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JÑ���n�zÔn�. [1,2]. Cc5, <�3
ïÄ�âÔ��uy�Ä�âK¥��âÑy

NõÛA�y�, X�Ä�â�é6 [3−5]!�
Ä�ã [6,7]!nÜJ�A [8−11]!n²£©ly
� [12−15] �. �Ä�âK¥��âNX�±w�´
éõ#¥�ÍÜ [16], ù«ÍÜ�~E,, �'ïÄ
�r?
#¥¯K�?�ÚïÄ [17,18].

#¥´��{ü�XÚ, �%�¹XE,��
�5y� [19−24]. du#¥��m-E¡EXê
�ØÓ, #¥Ú�m�-E�©����5!�
�5!����5. ék�í{Z����5#
¥¯K, Naylor[25] �
�\ïÄ, uyÃØ�þ�
�í´·�½´�X�$Ä, #¥�$ÄÑLy
Ñ�±Ï©
!·b�E,���5y�; ¿�
uy�í{ZC��, #¥©
ãòC��E,.

éÃ�í{Z��5#¥¯K, Everson[26] æ^�
� Lyapunov �êÚ#¥©
ã��{?1
ïÄ,

éÑ
#¥�·b$Ä�«�. ñL�� [27,28] é
�Ä�þ#¥�����5-E�
ïÄ, uy3

Ã�í{ZÚ����5-Ee, #¥� “Xº”

�Ý!#¥3�¥$Ä��mÑ�É��z\�
Ý�K�, �Ñ�X�z\�Ý�CzÑy
�±
Ï©
y�, ©¥��Ñ, ù«©
Øä?é��
8«, 3�8«¥�3©/(�, �%¿vkÑy
·b. Gilet � [29] qïÄ
����5#¥�©

ã, �ÑÙ(��~E,. �©æ^ê��[��
{ék�í{Z���5#¥�$Ä1��
ï
Ä, (JL²: #¥�$ÄG��X��Ä���
�Ý V0 �Cz�Ñy
�±Ï©
Ú·b�y�;

¿��uy#¥�$Äé-E¡EXêé¯a, �
-E¡EXêO��, ±Ï$Ä�#¥��­½I
��-Egêò�õ.

2 �.9�[(J

#¥�.´d�±Ï5�Ä�²�Ú#¥|
¤, ��$Ä5Ædeª£ã:

V (t) = V0 cos(ωt), (1)

V0, ω ©O���Ä����ÝÚ�Ä�ªÇ. #
¥3�þ�$Ä, §��u)��5-E, k �-E
¡EXê (0 < k < 1); 3�¥§�É��Ù�Ý¤
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�'��í{Zå��^, {ZXê� η; #¥�$
Ä�^eª£ã:

tn+1 = tn + ∆tn,

υn+1 = −kυ′ + (1 + k)V0 cos(ωtn+1), (2)

Ù¥eI n, n + 1 ©OIP#¥���1 n g
Ú n + 1 g-E. ∆tn �#¥1 n g�¥�1�m,

υ′ �#¥��u)1 n + 1 g-E���Ý; υn+1

�#¥1 n + 1 g-E�å���Ý.

ã 1 #¥�Ýã, O�¥À� k = 0.8, α = 39.2, ü«�/
e#¥�Ð©^� υ1 = 2V0, φ1 = 0 (a) ·bG�, ω = π,

V0 = 10; (b) ±Ï$ÄG�, ω = π, V0 = 4.3

#¥1 n g�å�, 3�¥��Ý�

υ = Ce−
η
m (t−tn) − α, (3)

Ù¥ α =
m

η
g; υ|t=tn

= υn �Ð©^�, K#¥�

�1 n + 1 g-E���Ý

υ′ = (υn + α)e−
g
α∆tn − α. (4)

#¥��2g�-�, üö?uÓ� �, k

A sinω(∆tn + tn) − A sin(ωtn)

=
α

g
(υn + α)

(
1 − e−

g
α∆tn

)
− α · ∆tn, (5)

Ù¥ A = V0/ω ���Ä�Ì. ÏLê��{�
� ∆tn, (2) ª�z�

φn+1 = φn + ∆φn,

υn+1 = −k
[
(υn + α)e−

g
α∆tn − α

]
+ (1 + k)V0 cos φn+1, (6)

Ù¥ ∆φn = ω∆tn. e¡|^�§ (5) Ú (6) é#¥
�$Ä?1ê��[.

ã 1 Úã 2 ©Ow«
ØÓ� V0 e, #¥�
$ÄÑy
·bÚ±Ï$Ä. ã 1(a) ¥#¥l�þ
����Ý3ØäCz, ¿�X-Egê�O\Ñ
y,Ï, #¥?u·bG�; ã 1(b) ¥#¥3�þ
#aA�g�, Ù�Ýªu­½, d�#¥?u±
Ï$ÄG�, $Ä±Ï´��Ä±Ï��ê�. 3
�ã (ã 2) ¥��Ù/w�, ?u±Ï$Ä�#¥
�ª3ü�­½G�m$Ä.

ã 2 #¥$Ä�ã (a), (b) ©OéA·bG�Ú±Ï$ÄG
�, ëþ��Úã 1 �Ó; ã (b) ¥�Þ¤��#¥3��m¥
­½$Ä��G�
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� V0 3�½��SCz�, #¥��ÝòÑ
y©
1�, Xã 3 ¤«. �±wÑ#¥�$Ä�
Ý�X V0 �CzÑy
�±Ï©
, ,�?é�
�é�8�·b«�; ù
�8�·b«¿���
ë¤�¡, 
´¥m¬ÑydÄ�±ÏI�, ¿�
ù
±ÏI�¥�Ñy
�X��aq�©
y
�, §�äk©/(�A� [27]. ©
ã�E,ÝÉ
�«��ëê�K�, 3�[¥N�ëþ α ��,

½´O��$Ä��ªÇ�, ©
ãÑ¬Ly��
E,, ù� V0 é��ÒU
Ñy�±Ï©
¿Ø
ä?é�·b�8«, ©z [25] ¥O��í{Z,

#¥�©
ã�C�E,.

ã 3 #¥�Ý©
ã

ã 4 ØÓ-EXêé#¥�å�Ý�K� �[¥��ëê
� ω = π, V0 = 4.3, #¥$Ä�Ð©^�� υ1 = 2V0, φ1 = 0

3ê��[L§¥, ·��é-E¡EXêé
#¥$Ä�K��
ê��[. ã 4 ¥´éØÓ-
E¡EXêe#¥±�Ó�Ð�Ý�å���Ý
ã; -E¡EXê���, #¥��­½�¤^-
Egêõ, k = 0.3, 0.5, 0.8 �, #¥©O� 10, 16,

27 g-Eâ��­½; � k = 1 �, #¥3�[¥
Ñv��­½, �U?u·b$ÄG�.

3 ©Û�?Ø

3.1 Lyapunov ���êêê©©©ÛÛÛ

�uÿ#¥�$ÄG�´Ä�·b$Ä, Ï~
�	XÚ��� Lyapunov �ê λ1. � λ1 ��ê
�, `²��m¥ü�C�;,�m± λ1 �ê�
Ç©l; � λ1 �Kê�, ü��;,�p� . �
©æ^ Bennetin �{ [30] O��� Lyapunov �ê.

ã 5 V0 = 10 Ú V0 = 4.3 ���� Lyapunov �ê

ã 6 #¥3 (p, q) �m��ã, üã¥�Þ¤�¿Ik i, f

�:©O�Ð©:!ª�: (a) V0 = 10, #¥·b$Äã;

(b) V0 = 4.3, #¥±Ï$Äã
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ã 5 �Ñ
3ØÓ V0 ^�e#¥� Lyapunov

�ê. lã 5 �wÑ: V0 = 4.3 �, λ1 < 0, L²#¥
�±Ï$Ä; V0 = 10 �, λ1 > 0, #¥?u·b$
ÄG�. ù�ã 1 �*L²�(J�Î.

3.2 0-1 uuuÿÿÿ

e¡æ^ 0-1 uÿ [31,32] 5�yXÚ´Äu)
·b. ù«�{Ø� Lyapunov �ê©Û@�I�
��XÚ�ÄåÆ�§, 
�éXÚ��ê�v
k�¦. Ñ\�uÿ��mS�, nØþ(J´ 0

½ 1, ����¹e�(J�~�C 1 �, =��ä
�·b$Ä
.

��m (φn, υn) ¥�·b) (ã 2(a)), 3 (p, q)

�m¥éAÙK$Ä, Xã 6(a); 
��m¥�±Ï

) (ã 2(b)), 3 (p, q) �m¥éA���, Xã 6(b)

¤«. �� V0 = 10 � K �� 0.9983, �C 1, L²
XÚ?u·bG�; V0 = 4.3 �, K �� −0.0017,

�C 0, L²XÚ?u±Ï$ÄG�.

4 ( Ø

é�3�í{Z���5#¥�ÄåÆ1�
?1
ê��[, L²3d«�/e#¥�$Ä
�äkE,���5A�. A^ 0-1 uÿ{Ú�
� Lyapunov �êÑy¢
�X��ÝÌ V0 �O
\, ��5#¥�$ÄÑy
�±Ï©
!·by
�. ,	3ê��[¥·��*	�, -E¡EX
ê���, #¥�$Ä��E,
.
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Abstract

Considering the case of air damping, we use the method of numerical simulation to study dynamic behavior of inelastic bouncing

ball. By changing the value of control parameter V0, the motion of the bouncing ball exhibits nonlinear phenomena of period doubling

bifurcation, chaos, etc. These phenomena are confirmed by both 0-1 test and maximal Lyapunov exponent.
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