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ABSTRACT

Formulas are derived for the solution of the tramsient currents of
resistance-terminated dissipative n-type low-pass, 7~ and =-type high-pass
electric wave filters. Oscillograms taken by cathode ray oscillograph
for d-c. and a-c. cases are found to agree with the results calculated
from these formulas. From these calculations, the following conclusions
are derived: (1) When the terminating resistauce is gradually increased
from 0, the damping constants of the damped sine terms begin to differ
greatly from each other, ranging in decreasing magnitudes from the
first damped sine term to the last term of cut-off frequency. Hence
the transient is ultimately of the cut-off frequency. At the cut-off fre-
quency, this constant js greater than the corresponding constant (R/2L)
when the termination is absent. (2) For each increase of one section,
there is introduced an additional damped sine term with smaller
damping constants. Therefore transients die out faster in filters of
small no. of sections. (3) With the same network constants, the damping
" constants of mtype filters are greater than the corresponding values of
T type filters. As a result. transients die out faster in =-type filters.
(4) The amplitudes of the {ransient terms in the attenuation and trans-
mission ranges are of the same order of magnitude, and the filtering
property only exists in the steady states. (5) The cut-off frequency of
the =-type filters varies with the no. of sections used. When only two
sections of low, or, high-pass filter are used, the variation amounts to
nearly 26 per cent from the theoretical value. ‘

IN a previous article, the transients of low-pass T-type filters
were studied. This paper is continued from the last one
and deals with the transients of m-type low-pass, and 7- and
m-type high-pass filters.
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Derivation of formulas and calculation of transient
currents

In the -following discussion, let P = generalized angular
velocity, and 4 = 1/CLP.

1. m-type Low-pass filters: In fig. 1, let 2L = total in-
ductance per section, 2R ==total resistance of the inductance
2L — 2K, V' L/C, C = capacity per section, 7 ==resistance of
C =K,y L/C, R,= terminating resistance = K R, v/ L/C, where
Ky, K. and Kjp are constants.

Zl — R = Zl - KB‘/L——/E: LP,Zg — r = Z(‘y *—Kp‘/m = 1/01),
and L/C = (Z, — KrV'L]C) % (Zs — KV L]C).
Solving for y/L/C,

VIIC ={VK2Z2®+ KaZs® + (4 — 2Kz Ky)
~ (KrZy + KrZ5)]/[2(1 — KgK,) ]

Let 6" be the hyperbolic angle subtended by the ter-
minating resistance R, then

- /T / 42,7y _ Ry
tan & O I\go / Zl T Z/J“ 7/() .

Now the value of ¢, the hyperbolic angle per section, is given
by the same formula as in the case of T-type low-pass filters,
and neglecting the terms containing K,* and K,°,

0 T T
tan kO = 1.\’30[ Krsinhg + Ky cot/z»g — 2V 2 = KK,

8
cos h—2—~ 1/ 4(KpK, — 1).
To factor the impedance function of /fz, let

Zosinh (NO + 6') = 0,
hence
NO + 0" = jum,
and
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anh NO = — an b = ——To Kysin b6 + Kpooth — —
tank N8 = — tan k@ ———m[ rSIM AU - kpcoth 9

212 — KrKycosh —g—] = sin ANG/cos ANG.
Clearing of fractions and rearranging,

KROK,- S
DB i . N — 1.5 ] —
80 = Kak) [ cos k(N =+ 1.5)8 + cos k( 5)8 |

[1 . Kr, (KB — 5K,)

R ]CL)S/L(1V+.5)9+
—~ {RAr

Kz, (Kr — .5K,) Kroy/2 — KrK,
4(1 — KrK;) 4(1 — KrK;)

[sin k(N + 1)8 — sink(N — 1)8 ].

[1 + ]oosh(N-—.5)0=

IV sections
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Fig. 2.

Letting 0 = a + jb, and equating the real and imaginery parts
separately,

Fleosh {N + 1.5) a cos (N -+ 1.A5)b + cos k(N ~— 1.5) @ cos (N — 1.5) b] —
(1—G)cos i (IN+.5) acos (IN+.5) b+ (1+ G) cos b (N—.5) a cos (N —~.5) b=
H[sinh (N 4+ 1) acos (VN + 1)b—-sin’h(N—— 1) acos (N — 1) b], €))
and
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Flsinh (N + 1.5)asin (N + 1.5)b + sin & (N — 1.5) asin (N — 1.5) b]—
(1=G) sin A(N+.5) asin(N+.5) b+ (1 + G) sin k(N~.5) a sin(N—.5)b =

Hlcos i (N+1)asin (N + 1)b — cos A (N — 1) asin (N — 1) 5], (2)
where F = Kg, K,/8(1 — KgK,), G = Kg, (Kgr — 5 K;)/#H1—KrK;),
and H = Kg/2 — K K, /4(1 — Kg Ky).

From these two formulas, IV values of 6 can be found by
cut-and-try method. Having found §’s, the factors of the im-
pedance function of 7p can be found by the same formula
as in the T-type filters to be of the type 1-- 44 + BiA%
where A, and B; are constants derived from the value of 4.
Now I can be shown by deduction to be given by Iz =
V C(K A1)/ (2NKg+Kp, ) (1 A1+ BiA%) (14 4.4+ BoA%)
-+ (14+4,A+ B,A*) From this formula, the transients under
d-c. and a-c. impressed voltages can be easily calculated, and
the results are shown in Tables I and II

[2] T-type High-pass Filters: In fig. 2, let C/2=capac-
ity per section, 2r=resistance of C/ 2—2K, v L L = inductance
per section, and R = resistance of L — K1 L/C, and R, =
terminating resistance = Kz,v'L/C, where K,, Kz and Kz, are
constants. Now Z; —r =1/CP, Zs — R = LP, and L/C ==
(Z, — K,VL/C) (Zs — KgV'L/C). By comparing with the
T-type low pass filters in the previous paper, these formulas
are the same except that K and K, are interchanged. There-
fore the formulas for the determination of #'s can be written
down as follows:

(1 4+ FYcosh(IN—1)acos(N—1)b— (1 — F)cosh (N + 1) acos(N + 1)
b+ GeoshNacos Nb =

H[sinkh (N + 5)acos (N + 5)b — sink (N ~ 5) acos (N — .5)b], (3)
and

(1 4+ F)sink(N—1asin(V—1)b— (1 — Fsina (N + 1) asin(V + 1)

4+ Gsin ANasimn Nb =

H[cosh (N 4 .3) asin (N + .3)b — cos A (N — .5) asin (N — .5)b], (4).,
where

F = Kg,Kr/2(1 — KrK;), G = Kgo(K- — Kgr)/ (1 — KzrK,),
and H = KoV 2 — KgK, /(1 — KrK;).
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From these two formulas, NV 4 1 values of # can be found,
of which one is a negative number, and the rest are complex
numbers with real parts negative. Knowing 6’s, the factors of
the impedance functions of Iz can be found by the same for-
mulas as in the previous paper to be of the types 4 + X, and
A? -+ A A+ By, where 4; and B, are constants derived from
6. By deduction, Ir=1v'Z A(A* 4 KxA)V/[(Kg, + 2NK,)
(A X)) (A2 + A1 A+ B)Y(A2+ A A+ By)---(A*+ 4,4+ B)].
From this formula, the iransients under d—c. and a—c. voltages
are calculated and shown in tables III, IV, V, VI, VII, & VIIIL.

[5] m-type high-pass filters: The formulas for the deter-
mination of ¢’s are the same as in the case [1], except that
Ky and K, are interchanged. From these formulas IV values

[

L IT sections
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2R, 22, 2R = In
22, Ro
2L 2L

Fig. 3.

of 8 can be found, and the factors are of the type A% - 4,4 1 B,.
By deduction Iz = v"$ (Kgd+ A)V/[(Ky, + 2NK,)(A* + 4,
A4 B)---(A 4+ 4,4+ B)]. From this formula, the transi-
ents under d-c. and a-c. impressed voltages are calculated and
shown in tables IX and X.

Tables

In the following tables, '/ —-g =1y, and ,{_jz_ ==/,
V

Table I: 2 sections of m-type low pass filter, Ky = .046526,
K,=.007172, Kz = /2. The impressed voltage is either unit
d-c. voltage, or sin (%t + @), and the current is of the type
Ip=1I,[A4, or Asin(xt’ + 6), + A6~ sin(.4144¢ + 6,) +
Ao~ 0 (17817 + 65)]. ’
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% D-c. .964

« ’ 325.5°

A +.6249 —.615

f —.923.43°
Ay — 1.0886 +.732

0, +51.698° +25.514°
As —.2605 +.634

9, —61.71° —61.878°

Table II: 5 sections of m-type low-pass filter, with conditions
same as in Table I. The current is of the type I =—/,[{A,
or Asin (%t + 0), -+ A4,677% sin (.23622¢" -+ 0;) -+ A,67 7 sin
(.502731 + 6,) + A7 sin (851291 - 6;) + A6 %5 gin
(1.1515¢ + 8,) + A6~ sin (1.3465¢ - 6;) .

% D-c. 1.148

« 312.7°

A 5321 —.415

0 —49.06°
A, —1.499 +.404

6, +53.443° +8.289°
Ao —.7894 — 564

0, —85.174° +26.518°
As + 2374 +.3%55
6 —35.287° +52.665°
A, — 06914 +.499

0, —23.073° —63.55°
As +.01402 —.04767
0, —18.737° +9.122°

Table III: One section of T-type high-pass filter, K, ==.0154,
Ky ==.030692, Kz — 1/ 2. The impressed voltage is either unit
d-c. voltage, or sin(xt’' 4+ «), and I == I,[Asin (xt' + 6)

Ao A 2B L g e Gin (79251 - 6,)].

% D—c. 534 581
o 111.25° 156.2°

A —.9775 + 2945
0 +55.488° —19.62°
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+ 5479
— 4827
—17.6°

+.3874
+ .8526
+75.573°

+.459
=79
~8.74°

Table IV: 2 sections of 7T-type high-pass filter with the same

constants as in Table III.

In = 1, [Asin (22’ +

0) 4 Ao g—1.6119¢

o AET Sin (1.07992 + 6,) - A~ sin (75325 -+ 6,)].

Table V: 5 sections of

D—c.

+.647
—.771
—11.64°
+.139

—61.864°

77
123°
+1.081
+28.264°
+.578

—~ 9585
~17.5°
~1.098
+47.2°

T-type high-pass filters withe same
constants as in Table II. Iz = I,[Asin (' - 6) + 4,67 2557
- A, sin (1.9 -+ 6,) + 4,679 sin (1.3807¢' + 6,)

A+ A& gin (9758 4 0;) + A8 % gin (. 7898t’ + 8y)

b A6 gin (71548t + 65)].

D—c.

+.7535
—1.4142
—5.138°

+.4164

—57.947°

—.1873
—68.522°
4-.0786

. +76.356°

—.02222
—79.129°

.807
244.6°
~.718
~52°
~.5312
+1.171
~18.41
~.4912
~ 85.882°
-~ 4775
+66.556°
+.713
—~32,367°
+.08
+87.455°
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Table VI:5 sections of 7-type high-pass filter without ter-
mination Kz = .050692, K, — .0134. The indicial admittance
of the receiving-end is given by Aga(z) = I, [7.46e 746
ABT5e700 sin 2,285 - 2404605 5in 1.2017 — 1747 %0
sin .8757¢ - 14999 gin .7435¢) — 07067 ¢~ sin .7074t’].
Table VII:5 sections of T-type high-pass filter with K=K, —0,
and Kp =1 2 The indicial admittance of the recelvmg-end
is given by Agp(t) = I,[1.01e737 — 1.29¢71% sin (1.855¢" +
2.806°) + 476655 sin (1.5841" — 47.945°) — .1887& %% 4in
(.981¢" — 67.673°) + .079126%% sin (.79¢ — 75.33°) — .02238-
& 017 gin (715" — 78.232°)].

Table VIII: 2 sections of m-type high-pass filters of the same
constants as those in Table III. I = I [Asin (%2 -+ 6)-+ A, &%
sin (L9192t - 6,) 4 A2 &1 sin (.89 + 6,)].

% D—c. 1.0335

(11 70.5°

A —.61

6 +60.8°
Ay ~1.1874 —.758

8, —49.802° —80.553%°
Ao —.2554 —.447

0, +62.323° —72.245°

Table IX: 5 sections of s-type high-pass filter of the same
constants as those in table III. I — I [Asin (32! 4 0) 4 A, 6724
sin (1.5819¢' + 0,) -+ As6~ 7% sin (1.6481" 4 6,) + A6~

sin (1.14¢" + ;) + A>67%% sin (.8638¢" + 6,) + A6~ 2

sin (.7418t" 4 6;)].
% D-c. 1.257
a 131°
A4° -~.5912
4 —~062.08°
A4 ~1.602 —1.167
0, —~50.8° —77.94°
Ay —.7542 +,993
0, +69,877° —~66.429°
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Ay +.934 - - +.693
8, +35.454° . ~29.5°
A, —.0707 +.0827 -
8, - +93.343° 3 87,711°
As +.01446 —.01318 -
f5 +18.526° +64.768°

Experiment for checking some of the formulas derived

The transients were taken by a cathode-ray oscillograph,
and the circuit arrangements were the same as those in the
T-type low-pass filters in the last paper. In the low-pass
filters, R = 52.5 ohms = .046526V'L/C, L = .64 henry, C —
50264 pf., r = 8.11 ohms, = .007172v'L/C, R,—V 2 V'L/C
= 1595.8 ‘ohms. In the T7- and m-type high-pass filters,

=.504 -uf, L=.532 henry; R = 24.456 ohms = .030692
1/L/C r=.0134 V'IL/C = 10.676 ohms, and. R, — 1127
ohms =v" 2 V/L/C.  The pictures taken were shown in Fig.’s
4-17. The calculated and experimental results were plotted
side by side i Fig.’s 18-31, Where the discrepancies were found
to be small

Conclusions

The formulas gave results which checked pretty well with
experimental values. From calculated results as shown in
tables V and VI, the effect of terminating resistance is to
make the damping constants of the damped terms differ greatly
from each other. Without termination, the damping constant
is very mearly R/2L for all the sine terms. As a result, the
transients die out very slowly, and in the transient state there
1s no definite frequency. As the terminating resistance is
gradually increased, the damping constants all increase, and
differ from each other, ranging in decreasing magnitudes from
the first sine term to the last sine term of the cut-off frequ-
ency. No matter what the external frequency is, the transient
is ultimately of the cut-off frequency. This smallest damping
constant of the cut-off term is greater than the corresponding
constant when termination is absent, which is very nearly
equal to R/2L. As the terminating resistance is increased,
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the deviation of the smallest damping constant from R/2L is
increased, and transient dies out faster.

‘The effect of sectional resistance R is very large on the
damping constants, as their deviation due to termination is all
based on R/2L. Thus, with R =0 in Table VII, the smallest
damping constant is only .00175, and transient dies out very
slowly.

The effect of the number of sections can be seen form data
in Tables I-V, VIII and IX. For the same sectional resistarce
and terminating resistance, the damped terms increase with
the no. of sections. With each increase of the no. of sections,
there is an increase of one transient term with smaller damp-
ing constant. Hence transient dies out faster in a filter of
smaller no. of sections. While sectional resistance and no. of
sections affect damping constants considerably, they have no
large effect on the transient amplitude.

From tables IV and VIII, V and IX, the corresponding
damping constants of 7- and m- type filters with identical
circuit constants differ from each other, with those of s-type
larger. Therefore transient dies out faster in 7-type filters.

From data in Table III, the transient amplitudes after
cut-off are of the same order of magnitudes as those inside the
transmission band and the amplitudes are enormous compared
with the steady-state amplitudes. Hence the ordinary steady-
state filter property is entirely lost in the transient state.

From the data in Tables I, II, VIII and IX, the cut-off
frequencies of s-type filters vary with the no. of sections used.
When only two sections of low or high-pass filters are used,
the variation is a maximum and amounts to nearly 26 per
cent from the theoretical value. This variation decreases-with
the increase of the mno. of sections.
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Fig. 4 Fig. 8
Indicial admitance of the receiving-end Indicial admittance of the receiving-cnd

of 2 section Low-pass =-type Filter. " " of 1 section High-pass T-type Filter.

Fig. 5 « R " Fig. 9
. IR(®) of 2 section Low-pass n-type IR(t) of 1 section High-pass T-type
Filter under an impressed voltage Filter under an impressed voltage
sin (1698.35t+525.5%) ' sin (2324.814-111.25°)

.. Fig. 6 . - . . Fig. 10
Indicial admitance of the receiving-end Indicial admittance of the receiving-end
of 5 seciion Low-pass =-type Filter. - of 2 section High-pass T-type Filter.

Fig 7 Fig. 11
IRr(t) of 5 section Low-pass =-type IR(t) of 2 section High-pass T-type
Filter under an impressed voltage Filter under an impressed voltage

sin (2023.2t +312.7°) sin (1915.12¢4-123°).
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Fig. 12 Fig. 15
Indicial admittance of the receiving-end IR(t) of 2 section High-pass =-type
of 5 section High-pass T-type Filter. Filter under an impressed voltage

sin (2576.1¢+70.57)

|
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Fig. 13 Fig. 16
IR(t) of 5 section High-pass T-type Indicial admittance of the receiving-end
Filter under an impressed voltage of 5 section High-pass =-type Filter.
sin {2010+6¢ 4 244-6"). ‘
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Fig. 14 Fig. 17
Indicial admittance of the receiving-end IrR(®) of 5 section High-pass =-type
of 2 section High-pass =-type Filter." Filter under an impressed voltage

sin (3078:8¢4-131°)
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In the following figures, the solid curves represent the calculated results and
the dotted curves represent the experimental results.
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Fig. 18. Indicial Admittance of Fig. 19. IR(z) of 2 sect.ion Low-
the rceivingend of 3 section Low- pass 7zz-type Filter under an impressed
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pass z-type Filter voltage sin {2023.92 + 312.79),
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the rweivmggnd of 1 section High-~ pass T-type Filter uner an impressed

pass T-type Filter, voltage sin (2323.8¢ + 111.23°).
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Fig. 26. Indicial Admittance of ¥ig. 27. IR(t) of 5section High-
the receiving-end of 5 section High- pass T-type Filter under an impressed
piss I-type Filter, voltage sin (2010.6¢ + 244.6°).
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-168 ~ W. CHU AND C. K. CHANG

>
\

Cuwrrent in milliamp
L
. b ’
i3
Cuarrent in milliamp,

- W kN RN
-y -¥ ‘,
A Tow o 1
—— ..

Tig, 30. Indieial Admittance of Tig. 51. IR(®) of §section High-
the receiving-end of 5 section High- pass 7z-type Filter under an impressed
pass 7-type Filter. voltage sin (3078 8¢ +- 131°).




