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Abstract.

The difference of two unit functions is used to represent a

pulse voltage of abrupt rise and abrupt fall.

By the principle of

superposition, the currents produced by such a voltage on fifteen
different circuits, covering twenty cases and thirty-six types are

analyzed. Many interesting graphs are included.

The main char-

acteristics of the pulse currents are given by formulas with a system

of notations.

1.

Introduction

A quantity, which is zero before the time ¢{=0, and is

unity after ¢=0, is known as the unit function.

ed by 1,(¢). The in-
dicial admittance of
a circuit! is defined as
the current in the cir-
cuit produced by the
unit function of voltage
applied to it. In other
words, it is the tran-
sient current produced
by the application of a
constant voltage of unit
magnitude at the time
t=0. A unit differen-
tial pulse voltage?z of

Let it be denot-

, L
Lo =Ly - 1,0
ol |d
/
-1,
Fig. 1. Differential unit function.

1. See, for instance, Bush’s Operational Circuit Analysis, Chapter

Iv.

2. For generation of differential pulse voltage, see Chinese Journal

of Physics, Vol. I, No. 3, P. 68.
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duration d can evidently be expressed by the difference of two
unit functions, namely, 1,(¢) —14 (¢), the latier being the re-
tarded unit function, which is zero before ¢{=d and unity
after t=d. This is permissible by the principle of super-
position. It is interesting and useful to know what currents, of
course mainly transient, will be produced in various circuits
by such a voltage. These currents will be termed the differ-
ential indicial admittances of the circuits. The method of re-
presentation of such a voltage immediately points out a way

of finding them.

2. Characteristics of Differential Indicial Admittances
and their Notations

Any differential indicial admittance consists of one or more
pulses. The fundamental characteristics are (1) the number
of the pulses (2) the durations of the pulses (3) the maximum
(positive or negative) amplitudes of the pulses and (4) the

times at which the maximum amplitudes occur. For con-
venience, throughout

this paper, the first will

be denoted by N, the

second by d,, ds etec.,

the third by A,, A, ete.,

t, and the fourth by &, i,

1 LT ete., the supscripts re-
A | ferring to the order of
the pulses. The letter
d without any subscript
will always be used to
denote the duration of

Fig. 2. Characteristics of differential in- the applied differential
dicial admittance and their nota-
Hons. pulse voltage, whose

A

a;

amplitude is uniformly
unity. When a pulse is multi-peaked, a single prime will be
used to denote the first peak, a double prime the second, and so
on. The indicial admittance for the sudden application at t=0
will be denoted by A,(t), and that for the sudden application
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or removal at the time t=d by +=A,;(¢). To get the latter from
the ‘former, one must replace t by t—d and remember A, () =0
before t=d. ~To emphasize the validity of superposition,
Ag_2(t) will be written for A (f) —A, (2).

3. Plan of Investigation

Various elementary, series, coupled, and parallel, and
series-parallel circuits, subjected to a unit differential pulse
voltage of duration d will be investigated by the principle of
superposition of the indicial admittance for the sudden change
at t=0 and the negative value of the retarded indicial admit-
tance for the sudden change at {=d, or by the combination of
such superpositions. Although somewhat monotonous, this
method is the simplest and most effective for obtaining practical
and useful results, the graphical representations of which be-
ing especially interesting and fascinating. For each case or
each type of a case, four parts will be given: The part (a)
illustrates the circuit; the part (b) shows the graphs of the
component and the resulted differential indicial admittances;
the part (c¢) gives the characteristics of the differential indicial
admittance as the results of investigation; and finally the part
(d) furnishes some explanatory notes.

4. Investigation of Elementary Circuits

The elementary circuits are not difficult to analyse, but
one must be very careful in treating them, for they are some-
times so simple as to be apt to hide mistakes. Their indicial
admittances and differential indicial admittances are extremely
fundamental, and must be thoroughly understood.
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Case 1. Resistance Alone.

(a) Circuit. (b) Indicial admittances.
| - \ | A Al
: 1A,
joJ t:L» R orita 7
_Ad(t)

(c) Characteristics.

N =1,

dl = d.

Al-: l/R.

t, = 0 to d.
(d) Notes.

This is the simplest case, which involves no transient.
The indicial admittance is 1/R, which is independent of ¢,
hence the retarded indicial admittance is also 1/R. So the
differential indicial admittance is one rectangular pulse, similar
to that of the applied voltage.
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Case 2. Inductance Alone.

(a) Circuit. (b) Indicial Admittances.
A Ao(t)
| Agaft
I57)
]od 9 L o t
CA, D)

(c) Characteristics.

N=1.
di=00,
A,=d/L.
t,=d tooco.

(d) Notes.

It is well known that the indicial admittance of a series
circuit of an inductance L and resistance R is (1—e —R4[L )/R,
: n=0co
or, & [1-—2(1/n :)(—-Rt/L)”], which becomes ¢/L when R=0.

n=o
So we have for inductance alone, A, (t)=t/L. Of course this

case can only be approximated by highly inductive circuits.
It is important to note that a voltage of very short duration
may cause a current to flow for a very long time,
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Case 3. Capacitance Alone.

(a) Circuit. (b) Indicial Admittances.
A
oo
. Aotb
Apdt!
$ A d
IJ*’T T C °IT =
-A d(t)
-00

{¢) Characteristics.

N =2

d,=0. d,=0.
Ai=00. A=~
t=0. ty=d.

(d) Notes.

A circuit of a resistance R and a capacifance C in series

1 _i)(RCY
B e

has an indicial admittance given by which, for

R=0, approaches infinity at £{=0, but zero at £>0. Of course
this is an ideal case that can not be realized. It is even not
easy to approximate it, for the pulse voltage generator may
not be able to supply the sudden great currents wﬂ;hout great
changes in its own characteristics.

5. Investigation of Series Cireuits

Two out of the three elementary constants, B, L and C,
in series form three kinds of circuits, while all the three in
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series makes the fourth. Their indicial admittances and dif-
ferential indicial admittances are fundamentally characteristic.
The oscillatory circuits especially involve many interesting
features.

Case 4. Resistance and Inductance in Series.

(a) Circuit. (b) Indicial Admittances.
A
Aolt)
R
| Aya®
] ({'} fo]

(c) Characteristics.

N =1
dlzw-
A,=%(1 _ ¢~ Rd/Ly

t=d.

(d) Notes.

In this case, A, (f)= 7%(1-«3‘“”) ]t;O, ALt =

L (1—emRDIL) Jt=d. The difference A, () —Aq(t) gives
A,_4(t), which has a point of discontinuity at ¢{=d,
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f'Case 5. Resistdnce and Ca,pacii_(mce tn Series,

(a) Circuit. . (b) Indicial’ Admittances.

)

(c) Characteristics.

N=2.
d;=d dy=00.
A1=1/R. A2=~.7c}_ (1 — ¢~ /(RO
t1=0. t,=d.

(d) Notes. 5
Here, A, () = 712— e —t/(RC)]t; o

_ 1 — t—d)y(RC)
Adm_f ¢ ]t;d.

It is worthwhile,%td noté” that. the maximum amplitude of the
first pulg,e, 4, is independent of C, while- thgt of the second
pulse 4, is a function of it. A, (¢) at =0 minus that just
before t=d numerically equals that just after ¢{=d,

®
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Case 6a. Inductance and Capacitance in Series.

(a) Circuit.

TC |

I _4_4(?)

(b) Indicial Admittances.

Type (1).0 < d < 5 v/LC.
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Type(®) x /LC< d < 8+ VL.

A A Agallr A

(c) Characteristicsf

General:

N =o0.

dn=n /E‘C‘-

Ar=2(~1)"" y/C/L sin (d/2 ,/LC).
ta=(n—1)x /LC + d/2.

di=5+/LC + d/2. B=Z, B, 4y o
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Typical :

Type|N.| d.y A A, t1
o] — —  WC|L sin (4] V/I.O) 4
@ o] — — |W/ClL | 2 VLC

(3 |1 x/LC WCIL |=2V/CIL sin M2/ LCY | m4/LC+d)2

o = S W LC
1= 2

|1 xy/Le WelL

— i,

AM=—24/C|Lsinld](2 +/LC)1|t"1 == +/ LC +d)2.

(d) Notes.

This is an oscillatory ecircuit without any damping re-
sistance, which has an indicial admittance ./ C/L sin (¢/4,/LC).
There are many pulses in the differential indicial admittances.
Some characteristics of them are different for different rela-
tive values of d and ,/LC. For convenience in expressing
the general characteristics, the subscript 1 is assigned to
the pulse which includes the time t=d, instead of the physical-
ly first pulse. The mathematically first pulse is the first super-
posed pulse, and the pulses, if any, before which are un-super-
posed pulses. The number of un-superposed pulses are denot-
ed by N_, the other of which being denoted by minus numeral
subscripts, with —1 for the pulse adjacent to the first super-
posed pulse. In this way, not only N, d., A. and t. have
common expressions for all the four types, but so has also
d,. For the type (4) the first superposed pulse is double-
peaked, either the earlier or the later peak being able to be
the greater. So the characteristic expressions of both are
given, with a single prime to denote the earlier and a double
prime to denote the later peak.
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‘Case 6b. Inductance and Capacitance in Series, Tuned to
mn /LC=d.

(a) Circuit.

&
&
L

VL =d
m=123 -

(b) Indicial admittances.

Type (5). m is odd.
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Type (6). m is even.

A, )

“A )

(VAVAVIVAVAVIVA:

Ap.at)

{(¢) Characteristics.

General :

N_=m

d_.=n /LC.
An=(—1)"""™ JCTL
tn=d+[(—n)+1/21 x /LC.

Typical :

Type

()

(6)

dn

o x/LC

An

,,
‘n

24/C|L

d+(n—1]2)nv/ LC

(d) Notes.

These are the interesting types, which may find useful
For the type (6), it may also be thought ma-

thematically as if there were an infinite number of superposed

applications.

pulses of zero amplitude.
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Case Ta. Resistance, Inductance and Capacitance in Series
with Oscillatory Damping.

(a) Circuit.

R
1 odrt)’ L
J‘ C

L <R

e <AL

(b) Indicial admittances.
Type (1). 0<d<n/28.

2’
Ao A‘_d(f)

(¢} Characteristies.

General

N=00.
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g x .
" W1/(LC)—R*/(4L%).
1 —at . — -
Aﬂ=fﬁ—[e %bn gin B ty—e @ (En—0) sinﬁ(t,.——d)]_
—ad .
fr =% tam1 ﬁe_ad—asmﬁd—ﬁ cosBd (-n—l)n:]
ae —~acosBd+BsinBd '
.1 — __ sinpd )
d,= B tan—! cos Bd—eod, n=2,3,4
Typical :
Type| N~ | dn ( Acp Ay t1
&) 0 - — —Iiﬂ‘ "% gin Bd d
ICHER - Am ] (28)
3y | 1 x)B Am A, to
I
f A=—Am 'y =3x)(2p)
4 1 | B Am {
A"]:An:I : t"1=tn=1

B
A“=Zlﬁe—% tan-1 (E sin [ tan~1 %]

The subscript =1 means to use the general formula with
n=1.

(d) Notes.

For this case the indicial admittance is 7% e~ % sin B¢,
where a=R/2L and 8= 41/(LC)—R?*/(4L?). This deviates
from that of case 6 only in two points, namely, (a) replacement
of 1/,/LC by B, (b) introduction of the damping factor ¢~ ™ .
Here are also four types according to the relative values of d
and 8, but they are so similar to those of case 6, that only one
type is here graphed.
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The general formulas for d; and d. are obtained by equat-

ing the expressions of A.(t) and A,(t), which glves '
tin Bd .

. cos Pd—e™

for the values of ¢ for zero amplltudes -

The éeneral formulas for ¢, and 4, .are found by equat-
ing the derivative of the expression of A,,(t) ——Ad(t) to zero
to determine the critical values of ¢ . :

Case Th. Resistance, Inductance and Capacztance in Serzes

with Critical Damping.

N L ~1
f : B tan

(a) Circuit. ’
) R
)J
‘.lpJ(t 9 L.
T C
L - R
JLC 2L

(b) Indicial admit(;‘ances. ,
' Type (5). d<2L/R.

A. )
Ao—d({)

ZAqC)
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Type (8). d>2L/R.

A Apg (t)

Ao

ZA4 L)

(¢) Characteristics.

General:
N=2.
e d eRd/ (2L)
6Rd/(zL) —1
dg=m.
a (2, 4\, —(+ed) (2 dl'—d) —(1+ad,—d)
‘42—(R+L>e (R+———*‘L e . 1 .
t‘], ='—2£"+d1.
Typical:
Type Ay | ta
- 4 ~RE2L) a
(6) 2/(cR 2LIR

(d) Notes.

59
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o~ Btic2L)

For this case the indicial admittance is

which has a maximum amplitude at the time 2L/R. According"
to the relative values of 2L/R and’ d some characteristics of
the first pulse are different.

Case Tc. Resistance, Inductance cmd Capacztmnc’e in Series
with Loga,nthmw Da@mpmg :

(a) Circuit. ’ (b) Ind1e1a1 admittances.

R Type (7). d < Blog—+éL

] 1 a+p
Type (8). d > 28 108 g
I c The graphs have similar
/ R features as those of case Th.
—— > e,
Le ~ RL

(c) Characteristics.

General:
N=2,
ek jog eEFP g
17288 @ —Bd_
(12-: (o)

A2=K{ g —l0—B)t:_  —(a+P)t; }

(@+B)E@Pd_y)

1
(a—py @B _qy
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Typical:
| Type 4, t1
) K{.—(a-ﬁ)d—o-(aﬂ;)—d}- d
(8 K { o-(0-B) to-e(a+ P10} to
to=—21?log ztg.
- (d) Notes.

The indicial admittance for this case is
Kpe (@Bt _ o—(+B)¥] yhere K=1/(2BL), a=R/(2L) and

p=VR%/(4L*)—1/(LC).

The critical value of ¢, t,, for its

maximum amplitude is (1/28) log [(a+8)/(a—B)].

6.

Investigation of Coupled Circuit

Only one kind of coupled circuits, namely, mutual-induc-
tively coupled, will be here investigated, for the other kinds
may be treated as series-parallel combinations.

Case. 8. Transformer Circuit.

(a) Circuit.

(b) Indicial Admittances.
1 +
Type (1) d <5 log S5

Type (2) d >—2~1§ log Ztg

The graphs have fea-
tures similar to those of case
7b.
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Both general and typical characteristics are expressed by
the same formulas as those in cage Te¢, the values of K, a, and
f being given in the following notes. ‘

(d) Notes. 7 .
The indicial admittance of the transformer circuit?® is
K[o @D, ~@tB)
where ;

K M o= Biot Bl
2B (LaLe—M7), 2 (LyLo—~M?)

and

B = V' (RB1Ly—R,LP + 4 R\R,M?
- 2 (L1 L,—M?

7. Investigation of Parallel Circuits )

All the four possible combinations of simple parallel cir- -

cuits will here be investigated. To get the differential in-

dicial admittance of a parallel circuit, the order of superposing

the indicial admittances may be done in two ways, namely, (a)

by taking the difference of the total admittance for £=0 and

that for {=d, or (b) by adding the differential indicial admit-

tances of the branches of the circuit. The latter method will

be used, not only for the sake of breaking monotony, but also
for its advantageous convenience.

Case 9. Reststance and Inductance in Parallel.
(a) Circuit.

3. See Chinese Journal of Physics, Vol. I, No. 3, P. 70 for this
formula and for a fuller treatment of this circuit, :
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(b) Indicial Admittances. (¢) Characteristics,
N=1,
A d1=00.
Auat A:1=1/R+d/L.
tl =d.
"~ Ao-d [§ t')L
[~ Ap.d ¢ 4 )R
oy Jd 7
(d) Notes.

The notation of the differential indicial admittance with
a subscript indicating the nature of a branch of a circuit stands
for the differential indicial admittance of that branch, thus,
Ag_g (t)p for the differential indicial admittance of the in-
ductance branch, ete,

Case 10. Resistance and Capacitance in Parallel.

(a) Circuit. (b) Indicial Admittances.
oo
*
A Ao d(t)c
"4a—d(t)‘z
o £
Adf
1 st R _.-C otz - -
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(¢} Characteristics.

N=2

d,=d. . da=0

A]_-\—-w- A:'—OO

tl——O tz_d
(d) Notes.

As noted before, infinite admittances can not be realized.

Case 11. Inductance and Capacitance in Parallel.

(a) Circuit. (b) Indicial Admittances.
oo
A
A ApaC
Ao-d T
_[& J(f) : L :L C

(¢) Characteristics.

N =4.
dl :.0. ’ d2:‘d. d3:0. d4:w.
A;=00. Ay=d/L Ay=—00. As=d/L.
t1:O. tz :d. tsz'd t4:d to oo
(d) Notes. . ,

This differential indicial admittance, though only ideal, is
very interesting.
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Case. 12. Resistance, Inductance and Capacitance in Parallel.

(a) Circuit. -

(b) Indicial Admittances.

[+ o]
A ‘LAQ-H({)C
4 Ao—d(t)
3 Arath
er_drf)R
0 d —
t
]
=
(¢) Characteristics.
N =3.
d]_ =d. d2:0. dgzw.
A1' =00, AQ——-——OO. Ag———d/L
£y’ =0. t;):d. t3=d to oo.

A,”"=1/R+d/L.
t,”=d
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(d) -Notes.

This differential indicial admittance differs from that. of
L and C in parallel only by increasing the amplitude between .
0 and d by the amount of 1/R. However, this modification re-
duces the first two pulses to one double-peaked pulse.

8. Imvestigation of Series-Parallel Circuits

Series-parallel circuits are the practical parallel circuits,
for a practical inductance or capacitance must always be treated
as to contain some resistance in series. Three two-branch com-
binations will be here investigated. The three-branch com-
bination is left out, for it differs from the case of resistive
inductance and resistive capacitance in parallel only by a
simple factor of 1/R for the period of 0 to d.

Case 18. Resistance and Resistive Inductance in Parallel

(a) Circuit. (b) Indicial Admittances,
A
] A,-d «t)
R. Ava D
) Apallhe
/ th) R ol >

L

(c) Characterisfr,ics.

N =1. ‘A1=7]é—+7%l‘,:(1—6-1.u‘d/L )

dlzm . tlzd.
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(d) Notes.

Inductive damping is characterized by the fact that
As_q¢ () approaches zero at t=co on the positive side.

Case 14. Resistance and Resitsive Capacitance in Parallel.

(a) Circuit. (b) Indicial Admittances.

A

At
R, . x -Ao-d e
: R ™ A (th

TCOd/ z

(c) Characteristics.

N =2.
dl =d. d2=w.
Ay=1/R+1/Re  Ay=—p 167 d/(RCC)].
t,=0. tg:d.
(d) Notes.

Capacitive damping is characterized by the fact that A,_4(?)
approaches zero at {=oo on the negative side.
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Case 15a. Resistive Inductance and Resistive Capacitance in
Parallel, with Predominate Inductive Damping Constant.

{(a) Circuit.

44115)
9
R, /
I <R¢

(b) Indicial Admittances.

Type (1) —— 1 —e B/ Llie ——d/(R.,C)).

Tupe @) (1~ Frd/0) 1 (1_e~d/(R,C>)_

Type (3) 7%;(’1-—-e~RL a/ L) < T.'el: ( 1 —e~d/ (R,C)).
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Type (2) Type (3)

(e) Characteristics.

Typical :
Type| N | d; Ay th | de| Aa |tz |ds| As | s
] |jan=ur, # =
(1| 1] o |qAM=4e(d)* |th=d|— — —|— - -
Ally=Ao-a (te) | t"1=1q
Al 1=1/Ro #1=0
2) |2 |d o |Ao-alto)| fo | — — -
‘ A=A, (d) | th=d
| | (A'1=1/R, o 1=0 ,
(3 13 1d to=d) Ao-a(d)| d | w |Aa-a(te)] Vo
A"1=Ao (d)* E"1=d

*A”, is absent when d = 1/(ROC)]:_RL /L log RéI:C’ the

latter denoting the time for the minimum value of A4, (f).
| B—RLd/L 1  —d/{R.C)

A,@ =5 1 )+ e
Auoltd =1 (Br /L _yy ~Ruto/L

1 Y/BL) gy, L/ (BL)

1 ° L(1— o4/ (RcC‘))

t /RO~ Bu /L 8 by iy _ Ri /I,
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2 1 g B2 (1—e 3/ BL)y
°T1/RO—EL /L% o 1—eBzd/L

Aos @ = e REIDy _ L ~VED),

(d) Notes.

For thlS and the following two cases, the indicial admit-
tance is Rﬁ (1—e~BELy 4 —};— —:ABeC)  and the types are
divided according to the relative values of A, 4lt)zz and
Ao g({)rc at the time just after t=d. %, is the time for the
critical value of A, 4(f), and t, the time at which A, _4(1)
equals zero when t>d.

Case 15b. Resistive Inductance amd Resistive Capacitance in
Parallel, with Predominate Capacitive Damping Constant.

(a) Circuif.

R. R
4.2t
" T c L
T
Z T RC

(b) Indicial Admittances.
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1
. Type (4). H(l—

Type (5).

Type (6). }%L‘ (1— 1< Ric (1—e ).

e—RLd/L)>%’(1_e—d/(R,c>)_
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(c) Characteristics.
General:

N=2. dy=00 Ay=Aa(to),

T B /L=1RL0) 8 g _ LA/ RL)

tzzt,; .
Typical :

Type di 4, t

(4) t Ao (d), when, dztoa; d
° Ao (tog), when d=tee toc
(5) d Ao (tog) toe

© p Ao (d), when d=ton; d
Ao (oo, when d$tw toc

7
1 Rc(l—eRLa/L)

= Ry /L—1/(C) log Ri(l—¢ &/(BL)y

. - 1 tog EC
o= R /L—1/(B.C)"°® T L

Notes.

—Rit/L 1 . —t/(R.C),

Remembering A, () =?}; (1—e )+ &S

the expressions given above can be easily derived. t,, is the
time for the maximum value of A4, (¢).
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Case 15c¢. Resistive Inductance awd Resistive Capacitance in

Parallel, with Equal Damping Constant.

(a) Circuit. (b) Indicial Admittances.
Type (7). 1/Rr > 1/R..

Rc R‘,A A"d‘ t)
é
Lat)
C L o '
I Aoy (¢ 2PN t
R, __1.
T “RrRC
Type (8). 1/Ri. =1/R.. : Type (9). 1/RiL < 1/R..
A A,qct)

A,aia
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(c) Characteristies.

Type | N |'dy | A | da Az e
™ 1| o | Ao(d d — S
® | 1] d | 1R otod | — | = — —
(9 2 | d 1/Rs 0 | o | Aedald | d
—R 1 —-d R.C
A, (d) __.L( 7 Ld/L)+ /(R:C).
R d/L 1 : —d/(R.C
Aﬁd(d)—*wu Brd/ly 21—~ B0,
(d) Notes. -

In this case, the damping constants though being equal,
A, 3 () may have apparent inductive or capacitive damping
characteristic due to the predominate amplitude in the respec-
tive branch.

As R;/L=1/R,C, the criterion for types is reduced to a
comparison of the values of 1/Ry, and 1/R,, and becomes in-
dependent of d. Specially interesting is the type (8), which
represents an equivalent resistance circuit.

9. Concluding Remarks

As the application of indicial admittance is not limited to
electric circuits, but also to heat, air, hydraulie, mechanical cir-
cuits, etc., the results listed above may also be applied to them,
for ingtance,. the gase ’Z of resistance, inductance and capacit-
ance in series brlng‘s “out the principle of isochronism of
a pendulum.

While the investigations have been carried out for most

of the important circuits, fifteen in number, covering twenty
cases and thirty-six types, it is impossible to exhaust the com-
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binations. However, understanding the cases already inves-
tigated, one can easily extend this method of invesfigation to
any particular complicated combination or net-work that one
wishes to investigate. '

On one hand this paper may be criticized as exercise-like,
while on the other hand the importance and variety of the
results make it logk like some sort of hand-book and mathe-
matical table. The writer is confident that the time spent in
this investigation is not wasted. It may not even be too
optimistic to think that some day something like the content
of this paper may become a chapter, or at least an appendix,
of some advanced text-book.

Most of the interesting types of graphs are experimentally
checked. When time permits, one experimental graph for each
type will be prepared and presented.
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