2.  The time and space complexities in differ-
ent automatic differentiation schemes. Here, the ad-
joint state method does not consider the effect of
round off error into consideration. The parameter N
in the forward mode autodiff represent the number
of differentiable input parameters. The e in the re-

verse computing is greater than 0.
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Table 3.  The time and space to simulate a 10%
step Lorenz integration, where the space is meas-
ured in unit of single state size, and the time is ob-
tained by repeated sample using the Julia package
BenchmarkTools.jl. Here, the single step back
propagation in NeuralODE is obtained with NiLang,
and the checkpoint step size is 200.

Neural
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Fig. 3. (a) The magnitude of gradients as a function of parameters p and o in a Lorenz system with 3 fixed to 8/3. The black

line is a theoretical predicted stable attractor phase transition line. The blue and yellow curves in (b) are simulations at parameters

corresponding to the blue (¢ =10, p = 27) and yellow (o = 10, p = 15) dots in (a).
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Fig. 4. (a) Relative 12 error as a function of the integration step in differentiating the Lorenz equation solver at parameters
p =27, c =10, f =8/3 using the adjoint state method. Each data point in the graph represents a median of 100 random
samples. Some data are missing due to the numerical overflow. (b) The same error curve of computing 10% steps with checkpoint-

ing to decrease the round off error.
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Fig. 5. The time and space cost of using Bennett algorithm
and Treeverse algorithm to solve the PML equation. The
annotated numbers are relative forward overhead defined as
the ratio between actual forward computing steps and the
original computing steps. The time in the y axis is the actu-
al time that includes both forward computing and back
propagation. The space in the z axis is defined as the max-
imum number of checkpoints in the checkpointing scheme
or the maximum intermediate states in the reverse comput-
ing scheme. In the Bennett's algorithm, the number of for-
ward and backward steps are the same, while in Treeverse
algorithm, the number of back propagation steps is fixed to
10%.
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HEHEAR B n MG F, BRidh0,1,2--n, FFHE ST LA
— AT B ARG IR A JEXR R L A1,

A1 PRI T R R A

Pebble game rules—the reversible computing

control flow
symplectic integrator

Lorenz

Table Al.
version.
TRCE RN GRS AT A RGO, AT DA H
A EE0 AT + 1S,
(ISR (Y56 & M F LA GO A, A TR« + 1
AMHEF LRGN AHCT A B S,
SEREA: B n ST LAREIA.

e F b FENE nI ARSI H O S (R alaE o in i
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AREEH.

X ARG A TR T — AN 0 N A, T FEL
IS O ) AR o R T M E A SO, R R 2 —
ALBRE, R A B — AL A S T sk FELX g ]
WSRO Ph SR R — A% R P ARG B A, X0 T A
BENAFRT, BERITHT BARSFAAE DMRIE RO S 17, 1%
IIAEHFER (S 2 n), TATH nAREIRARIEE B4 N
W, SR () 52 2= B AN A () B2 2= 35 O (n). /P3G
BT EH 1 B0 0 752 F 2 AT 336 S 4R Asf (] A0 2 [ i
A )7 % Bennett H k.
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EEEEEEEER
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1 1 p 1
1 1 1
1 1 '
1
1 1 Th—22 Th-27
1 1 1
[ L >
Mt—1,3 Mt—1,2 Mt—1,1

Bl Al (a) Treeverse B 7k 2 /R &, Hod n(r,9) = (T * 6) =

0
PRI TR MR

Fig. Al. (a) An illustration of the Treeverse algorithm®’, where n(r,d) = (T + 5) =

sk A2 AL (K A1(b)) i, Bennett 553060 4%
TR R k= 25407, Jel R AThT kA X Bl i
JE— AN X BRIA RRAEAERSIN A, SRJF IR 55 b — TAMX B
THG B ATl ] B — TSRS 2] A e rp. X
e SGBITAEE 2) 50 51 b A5 3 RAS R AR B R B A -
PR B RG-S RIS B A 45, LRS- ICTE 5.
RS R B T, FATTT LATS 2120 BRECRIRE 51 11

T=02k-1)" S=1k—-1)+1.
Hooh k5 L SR = kL AU AT
IF] 52 2% BE R (] S 2006 R I A LA h e N,

% A2
Table A2.

Bennett &%
The Bennett's algorithm.

A BIEIRSES S = {0 so}, FAYEHA K, 43

Kith: K7 S[n)
1 function bennett (S, k, i, L)
2 if L =1 then

3 S[li+1«0
4 S+ 1+ = f:S[4]
5 else
6 1« [L/k]
7 K« [L/1]
8 for j=1,2,--- k" do
9 bennett (S,k,i+ (j —1)1), min (I, L(j — 1)I))
10 end
11 for j=K —1,k' —2,---1 do
12 bennett (S, k,i+ (§j — 1){,1)
13 end
14 end
15 end
(b) [ |
Pn72IPn72IPn72
1 1

Cl/\l/\.

1 w/ 1

WP, P,

1 1
P, 1 Py 1 Py

/_\I/_\I
1 [

P P
9)! ) . R
- t;. ) ; (b) Bennett 83k XF I k= 3 178 2= & 33251 Hovfr pAn
716!
o)!
5 (r+9) . (b) An illustration of the Bennett's
T!o!

algorithm for k = 353 where P and p—1 are forward computing and reverse computing respectively.
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Bl A2  (a) Treeverse 5.i% (7 =3, § =3) il (b) Bennett
Bk (k=2, n=4) XN BRI E] 25 ) 52 #5819
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Fig. A2. (a) The Treeverse algorithm(7 =3, §=3) and
(b) Bennett's algorithm (k =2, n =4) solutions to the
pebble game, the x direction is the grid layout and the y
direction is the number of steps. Here, a “O” represents a
pebble returned to the free pool in current step, a “®” rep-
resents the pebble added to the board in current step, and a
“@’ represents a pebbles left on the board. In (a), red grids
are painted grids. In (b), the grid with a flag sign is the
goal.
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X, TR EHBIIER A4 PR (K Al(a) IR Treeverse
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Table A3.  Pebble game rules—the checkpointing version.
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# A4 Ey: A2: Treeverse Bk
Table A4.  Algorithm A2: The Treeverse algorithm.

A RBIAA S = (0 : 5o}, TEERBIE 7 =
57‘  VFBAEIRASS , EIRUO T, A B = 0,
I 6 = n A DRSS U B A 58

o=0

St R 55 = 05
dsg

1 function treeverse(S, 54, 6, 7, B, o, ¢)

2 if 0 > [ then

3 6=6—-1

4 =S8 HMBWERE s
5 for j=8,6+1,..,0—1do

6 sjit1=fi(s;)  #15s,
7 end

8 Slo] = 54

9 end

10 #Vh s NI HS (350 A0), SIETE A
Treeverse ik

11 while 7 > 0 and « = mid(4, 7,0, ¢) < ¢ do
12 5. = treeverse(S, 54,0, T, 0, Kk, ¢)
13 T=71—-1

14 b=k

15 end

16 So=fo(So11,50)  #MACHM so fl 55 [

1L
17 if ¢ > 3 then
18 remove(S[o])  # MNEFHPIREES TR so
19  end
20 return s,
21 end
22 function mid(§, 7, o, ¢) #IEH AR 5rE] S
23 k=[(6oc+T10)/(T+9)]
24 if k> ¢ and § > 0 then
25 k=max(c +1,¢—1)
26 end
27 end
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104+ — Bennett (N = 10°)
— - Treeverse (N = 10%)
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23 [ RIS T IR (a) [ Rl Dy RS 1m0 9 A 5
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T, WAERIBSN TR . HoAP Bennett 508 T3 T
B F5c G 3R W, 17 Treeverse W J2& 4% 88 158 7o 17F A0 e 41 R s
(b) X} kb Bennett %35 5 Treeverse 525 [8] I 55 0 L AA

Fig. A3. The time and space to trace back states in two
time-space tradeoff strategies. (a) Space overheads versus
time overheads at different numbers of simulation steps.
The Bennett's algorithm is the optimal time-space tradeoff
scheme in reversible computing, while the Treeverse al-
gorithm is the optimal time-space tradeoff scheme in regu-
lar irreversible computing. (b) The ratio between the space
overheads in the Bennett's algorithm and that in the Tree-

verse algorithm.
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Abstract

Automatic differentiation is a technology to differentiate a computer program automatically. It is known to

many people for its use in machine learning in recent decades. Nowadays, researchers are becoming increasingly

aware of its importance in scientific computing, especially in the physics simulation. Differentiating physics

simulation can help us solve many important issues in chaos theory, electromagnetism, seismic and

oceanographic. Meanwhile, it is also challenging because these applications often require a lot of computing time

and space. This paper will review several automatic differentiation strategies for physics simulation, and

compare their pros and cons. These methods include adjoint state methods, forward mode automatic

differentiation, reverse mode automatic differentiation, and reversible programming automatic differentiation.
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